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Foreword 


My education was not much different from that of most mathematicians of my 
generation. It included courses on modern algebra, real and complex variables, 
both point set and algebraic topology, some number theory and projective ge- 
ometry, and some specialized courses such as one on Riemann surfaces. In 
none of these courses was a hypergeometric function mentioned, and I am not 
even sure if the gamma function was mentioned after an advanced calculus 
course. The only time Bessel functions were mentioned was in an undergradu- 
ate course on differential equations, and the only thing done with them was to 
find a power series solution for the general Bessel equation. It is small wonder 
that with a similar education almost all mathematicians think of special func- 
tions as a dead subject which might have been interesting once. They have no 
idea why anyone would care about it now. 


Fortunately there was one part of my education which was different. As 
a junior in college I read Widder’s book The Laplace Transform and the 
manuscript of its very important sequel, Hirschman and Widder’s The Convo- 
lution Transform. Then as a senior, I. I. Hirschman gave me a copy of a preprint 
of his on a multiplier theorem for Legendre series and suggested I extend it to 
ultraspherical series. This forced me to become acquainted with two other very 
important books, Gabor Szeg6’s great book Orthogonal Polynomials, and the 
second volume of Higher Transcendental Functions, the monument to Harry 
Bateman which was written by Arthur Erdélyi and his co-workers W. Magnus, 
F. Oberhettinger and F. G. Tricomi. 


From this I began to realize that the many formulas that had been found, 
usually in the 18th or 19th century, but once in a while in the early 20th 
century, were useful, and started to learn about their structure. However, I 
had written my Ph.D. thesis and worked for three more years before I learned 
that not every fact about special functions I would need had already been 
found, and it was a couple of more years before I learned that it was essential 
to understand hypergeometric functions. Like others, I had been put off by all 
the parameters. If there were so many parameters that it was necessary to put 
subscripts on them, then there has to be a better way to solve a problem than 
this. That was my initial reaction to generalized hypergeometric functions, 
and a very common reaction to judge from the many conversations I have 
had on these functions in the last twenty years. After learning a little more 
about hypergeometric functions, I was very surprised to realize that they had 
occurred regularly in first year calculus. The reason for the subscripts on the 
parameters is that not all interesting polynomials are of degree one or two. For 
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a generalized hypergeometric function has a series representation 


OO 


ee (1) 


n=0 


with Cn41/Cn a rational function of n. These contain almost all the examples 
of infinite series introduced in calculus where the ratio test works easily. The 
ratio Cy11/Cy can be factored, and it is usually written as 


Cot. _ (n+a1):--(n+a)x (2) 
Cr (+b) +++ (n+ bg)(n+ 1) 
Introduce the shifted factorial 


(a)o = 1, 


(a)n =a(a+1)---(a+n—-1), n=1,2,.... 
Then if co = 1, equation (2) can be solved for cy, as 
= (a1)n ae (Qp)n oe (4) 
(d1)n +++ (Og)n 


and 


sry[e otra] a So ealahee® ag 


is the usual notation. 
The first important result for a ,Fy with p > 2, q > 1 is probably Pfaff’s 
sum 


P| cae: |= ke nla Ys 0,1,.... (6) 


c,atb+1—c—n’ | (e)n(e—a—bd)n’ am 


This result from 1797, see Pfaff [1797], contains as a limit when n — oo, another 
important result usually attributed to Gauss [1813], 


a,b | _ T(E (c—a—b) 


Fi | és 1; ~ T(e—a)l(e—b)’ Re (c—a—b)>0. (7) 


The next instance is a very important result of Clausen [1828]: 


a, 6 . 2a, 2b, a+b 
oF 10% = 3h 1 , |. (8) 
a0 5 a+b+5, 2a+ 26 


Some of the interest in Clausen’s formula is that it changes the square of a 
class of 9F;’s to a 3F5. In this direction it is also interesting because it was 
probably the first instance of anyone finding a differential equation satisfied by 
ly(x)]?, y(x)z(x) and [z(x)]? when y(x) and z(z) satisfy 


a(x)y" + W(x)y' + c(x)y = 0. (9) 
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This problem was considered for (9) by Appell, see Watson [1952], but 
the essence of his general argument occurs in Clausen’s paper. This is a com- 
mon phenomenon, which is usually not mentioned when the general method is 
introduced to students, so they do not learn how often general methods come 
from specific problems or examples. See D. and G. Chudnovsky [1988] for an 
instance of the use of Clausen’s formula, where a result for a 2F{ is carried to a 
3F5 and from that to a very interesting set of expansions of 7~'. Those identi- 
ties were first discovered by Ramanujan. Here is Ramanujan’s most impressive 
example: 


9301 _ ~ (1/4)n(1/2)n(3/4)n 1 


mi S "[1103 + 26390n] (1), (i),nl (99) 


There is another important reason why Clausen’s formula is important. It 
leads to a large class of 3 Ff 5’s that are nonnegative for the power series variable 
between —1 and 1. The most famous use of this is in the final step of de 
Branges’ solution of the Bieberbach conjecture, see de Branges [1985]. The 
integral of the 2f; or Jacobi polynomial he had is a 3/5, and its positivity is 
an easy consequence of Clausen’s formula, as Gasper had observed ten years 
earlier. There are other important results which follow from the positivity in 
Clausen’s identity. 


(10) 


n—0 


Once Kummer [1836] wrote his long and important paper on 2F’s and 
,F,’s, this material became well-known. It has been reworked by others. Rie- 
mann redid the 2 F; using his idea that the singularities of a function go a long 
way toward determining the function. He showed that if the differential equa- 
tion (9) has regular singularities at three points, and every other point in the 
extended complex plane is an ordinary point, then the equation is equivalent 
to the hypergeometric equation 


a(1—x)y" + [e-(a+b+1)aly’ — aby = 0, (11) 


which has regular singular points at z = 0,1,00. Riemann’s work was very 
influential, so much so that much of the mathematical community that consid- 
ered hypergeometric functions studied them almost exclusively from the point 
of view of differential equations. This is clear in Klein’s book [1933], and in 
the work on multiple hypergeometric functions that starts with Appell in 1880 
and is summarized in Appell and Kampé de Feériet [1926]. 

The integral representations associated with the differential equation point 
of view are similar to Euler’s integral representation. This is 


a aa == D'(c) ; — ¢t)~% b—1/4 _ +\c—b-1 
| x l=roreca (1 — at) 11 —t)ePNat, (12) 


jz| <1, Rec > Reb > 0, and includes related integrals with different contours. 
The differential equation point of view is very powerful where it works, but it 
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does not work well for p > 3 or g > 2 as Kummer discovered. Thus there is a 
need to develop other methods to study hypergeometric functions. 

In the late 19th and early 20th century a different type of integral rep- 
resentation was introduced. These two different types of integrals are best 
represented by Euler’s beta integral 


ee 14, _ T(@)P (6) 
fe (l=) aa RT Re (a,b) > 0 (13) 


and Barnes’ beta integral 
1 CO 
oF T(a + it) (b+ it) (c — it) (d — it) dt (14) 
WT J—co 
— Tat+o(at+dl(b+c)l(b+d) 


T(iat+b+c+d) , Re (a,b,c, d) > 0. 


There is no direct connection with differential equations for integrals like 
(14), so it stands a better chance to work for larger values of p and q. 

While Euler, Gauss, and Riemann and many other great mathematicians 
wrote important and influential papers on hypergeometric functions, the devel- 
opment of basic hypergeometric functions was much slower. Euler and Gauss 
did important work on basic hypergeometric functions, but most of Gauss’ 
work was unpublished until after his death and Euler’s work was more influ- 
ential on the development of number theory and elliptic functions. 

Basic hypergeometric series are series 5) Cy, with Cn41/Cp a rational func- 
tion of q” for a fixed parameter q, which is usually taken to satisfy |q| < 1, but 
at other times is a power of a prime. In this Foreword |q| < 1 will be assumed. 

Euler summed three basic hypergeometric series. The one which had the 
largest impact was 


So (-1)7g"-)? = (45 d)o0 (15) 
where 
(a; a) 6 Tle <S aq’’) (16) 
If 


(4; @)n = (45 Q)0o/(4q"5 G00 (17) 


then Euler also showed that 


>> lade iz| <1, (18) 
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and 


CG )g = —__—____, 19 
ne di, (9; 9) U9) 
Eventually all of these were contained in the g-binomial theorem 

(a2; q)oo _ Y> (459)n 

eS Go, ele 20 

(25 Q)oo dX (9; 9)n a 20) 


While (18) is clearly the special case a = 0, and (19) follows easily on 
replacing x by xa! and letting a — ov, it is not so clear how to obtain (15) 
from (20). The easiest way was discovered by Cauchy and many others. Take 
a =q 72, shift n by N, rescale and let N > oo. The result is called the triple 
product, and can be written as 

(2; q)oo(gr™'; q)oo(4G)oo = S> (-D"ql2e”. (21) 


Tu™= — CO 


Then q — q® and xz = q gives Euler’s formula (15). 

Gauss used a basic hypergeometric series identity in his first proof of the 
determination of the sign of the Gauss sum, and Jacobi used some to determine 
the number of ways an integer can be written as the sum of two, four, six 
and eight squares. However, this particular aspect of Gauss’ work on Gauss 
sums was not very influential, as his hypergeometric series work had been, and 
Jacobi’s work appeared in his work on elliptic functions, so its hypergeometric 
character was lost in the great interest in the elliptic function work. Thus 
neither of these led to a serious treatment of basic hypergeometric series. The 


result that seems to have been the crucial one was a continued fraction of 
Eisenstein. This along with the one hundredth anniversary of Euler’s first 


work on continued fractions seem to have been the motivating forces behind 
Heine’s introduction of a basic hypergeometric extension of 2F1(a,b;c;x). He 


considered 
a b Oo a b 
q’, q bg" 20 eG Oi, 
ie | ae = SMTi Dn om Jol <1. (22) 
q d, (9° )n(43 9) 
Observe that 
lim C 3a) = Cane 
q—1 (1 — q)” 
SO 
a b 
; a, 6 
lim 291 i : a2 = 2h | a 
q—1 q° Cc 


Heine followed the pattern of Gauss’ published paper on hypergeometric 
series, and so obtained contiguous relations and from them continued fraction 
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expansions. He also obtained some series transformations, and the sum 


a b Ca: c—b. 
2b | OF sage | = Del ee geet. (28) 
q (9° D)oo(@ ; oo 
This sum becomes (7) when q — 1. 

As often happens to path breaking work, this work of Heine was to a large 
extent ignored. When writing the second edition of Kugelfunctionen (Heine 
[1878]) Heine decided to include some of his work on basic hypergeometric 
series. This material was printed in smaller type, and it is clear that Heine in- 
cluded it because he thought it was important, and he wanted to call attention 
to it, rather than because he thought it was directly related to spherical har- 
monics, the subject of his book. Surprisingly, his inclusion of this material led 
to some later work, which showed there was a very close connection between 
Heine’s work on basic hypergeometric series and spherical harmonics. The 
person Heine influenced was L. J. Rogers, who is still best known as the first 
discoverer of the Rogers-Ramanujan identities. Rogers tried to understand this 
aspect of Heine’s work, and one transformation in particular. Thomae [1879] 
had observed this transformation of Heine could be written as an extension of 
Euler’s integral representation (12), but Rogers was unaware of this explana- 
tion, and so discovered a second reason. He was able to modify the transfor- 
mation so it became the permutation symmetry in a new series. While doing 
this he introduced a new set of polynomials which we now call the continuous 
q-Hermite polynomials. In a very important set of papers which were unjustly 
neglected for decades, Rogers discovered a more general set of polynomials and 
found some remarkable identities they satisfy, see Rogers [1893a,b, 1894, 1895]. 
For example, he found the linearization coefficients of these polynomials which 
we now call the continuous g-ultraspherical polynomials. These polynomials 
contain many of the spherical harmonics Heine studied. Contained within this 
product identity is the special case of the square of one of these polynomials as 
a double series. As Gasper and Rahman have observed, one of these series can 
be summed, and the resulting identity is an extension of Clausen’s sum in the 
terminating case. Earlier, others had found a different extension of Clausen’s 
identity to basic hypergeometric series, but the resulting identity was not sat- 
isfactory. The identity had the product of two functions, the same functions 
but one evaluated at x and the other at gz, and so was not a square. Thus 
the nonnegativity that is so useful in Clausen’s formula was not true for the 
corresponding basic hypergeometric series. Rogers’ result for his polynomials 
led directly to the better result which contains the appropriate nonnegativity. 
From this example and many others, one sees that orthogonal polynomials 
provide an alternative approach to the study of hypergeometric and basic hy- 
pergeometric functions. Both this approach and that of differential equations 
are most useful for small values of the degrees of the numerator and denomi- 
nator polynomials in the ratio cn41/cn, but orthogonal polynomials work for 
a larger class of series, and are much more useful for basic hypergeometric se- 
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ries. However, neither of these approaches is powerful enough to encompass all 
aspects of these functions. Direct series manipulations are surprisingly useful, 
when done by a master, or when a computer algebra system is used as an aid. 
Gasper and Rahman are both experts at symbolic calculations, and I regularly 
marvel at some of the formulas they have found. As quantum groups become 
better known, and as Baxter’s work spreads to other parts of mathematics as 
it has started to do, there will be many people trying to learn how to deal with 
basic hypergeometric series. This book is where I would start. 

For many years people have asked me what is the best book on special 
functions. My response was George Gasper’s copy of Bailey’s book, which was 
heavily annotated with useful results and remarks. Now others can share the 
information contained in these margins, and many other very useful results. 


Richard Askey 


University of Wisconsin 


Preface 


The study of basic hypergeometric series (also called g-hypergeometric series or 
q-series) essentially started in 1748 when Euler considered the infinite product 


OO 
(q;q)5¢ = JT] (1—¢**!)~! as a generating function for p(n), the number of 


partitions of a positive integer n into positive integers (see §8.10). But it was 

not until about a hundred years later that the subject acquired an independent 

status when Heine converted a simple observation that lim (1—q*)/(1—q)| =a 
q— 


into a systematic theory of 2, basic hypergeometric series parallel to the 
theory of Gauss’ » Ff; hypergeometric series. Heine’s transformation formulas 
for 2¢, series and his q-analogue of Gauss’ 7 F\(1) summation formula are 
derived in Chapter 1, along with a g-analogue of the binomial theorem, Jacobi’s 
triple product identity, and some formulas for g-analogues of the exponential, 
gamma and beta functions. 


Apart from some important work by J. Thomae and L. J. Rogers the 
subject remained somewhat dormant during the latter part of the nineteenth 
century until F. H. Jackson embarked on a lifelong program of developing 
the theory of basic hypergeometric series in a systematic manner, studying 
q-differentiation and q-integration and deriving g-analogues of the hyperge- 
ometric summation and transformation formulas that were discovered by 
A. C. Dixon, J. Dougall, L. Saalschiitz, F. J. W. Whipple, and others. His 
work is so pervasive that it is impossible to cover all of his contributions in a 
single volume of this size, but we have tried to include many of his important 
formulas in the first three chapters. In particular, a derivation of his summation 
formula for an g@7 series is given in §2.6. During the 1930’s and 1940’s many 
important results on hypergeometric and basic hypergeometric series were de- 
rived by W. N. Bailey. Some mathematicians consider Bailey’s greatest work 
to be the Bailey transform (an equivalent form of which is covered in Chap- 
ter 2), but equally significant are his nonterminating extensions of Jackson’s 
g¢7 summation formula and of Watson’s transformation formula connecting 
very-well-poised g@7 series with balanced 43 series. Much of the material on 
summation, transformation and expansion formulas for basic hypergeometric 
series in Chapter 2 is due to Bailey. 


D. B. Sears, L. Carlitz, W. Hahn, and L. J. Slater were among the promi- 
nent contributors during the 1950’s. Sears derived several transformation for- 
mulas for 3¢2 series, balanced 43 series, and very-well-poised yn; 1¢n series. 
Simple proofs of some of his 3¢2 transformation formulas are given in Chap- 
ter 3. Three of his very-well-poised transformation formulas are derived in 
Chapter 4, where we follow G. N. Watson and Slater to develop the theory of 
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basic hypergeometric series from a contour integral point of view, an idea first 
introduced by Barnes in 1907. 


Chapter 5 is devoted to bilateral basic hypergeometric series, where the 
most fundamental formula is Ramanujan’s ;7,; summation formula. Substan- 
tial contributions were also made by Bailey, M. Jackson, Slater and others, 
whose works form the basis of this chapter. 


During the 1960’s R. P. Agarwal and Slater each published a book par- 
tially devoted to the theory of basic hypergeometric series, and G. E. Andrews 
initiated his work in number theory, where he showed how useful the sum- 
mation and transformation formulas for basic hypergeometric series are in the 
theory of partitions. Andrews gave simpler proofs of many old results, wrote 
review articles pointing out many important applications and, during the mid 
1970’s, started a period of very fruitful collaboration with R. Askey. Thanks to 
these two mathematicians, basic hypergeometric series is an active field of re- 
search today. Since Askey’s primary area of interest is orthogonal polynomials, 
q-series suddenly provided him and his co-workers with a very rich environment 
for deriving g-extensions of beta integrals and of the classical orthogonal poly- 
nomials of Jacobi, Gegenbauer, Legendre, Laguerre and Hermite. Askey and 
his students and collaborators who include W. A. Al-Salam, M. E. H. Ismail, 
T. H. Koornwinder, W. G. Morris, D. Stanton, and J. A. Wilson have produced 
a substantial amount of interesting work over the past fifteen years. This flurry 
of activity has been so infectious that many researchers found themselves hope- 
lessly trapped by this alluring “g-disease”, as it is affectionately called. 


Our primary motivation for writing this book was to present in one modest 
volume the significant results of the past two hundred years so that they are 
readily available to students and researchers, to give a brief introduction to the 
applications to orthogonal polynomials that were discovered during the current 
renaissance period of basic hypergeometric series, and to point out important 
applications to other fields. Most of the material is elementary enough so 
that persons with a good background in analysis should be able to use this 
book as a textbook and a reference book. In order to assist the reader in 
developing a deeper understanding of the formulas and proof techniques and 
to include additional formulas, we have given a broad range of exercises at the 
end of each chapter. Additional information is provided in the Notes following 
the Exercises, particularly in relation to the results and relevant applications 
contained in the papers and books listed in the References. Although the 
References may have a bulky appearance, it is just an introduction to the vast 
literature available. Appendices I, II, and III are for quick reference, so that it 
is not necessary to page through the book in order to find the most frequently 
needed identities, summation formulas, and transformation formulas. It can 
be rather tedious to apply the summation and transformation formulas to the 
derivation of other formulas. But now that several symbolic computer algebraic 
systems are available, persons having access to such a system can let it do some 
of the symbolic manipulations, such as computing the form of Bailey’s j9¢9 
transformation formula when its parameters are replaced by products of other 
parameters. 
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Due to space limitations, we were unable to be as comprehensive in our 
coverage of basic hypergeometric series and their applications as we would 
have liked. In particular, we could not include a systematic treatment of basic 
hypergeometric series in two or more variables, covering F. H. Jackson’s work 
on basic Appell series and the works of R. A. Gustafson and S. C. Milne on 
U(n) multiple series generalizations of basic hypergeometric series referred to 
in the References. But we do highlight Askey and Wilson’s fundamental work 
on their beautiful g-analogue of the classical beta integral in Chapter 6 and 
develop its connection with very-well-poised g¢7 series. Chapter 7 is devoted 
to applications to orthogonal polynomials, mostly developed by Askey and 
his collaborators. We conclude the book with some further applications in 
Chapter 8, where we present part of our work on product and linearization 
formulas, Poisson kernels, and nonnegativity, and we also manage to point 
out some elementary facts about applications to the theory of partitions and 
the representations of integers as sums of squares of integers. The interested 
reader is referred to the books and papers of Andrews and N. J. Fine for 
additional applications to partition theory, and recent references are pointed 
out for applications to affine root systems (Macdonald identities), association 
schemes, combinatorics, difference equations, Lie algebras and groups, physics 
(such as representations of quantum groups and R. J. Baxter’s work on the 
hard hexagon model of phase transitions in statistical mechanics), statistics, 
etc. 

We use the common numbering system of letting (k.m.n) refer to the 
n-th numbered display in Section m of Chapter k, and letting (In), (II.n), 
and (III.n) refer to the n-th numbered display in Appendices I, II, and III, 
respectively. To refer to the papers and books in the References, we place the 
year of publication in square brackets immediately after the author’s name. 
Thus Bailey [1935] refers to Bailey’s 1935 book. Suffixes a, b, .... are used 
after the years to distinguish different papers by an author that appeared in 
the same year. Papers that have not yet been published are referred to with 
the year 2004, even though they might be published later due to the backlogs 
of journals. Since there are three Agarwals, two Chiharas and three Jacksons 
listed in the References, to minimize the use of initials we drop the initials of the 
author whose works are referred to most often. Hence Agarwal, Chihara, and 
Jackson refer to R. P. Agarwal, T. S. Chihara, and F. H. Jackson, respectively. 

We would like to thank the publisher for their cooperation and patience 
during the preparation of this book. ‘Thanks are also due to R. Askey, 
W. A. Al-Salam, R. P. Boas, T. S$. Chihara, B. Gasper, R. Holt, M. E. H. Ismail, 
T. Koornwinder, and B. Nassrallah for pointing out typos and suggesting im- 
provements in earlier versions of the book. We also wish to express our sincere 
thanks and appreciation to our ITfXtypist, Diane Berezowski, who suffered 
through many revisions of the book but never lost her patience or sense of 
humor. 


Preface to the second edition 


In 1990 it was beyond our wildest imagination that we would be working on a 
second edition of this book thirteen years later. In this day and age of rapid 
growth in almost every area of mathematics, in general, and in Orthogonal 
Polynomials and Special Functions, in particular, it would not be surprising if 
the book became obsolete by now and gathered dust on the bookshelves. All 
we hoped for is a second printing. Even that was only a dream since the main 
competitor of authors and publishers these days are not other books, but the 
ubiquitous copying machine. But here we are: bringing out a second edition 
with full support of our publisher. 

The main source of inspiration, of course, has been the readers and users 
of this book. The response has been absolutely fantastic right from the first 
weeks the book appeared in print. The kind of warm reception we enjoyed 
far exceeded our expectations. Years later many of the leading researchers 
in the field kept asking us if an updated version would soon be forthcoming. 
Yes, indeed, an updated and expanded version was becoming necessary dur- 
ing the latter part of the 1990’s in view of all the explosive growth that the 
subject was experiencing in many different areas of applications of basic hy- 
pergeometric series (also called q-series). However, the most important and 
significant impetus came from an unexpected source — Statistical Mechan- 
ics. In trying to find elliptic (doubly periodic meromorphic) solutions of the 
so-called Yang-Baxter equation arising out of an eight-vertex model in Statis- 
tical Mechanics the researchers found that the solutions are, in fact, a form 
of hypergeometric series }) anz”, where Qn+1/@n is an elliptic function of n, 
with n regarded as a complex variable. In a span of only five years the study 
of elliptic hypergeometric series and integrals has become almost a separate 
area of research on its own, whose leading researchers include, in alphabeti- 
cal order, R. J. Baxter, E. Date, J. F. van Diejen, G. Felder, P. J. Forrester, 
I. B. Frenkel, M. Jimbo, Y. Kajihara, K. Kajiwara, H. T. Koelink, A. Kuniba, 
T. Masuda, T. Miwa, Y. van Norden, M. Noumi, Y. Ohta, M. Okado, E. Rains, 
H. Rosengren, S. N. M. Ruijsenaars, M. Schlosser, V. P. Spiridonov, L. Stevens, 
V. G. Turaev, A. Varchenko, S. O. Warnaar, Y. Yamada, and A. 8. Zhedanov. 

Even though we had not had any research experience in this exciting 
new field, it became quite clear to us that a new edition could be justified 
only if we included a chapter on elliptic hypergeometric series (and modular 
and theta hypergeometric series), written in an expository manner so that it 
would be more accessible to non-experts and be consistent with the rest of 
the book. Chapter 11 is entirely devoted to that topic. Regrettably, we had 
to be ruthlessly selective about choosing one particular approach from many 
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possible approaches, all of which are interesting and illuminating on their own. 
We were guided by the need for brevity and clarity at the same time, as well 
as consistency of notations. 

In addition to Chapter 11 we added Chapter 9 on generating and bi- 
linear generating functions in view of their central importance in the study of 
orthogonal polynomials, as well as Chapter 10, covering briefly the huge topic 
of multivariable q-series, restricted mostly to F. H. Jackson’s g-analogues of the 
four Appell functions F), F>, F3,.F4, and some of their more recent extensions. 
In these chapters we have attempted to describe the basic methods and results, 
but left many important formulas as exercises. Some parts of Chapters 1-8 
were updated by the addition of textual material and a number of exercises, 
which were added at the ends of the sections and exercises in order to retain 
the same numbering of the equations and exercises as in the first edition. 

We have corrected a number of minor typos in the first edition, some 
discovered by ourselves, but most kindly pointed out to us by researchers 
in the field, whose contributions are gratefully acknowledged. A list of er- 
rata, updates of the references, etc., for the first edition and its translation 
into Russian by N. M. Atakishiyev and S. K. Suslov may be downloaded at 
arxiv.org/abs/math.CA/9705224 or at www.math.northwestern.edu/~george/ 
preprints/bhserrata, which is usually the most up-to-date. Analogous to the 
first edition, papers that have not been published by November of 2003 are 
referred to with the year 2003, even though they might be published later. 

The number of people to whom we would like to express our thanks and 
gratitude is just too large to acknowledge individually. However, we must men- 
tion the few whose help has been absolutely vital for the preparation of this 
edition. They are S. O. Warnaar (who proof-read our files with very detailed 
comments and suggestions for improvement, not just for Chapter 11, which 
is his specialty, but also the material in the other chapters), H. Rosengren 
(whose e-mails gave us the first clue as to how we should present the topic of 
Chapter 11), M. Schlosser (who led us in the right directions for Chapter 11), 
S. K. Suslov (who sent a long list of errata, additional references, and sug- 
gestions for new exercises), 5. C. Milne (who suggested some improvements in 
Chapters 5, 7, 8, and 11), V. P. Spiridonov (who suggested some improvements 
in Chapter 11), and M. E. H. Ismail (whose comments have been very helpful). 
Thanks are also due to R. Askey for his support and useful comments. Finally, 
we need to mention the name of a behind-the-scene helper, Brigitta Gasper, 
who spent many hours proofreading the manuscript. The mention of our ever 
gracious TprxXtypist, Diane Berezowski, is certainly a pleasure. She did not 
have to do the second edition, but she said she enjoys the work and wanted 
to be a part of it. Where do you find a more committed friend? We owe her 
immensely. 
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BASIC HYPERGEOMETRIC SERIES 


1.1 Introduction 


Our main objective in this chapter is to present the definitions and no- 
tations for hypergeometric and basic hypergeometric series, and to derive the 
elementary formulas that form the basis for most of the summation, transfor- 
mation and expansion formulas, basic integrals, and applications to orthogonal 
polynomials and to other fields that follow in the subsequent chapters. We be- 
gin by defining Gauss’ 2 fF; hypergeometric series, the ,F’, (generalized) hyper- 
geometric series, and pointing out some of their most important special cases. 
Next we define Heine’s 2¢; basic hypergeometric series which contains an addi- 
tional parameter q, called the base, and then give the definition and notations 
for ,@, basic hypergeometric series. Basic hypergeometric series are called 
q-analogues (basic analogues or qg-extensions) of hypergeometric series because 
an ,F’, series can be obtained as the gq — 1 limit case of an ,@, series. 

Since the binomial theorem is at the foundation of most of the summation 
formulas for hypergeometric series, we then derive a g-analogue of it, called the 
g-binomial theorem, and use it to derive Heine’s g-analogues of Euler’s trans- 
formation formulas, Jacobi’s triple product identity, and summation formulas 
that are g-analogues of those for hypergeometric series due to Chu and Vander- 
monde, Gauss, Kummer, Pfaff and Saalschiitz, and to Karlsson and Minton. 
We also introduce g-analogues of the exponential, gamma and beta functions, 
as well as the concept of a q-integral that allows us to give a q-analogue of 
Euler’s integral representation of a hypergeometric function. Many additional 
formulas and g-analogues are given in the exercises at the end of the chapter. 


1.2 Hypergeometric and basic hypergeometric series 


In 1812, Gauss presented to the Royal Society of Sciences at Gottingen his 
famous paper (Gauss [1813]) in which he considered the infinite series 


ab a(a+1)b(b+1) ,, afat+1)(a+ 2)b(b+1)(64 2) 
l-e | 1-2-e(e+1) ioe nese, ean 


as a function of a,b,c, z, where it is assumed that c # 0,—1,—2,..., so that 
no zero factors appear in the denominators of the terms of the series. He 
showed that the series converges absolutely for |z| < 1, and for |z| = 1 when 
Re (c—a— b) > 0, gave its (contiguous) recurrence relations, and derived his 
famous formula (see (1.2.11) below) for the sum of this series when z = 1 and 
Re (c—a—b) > 0. 


2 Basic hypergeometric series 


Although Gauss used the notation F'(a,b,c,z) for his series, it is now 
customary to use F(a, b;c; z) or either of the notations 


gFAG, Deen Fi ee. 


for this series (and for its sum when it converges), because these notations 
separate the numerator parameters a,b from the denominator parameter c 
and the variable z. In view of Gauss’ paper, his series is frequently called 
Gauss’ series. However, since the special case a = 1, b = c yields the geometric 
series 

Lea ae fees, 


Gauss’ series is also called the (ordinary) hypergeometric series or the Gauss 
hypergeometric series. 
Some important functions which can be expressed by means of Gauss’ 


series are 
(Lop 2)? =F (4,0; by =z), 


log(1 + z) = zF(1,1;2;—z), 
sin! z = zF(1/2, 1/2; 3/2; 27), (1.2.2) 
tan”! z= zF(1/2,1;3/2; —27), 
e* = lim F(a, b;b; z/a), 
a—00 
where |z| < 1 in the first four formulas. Also expressible by means of Gauss’ 


series are the classical orthogonal polynomials, such as the Tchebichef polyno- 
mials of the first and second kinds 


Tn(x2) = F(—n,n; 1/2; (1 — x)/2), (1.2.3) 
U, (x2) = (n+ 1)F(—n, n+ 2;3/2; (1 — x)/2), (1.2.4) 
the Legendre polynomials 
P, (a2) = F(-n,n+1;1;(1 — x)/2), (1.2.5) 
the Gegenbauer (ultraspherical) polynomials 
CA(x) = = F(—n,n+ 2A;A 4+ 1/2; (1 — x)/2), (1.2.6) 
and the more general ey polynomials 
PAW) (7) = aoe F(-n,n+a+84+1; a+1;(1—2)/2), (1.2.7) 
where n = 0,1,..., and (a), denotes the shifted factorial defined by 
T(a+n) 


(a)o = 1, (@)n =a(at1)---(a+tn—-1)= DD ote eA 8) 


Ta) ° 


Before Gauss, Chu [1303] (see Needham [1959, p. 138], Takacs [1973] and 
Askey [1975, p. 59]) and Vandermonde [1772] had proved the summation for- 


mula 
(c—Dd)n 


F(—n, b;c;1) = , a eee, (1.2.9) 
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which is now called Vandermonde’s formula or the Chu- Vandermonde formula, 
and Euler [1748] had derived several results for hypergeometric series, including 
his transformation formula 
F(a, b;c;z) = (1 — z)°-** F(c—a,c—b;c¢,2),  |z| <1. (1.2.10) 
Formula (1.2.9) is the terminating case a = —n of the summation formula 
[I'(c)'(c-—a-—b) 
I'(c—a)I'(c— b)’ 
which Gauss proved in his paper. 
Thirty-three years after Gauss’ paper, Heine [1846, 1847, 1878] introduced 
the series 
1 — q@)(1 — g? 1 — q@)(1 — qa ! 1—q°)\(1 — g®t ! 
(L=@)(l=¢@) =gy= quar") 
where it is assumed that gq 4 1, c ~ 0,—1,—2,... and the principal value of 


each power of q is taken. This series converges absolutely for |z| < 1 when 
lq| < 1 and it tends (at least termwise) to Gauss’ series as gq — 1, because 


F(a, b;c;1) = 


Re(c—a-— b) > 0, (1.2.11) 


1+ 


lim = a. (1.2.13) 


The series in (1.2.12) is usually called Heine’s series or, in view of the 
base q, the basic hypergeometric series or q-hypergeometric series. 

Analogous to Gauss’ notation, Heine used the notation ¢(a, b,c, q,z) for 
his series. However, since one would like to also be able to consider the case 
when q to the power a, b, or c is replaced by zero, it is now customary to define 
the basic hypergeometric series by 


7 > (25 @)n(0sQ)m an, (1.2.14) 


where 
aL. n= 0, 
(05 In = a ae eee i — el Oe oe (1.2.15) 


is the q-shifted factorial and it is assumed that c #4 q’™ for m = 0,1,... . 
Some other notations that have been used in the literature for the product 
(a;q)n are (@)¢n;|@|n, and even (a), when (1.2.8) is not used and the base is 
not displayed. 

Another generalization of Gauss’ series is the (generalized) hypergeometric 
series with r numerator parameters a,,...,a, and s denominator parameters 
b;,...,6, defined by 


: . = Q1,Q42,---,Qr. 
gE Oy On evil Oi j.42b3; 2) = FI b b »% 
15°**5,Us 
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Some well-known special cases are the exponential function 
eo = oFo(—; 74 Zi (1.2.17) 
the trigonometric functions 
sin z = z 9 F\ (—; 3/2; —z7/4), 
cos z= 9f\(—;1/2;—z° /4), 


the Bessel function 
Jo (Zz) = (z/2)* oF\(—3a4 1;-27/4)/T(a + 1), (1.2.19) 


where a dash is used to indicate the absence of either numerator (when r = 0) 
or denominator (when s = 0) parameters. Some other well-known special cases 
are the Hermite polynomials 


H,(x) = (22)" 2 Fy(—n/2, (1 — n)/2;—; —x7*), (1.2.20) 
and the Laguerre polynomials 
1)n, 
Loa) = ae F,(-—n;a+1;2). (1.2.21) 
n! 


Generalizing Heine’s series, we shall define an ,d¢, basic hypergeometric 
series by 


rQs(Q1, 2, aes » Ar; by, ale 2% 055452) = rPs — b mG. | 
00 ne L222 
(a134)n(a2i@)n-*+(@r34)m [¢_ayn_(2)] 8 on isan 
= Sr Ui Dnlda5 n= (ri Dn | (_yyng(3 ‘ 
ee, (93d) n(b15Q)n°** (053 Q)n 


with (7) = n(n — 1)/2, where g #0 when r > s +1. 

In (1.2.16) and (1.2.22) it is assumed that the parameters 6),...,b; are 
such that the denominator factors in the terms of the series are never zero. 
Since 

(—m)n=(¢ 34), =0, n=m+1,m-+2...., (1.2.23) 


an , Ff’, series terminates if one of its numerator parameters is zero or a negative 
integer, and an ,@, series terminates if one of its numerator parameters is 
of the form q~™ with m = 0,1,2,..., and g # 0. Basic analogues of the 
classical orthogonal polynomials will be considered in Chapter 7 as well as in 
the exercises at the ends of the chapters. 

Unless stated otherwise, when dealing with nonterminating basic hyper- 
geometric series we shall assume that |q| < 1 and that the parameters and 
variables are such that the series converges absolutely. Note that if |q| > 1, 
then we can perform an inversion with respect to the base by setting p = q7! 
and using the identity 


(a; q)n = (a7!; p)n(—a)"p~ (2) (13524) 
to convert the series (1.2.22) to a similar series in base p with |p| < 1 (see 


Ex. 1.4(i)). The inverted series will have a finite radius of convergence if the 
original series does. 


1.2 Hypergeometric series D 


Observe that if we denote the terms of the series (1.2.16) and (1.2.22) 
which contain z” by un and vn, respectively, then 
Un+1 (a, +n)(a2 +n)---(a,-+n) 


7 = CG hi (beaye FA ose) z (1,225) 


is a rational function of n, and 


Un (1 — q™*!)(1 — bj q”) --- (1 — bq”) 


is a rational function of g”. Conversely, if )->~ 9 Un and }~” ) un, are power 
series with ug = vo = 1 such that uns1/un is a rational function of n and 
Un+1/Un is a rational function of gq”, then these series are of the forms (1.2.16) 
and (1.2.22), respectively. 

By the ratio test, the ,F’, series converges absolutely for all z if r < s, and 
for |z| < 1 ifr =s+1. By an extension of the ratio test (Bromwich [1959, 
p. 241]), it converges absolutely for |z| = 1 ifr =s-+1 and Re [b} +--- +6, — 
(a, +---+a,)]>0.Ifr>s+1 and z40orr=s+1 and |z| > 1, then this 
series diverges, unless it terminates. 

If 0 < |q| < 1, the ,@, series converges absolutely for all z if r < s and 
for |z| < 1 ifr = s+ 1. This series also converges absolutely if |q| > 1 
and |z| < |bjb2 ---bsq|/|a1a2---a,|. It diverges for z 4 0 if 0 < |q| < 1 and 
r >s+1, and if |q| > 1 and |z| > |b) bo. ---b.q|/|aia2---a,|, unless it termi- 
nates. As is customary, the ,F, and ,@, notations are also used for the sums 
of these series inside the circle of convergence and for their analytic contin- 
uations (called hypergeometric functions and basic hypergeometric functions, 
respectively) outside the circle of convergence. 

Observe that the series (1.2.22) has the property that if we replace z by 
z/a, and let a, — oo, then the resulting series is again of the form (1.2.22) 
with r replaced by r—1. Because this is not the case for the ,@, series defined 


n\ 1+s—r 
without the factors [(-1)"q(2)) in the books of Bailey [1935] and Slater 


[1966] and we wish to be able to handle such limit cases, we have chosen to use 
the series defined in (1.2.22). There is no loss in generality since the Bailey and 
Slater series can be obtained from the r = s +1 case of (1.2.22) by choosing s 
sufficiently large and setting some of the parameters equal to zero. 

An ,.1; series is called k-balanced if b} +b. +---+6,=kK+a; +a). + 
-+»+4@,, 1 and z = 1; a 1-balanced series is called balanced (or Saalschiitzian). 
Analogously, an ;+ 1, series is called k- balanced if b; b> ---b, = q®a,a2-++Ar+1 
and z = q, and a 1-balanced series is called balanced (or Saalschiitzian). We will 
first encounter balanced series in 81.7, where we derive a summation formula 
for such a series. 

For negative subscripts, the shifted factorial and the q-shifted factorials 
are defined by 


Une1 _ (L—arg”)(1 — a2q”) ++ (1 — arg”) Cie wae (1.2.26) 
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iat _ tb _ Gafayrgl2) 
me" (1 —aq-!)(1—ag-?)---(l1—ag-")  (aq-"3Q)n— (Q/a3q)n 
(1.2.28) 
where n = 0,1,... . We also define 
(a; Q)oo = |] (1 — ag*) (1.2.29) 
k= 0 


for |q| < 1. Since the infinite product in (1.2.29) diverges when a 4 0 and 
lq| > 1, whenever (a;q)o. appears in a formula, we shall assume that |q| < 1. 
The following easily verified identities will be frequently used in this book: 


(854) co 
(a°@) 4= Cagteaya (1.2.30) 
(a-'q!—": @)n = (a3 )n(—a7!)"q" (2), i231) 
" (@3Q)n_¢_ag—1yk (4)—nk 
(a; q) Gua. (—qa~")"q (1.2.32) 
(a; q)n+ k = (439)n(aq” @)k; (1.2.33) 
(aq"; Qk = ‘aa. (1.2.34) 
k, (a3 q)n 
(aq’; q)n—k eae (1.2.35) 
2k. _ GQnlag?s De 
(aq°" 3) n—k = Goa (1.2.36) 
=H Ay cs, AD anh ak 
(q ";@)k = aoe 1)"q (2.37) 
(aq~";@)k = Sar (1.2.38) 
(a; Q)an = (a3 9° )n(aq3@)n; (1.2.39) 
(a°3q°)n = (43 9)n(—@; g)n, (1.2.40) 


where n and k are integers. A more complete list of useful identities is given 
in Appendix I at the end of the book. 

Since products of qg-shifted factorials occur so often, to simplify them we 
shall frequently use the more compact notations 


(Q1,42,---,@m3 Qn = (€1; g)n(G239)n--:(Gm3q)n, (1.2.41) 


(@1,42,---,@m5 Q)oo = (415 {)oo(@25 Q)oo +++ (Gm q)oo- (1.2.42) 
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The ratio (1 — q*)/(1 — q) considered in (1.2.13) is called a g-number (or 
basic number) and it is denoted by 


a 


lal = eae q#l. (1.2.43) 


It is also called a g-analogue, g-deformation, g-extension, or a qg-generalization 
of the complex number a. In terms of g-numbers the q-number factorial [n]q! 
is defined for a nonnegative integer n by 


In]q! = [fla (1.2.44) 
k= 1 


and the corresponding g-number shifted factorial is defined by 


n—1 
alan = | [a+ Fle (1.2.45) 
k=0 
Clearly, 
lim[n],!=n!, lim|a], =a, (1.2.46) 
ql ql 
and 
[alan = (1—q) "(9° @)n; him lalg:n = (@)n- (1.2.47) 


Corresponding to (1.2.41) we can use the compact notation 


[a1,@2,... : Om) gin = [a1] q;n[@2]q;n cai l@mq;n- (1.2.48) 


Since 


YA el pail ae - 


Da lacs 
= bs Car ger ma armen arc e6 -gt*), (1.2.49) 


anyone working with g-numbers and the qg-number hypergeometric series on 
the left-hand side of (1.2.49) can use the formulas for ,@, series in this book 
that have no zero parameters by replacing the parameters by g™ powers and 
applying (1.2.49). 

As in Frenkel and Turaev [1995] one can define a trigonometric number 
la; o] by 
sin(7oa) 


[a;o] = (1.2.50) 


sin(7o) 
for noninteger values of o and view |[a;o] as a trigonometric deformation of a 
since lim,_,9{a;0] = a. The corresponding ,t, trigonometric hypergeometric 
series can be defined by 


pts(Q1,@2,...,@r301,..., 0.50, 2) 
— [G15 425022543 0| 7 o(5) I+ s—r 

= ear] on ee eal (Cee er 2) a 1.2.51 
et he Allin acsbetiti (—1)"e z ( ) 
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where 5 
[In;o]!= | [lee], [asoln = | [la +45], (1.2.52) 
k= 1 k= 0 
and 
[a1 ,02,---,;Amj3O|n = |a130|n[a230|n--- [Ami o|n- (1.2.53) 
From 
Tioa .—Tioa a/2 _ ,—a/2 1 — q@ 
eee € | qd _ dq (1—a) /2 
la;o] = etic _e—mic ~ gi/2_q {—q" (1.2.54) 


where g = e?7"”, it follows that 


(975 Q)n_m(1—a) /2—n(n—1) /4 
CoS 132.55 
aia), = Go (1.2.55) 
and hence 
plglOiy Oryanhy On; Disses 03,0,2) 
Ogle Ay tend RG pacsg dee) (1.2.56) 
with 
le (1 = a ea or (64+ +--+ bs) /2—(ayt ++ eu (1.2.57) 


which shows that the ,t, series is equivalent to the ,@, series in (1.2.49). 

Elliptic numbers [a;0,7], which are a one-parameter generalization (de- 
formation) of trigonometric numbers, are considered in §1.6, and the corre- 
sponding elliptic (and theta) hypergeometric series and their summation and 
transformation formulas are considered in Chapter 11. 

We close this section with two identities involving ordinary binomial coef- 
ficients, which are particularly useful in handling some powers of q that arise 
in the derivations of many formulas containing q-series: 


ee _ & ‘ W hee: (1.2.58) 
(" ; . _ (") n (5) See. (1.2.59) 


1.3 The g-binomial theorem 


One of the most important summation formulas for hypergeometric series is 
given by the binomial theorem: 


LFilage2)= 1 F(asa=> Sr -0-y7, aan 
where |z| < 1. We shall show that this formula has the following g-analogue 


ido(ai—iq2) = Yo Be an = Cie, tal <a, fal < 1, (1.82) 


n= 0 
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which was derived by Cauchy [1843], Heine [1847] and by other mathemati- 
cians. See Askey [1980a], which also cites the books by Rothe [1811] and 
Schweins [1820], and the remark on p. 491 of Andrews, Askey, and Roy [1999] 
concerning the terminating form of the g-binomial theorem in Rothe [1811]. 

Heine’s proof of (1.3.2), which can also be found in the books Heine [1878], 
Bailey [1935, p. 66] and Slater [1966, p. 92], is better understood if one first 
follows Askey’s [1980a] approach of evaluating the sum of the binomial series 
in (1.3.1), and then carries out the analogous steps for the series in (1.3.2). 

Let us set 

= (a)n n 
{As = d. ae (1.3.3) 

Since this series is uniformly convergent in |z| < « when 0 < € < 1, we may 
differentiate it termwise to get 


2. al 
= > So so" Safi (2). (1.3.4) 
Also - 
fa(z) — far 1(2) = » ay 
-y eo a— (at nye" =) mat Dom an 
— - ae ' = —2 far (2): (1.3.5) 


n= 0 


Eliminating fa+1(z) from (1.3.4) and (1.3.5), we obtain the first order differ- 


ential equation 
a 


~ =e 


fa (2) 


fa(z), (1.3.6) 


subject to the initial condition f,(0) = 1, which follows from the definition 
(1.3.3) of fa(z). Solving (1.3.6) under this condition immediately gives that 
falZ) =] Cl SZ) for z=. I. 

Analogously, let us now set 


OO 


ha(z) = > ana, lz] <1, Igl <1. (1.3.7) 


n= 0 


Clearly, hga(z) — fa(z) as g — 1. Since hag(z) is a q-analogue of fa. 1(z), we 
first compute the difference 
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(G3q)n 


(1 — q”)(aq; q)n— 
65 q’”’) (aq; @) Lyn 
n= 1 


=-a % (24 Dn—1 on = —az Zz 
= > GGes hag(Z); (1.3.8) 


n= 1 


giving an analogue of (1.3.5). Observing that 
an £2) = Fla?) 


"x)= 1.3.9 
for a differentiable function f, we next compute the difference 
— (a5 4)n 
ha(z) — he(qz) = te Qa 
a pm (q; Da 
~ (a; d)n n = (a; Q) n+ 1 n+l 
— ———— 
d (93 9)n—1 a (9; 9)n 
= (1 — a)Zhaq(z). (1.3.10) 
Eliminating ho ¢(z) from (1.3.8) and (1.3.10) gives 
i 
ha(z) = ; —ha(g2). (1.3.11) 
Iterating this relation n — 1 times and then letting n — oo we obtain 
(az; q)n 
ha(z) = ——~—ha(q”z 
) (23q)n ne) 
= (45 doo » (0) = (225d) oo (1.3.12) 
(23d )oo (23 4) 00 


since gq” — 0 as n — oo and A, (0) = 1 by (1.3.7), which completes the proof 
of (1.3.2). 
One consequence of (1.3.2) is the product formula 


1 $0(a;—3 9, 2) 190(b; 5 4, az) = 1¢0(ab; 54, 2), (1.3.13) 
which is a g-analogue of (1 — z)~#(1 — z)~® = (1—z)-*®. 
In the special case a = q~",n = 0,1,2,..., (1.3.2) gives 


1¢o(q-"; 3.4, 2) = (24773 Dn = (—2)"Q PP (a/23@)n, (1.3.14) 


where, by analytic continuation, z can be any complex number. From now 
on, unless stated othewise, whenever g-J,q~*,q~™,q~” appear as numerator 
parameters in basic series it will be assumed that 7,k,m,n, respectively, are 
nonnegative integers. 

If we set a = 0 in (1.3.2), we get 


CO 


1 
1¢0(0;—39,2) = >> Cre Ce lz| <1, (1.3.15) 
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which is a g-analogue of the exponential function e*. Another g-analogue of e” 
can be obtained from (1.3.2) by replacing z by —z/a and then letting a — oo 
to get 

Co en(n—1)/2 


obo(—3 —34,-2) = 7 


Taye = a Dee (1.3.16) 


n= 0 


Observe that if we denote the q-exponential functions in (1.3.15) and 
(1.3.16) by eg(z) and E,(z), respectively, then eg(z)Eqg(—z) = 1, €,-1(z) = 
FE, (—qz) by (1.2.24), and 


Jim eq(z(1—q)) = lim Bg(e(1—4)) =e* (1.3.17) 


In deriving g-analogues of various formulas we shall sometimes use the 
observation that 


(9°23 d)oo 
(250) 33 
Thus 


= 1 ¢0(q7;—3 q, z) — 1 Fo(a;—; ra = Qs ae as q — 1. (1.3.18) 


m (a2 doo =(1-—2z)"%, |z|<1, areal. (1.3.19) 
qo 1- (z , FQ) oc 
By analytic continuation this holds for z in the complex plane cut along the 
positive real axis from 1 to oo, with (1 — z)~° positive when z is real and less 
than 1. 
Let A and V be the forward and backward q-difference operators, respec- 
tively, defined by 


Af(z) = faz) —-f(), VF) = fq") — f), (1.3.20) 


where we take 0 < q < 1, without any loss of generality. Then the unique 
analytic solutions of 


Af(z) _ = Vg(z) _ _ 
Sel = fle), f0)=1 and Saiz), g(0)=1, (1.3.21) 
are 
f(z) =eq(2(1—@)) and g(z) = By(z(1—4)). (1.3.22) 
The symmetric q-difference operator 0, is defined by 
bq f(z) = f(zq'!”) — f(zq*”). (1.3.23) 
If we seek an analytic solution of the initial-value problem 
Og f(z 
afl) _ (2), f(0) =1, (1.3.24) 
q 


in the form \>~ 9 Gnz”, then we find that 


L=¢ n/2 


Toga g dn, a0 = if (1.3.25) 


An+1 = 
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n =0,1,2,... . Hence, an = (1 — q)"q°"—”/4/(q;q@)n, and we have a third 
g-exponential function 
oe) 2 oe) 
(1 ann /4 
exp,(z) = Se eS Ze 1.3.26 
al?) d (93q)n pe In; o]! 


with gq = e?"*°. This g-exponential function has the properties 


exp,-1(Z) = exp,(z), lim exp,(z) = e”, (1.3.27) 


and it is an entire function of z of order zero with an infinite product represen- 
tation in terms of its zeros. See Nelson and Gartley [1994], and Atakishiyev 
and Suslov [1992a]. The multi-sheet Riemann surface associated with the q- 
logarithm inverse function z = Ing(w) of w = exp,(z) is considered in Nelson 
and Gartley [1996]. 

Ismail and Zhang [1994] found an extension of exp,(z) in the form 


(aq""**,aq°?"~*;q) b”™, (1.3.28) 


which has the property 


a = f(z), of(z) = f(e+1/2) — f(z—-1/2), (1.3.29) 


where 
a(z) =C(q*+q *) (1.3.30) 


with C = —abq'/*4/(1 — q) is the so-called q-quadratic lattice, and a and b 
are arbitrary complex parameters such that |ab| < 1. In the particular case 
gq? =e ”,0<0< 7, x =cos8, the g-exponential function in (1.3.28) becomes 
the function 


oo m? /4 


E,(x;a,b) = > = 


“=~ (Gd)m 


(= ae? qo2 ae~*; 4) b™. (1.3.31) 
Ismail and Zhang showed that 
lim E,(x;a, b(1 — q)) = exp[(1 + a* — 2ax)b}, (1.3.32) 
q— 


and that €,(z; a, b) is an entire function of x when |ab| < 1. From (1.3.32) they 
observed that €,(2;—i, —it/2) is a q-analogue of e**. It is now standard to use 
the notation in Suslov [2003] for the slightly modified g-exponential function 


Cater qd {lame 26: siamo) 
Ey(xz3;a) = ——— —ia)™ (—ig ze ,—ig 7 e 4) 
a ) (qa?; Ges De : ( ) m 
(1.3.33) 
which, because of the normalizing factor that he introduced, has the nice prop- 


erty that €,(0;a) = 1 (see Suslov [2003, p.17]). 


m= 0 
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1.4 Heine’s transformation formulas for >¢; series 


Heine [1847, 1878] showed that 
(C, 25d) oo 


where |z| < 1 and |b| < 1. To prove this transformation formula, first observe 
from the g-binomial theorem (1.3.2) that 


29 (a, b; C, q, Z) 29 (c/b, z; az; q,b), (1.4.1) 


(cq"5Q)oo _ > (c/B;)m (yqnym. 


(bg”; d) oo (4;4¢)m 


Hence, for |z| < 1 and |b| < 1, 


161 (a,8565 9,2) = dee yr Cidal Css 


m= 0 


( 
= (65 4 = yc (c /b; dy 020") “ 


C =e (43 d)m (z z“q ™: @)oo 
_ ©, a2} doo ye 
_ (c, 2 -q) 21 ( /b, ’ ;q, b) 


by (1.3.2), which gives cay 
Heine also showed that Euler’s transformation formula 


F(a, b;¢;z) = (1— z)** ° » Fi (c — a,c — bc; 2) (1.4.2) 


CO 


has a q-analogue of the form 


(abz/c;q)oo , 
(25; oo 


A short way to prove this formula is just to iterate (1.4.1) as follows 


291 (a, b; c;q, z) = 1 (c/a, c/b; c;q, abz/c). (1.4.3) 


201(a, b3¢5q, 2) = atte d (c/b, z; az; q, b) (1.4.4) 
— Dee 20 (abz/c, b; bz; q,c/b) (1.4.5) 
(abz/C; q) 


— =e 201 (c/a, c/b; c; gq, abz/c). (1.4.6) 


14 Basic hypergeometric series 


1.5 Heine’s g-analogue of Gauss’ summation formula 


In order to derive Heine’s [1847] g-analogue of Gauss’ summation formula 
(1.2.11) it suffices to set z = c/ab in (1.4.1), assume that |b] < 1, |c/ab| < 1, 
and observe that the series on the right side of 


(b, €/B; ) oc 


21 (a, b; c; q, c/ab) = (c c/ab; q) 


go (c/ab; —; q, 5) 
can be summed by (1.3.2) to give 


21 (a, b; c; q, c/ab) = eile (1.5.1) 


By analytic continuation, we may drop the assumption that |b] < 1 and require 
only that |c/ab| < 1 for (1.5.1) to be valid. 


For the terminating case when a = q~”, (1.5.1) reduces to 


2b1(q ”, b3¢34, cg"/b) = eae (1.5.2) 


By inversion or by changing the order of summation it follows from (1.5.2) that 


2o1(q_",b;¢54,q) = De i. (15:3) 


Both (1.5.2) and (1.5.3) are q-analogues of Vandermonde’s formula (1.2.9). 
These formulas can be used to derive other important formulas such as, for 
example, Jackson’s [1910a] transformation formula 


a breg. 2) x ez Dee Fr (a,6/81 De (_p vk o(%) 
21 ( , 6; 19; ) (234) 00 a eee q)k [= b ) q 


ren 


= (42; d)oo a,c C, az, z 
= A= 262 (a, e030, 025 4,b2). (1.5.4) 


This formula is a g-analogue of the Pfaff-—Kummer transformation formula 
oF) (a,b; c;z) = (1 — z)~* 2 Fi (a,c — b3¢; z/(z — 1)). (1.5.5) 


To prove (1.5.4), we use (1.5.2) to write 


_ nem — Q)n "(bg ‘i 


<— (4649)n 
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and hence 


= S7 (a k : (q ce Da) x (bq*)” 


(9,659)n 

Ey {GidlulcPidn_ p+ (_yyrgG) 

_ > se (a; Q) kt n(c/d; Gn (—bz)"2*ql2) 
k= 


4 (Gi DKGGd)n 


re 
_ (425q)00 Yo (4, €/b5d) nm 
(25 Q)oo 44 (9,6,4259)n 


— 


by (1.3.2). Also see Andrews [1973]. If a = q~”, then the series on the right 
side of (1.5.4) can be reversed (by replacing k by n — k) to yield Sears’ [1951c] 
transformation formula 


2o1(q_”, 0; cq, Z) 
c/b;q)n (bz\" = Se ee ee 
= ie (=) 3¢2(¢°",9q/2,¢ 'q' "be 'q'—",0;q,q). (1.5.6) 


1.6 Jacobi’s triple product identity, theta 
functions, and elliptic numbers 
Jacobi’s [1829] well-known triple product identity (see Andrews [1971]) 


(zq?,g?/z,4;d)oo= SY. (-1)"q" 72", 2 #0, (1.6.1) 
can be easily derived by using Heine’s summation formula (1.5.1). 
First, set c = bzq? in (1.5.1) and then let b > 0 and a > oo to obtain 
2 
a —1)"qr f2 
ya = (244 sa) oo (1.6.2) 


(G3q)n 


n= 0 
Similarly, setting c = zq in (1.5.1) and letting a — oo and b > on we get 

oO 2 

6 ie 1 
———— 1.6.3 
d (9,2034)n (293 @)oo oe 
Now use (1.6.2) to find that 
eens 


ale +n?) /2 


— 3 = in(G3 Qn au“ 


m= 0 n= 0 
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Oo nn? 00 - 
=e (a eS q" qn 
(GQ)n =< (aa sae 
aad ea ge ee ; 
Re ee 1.6.4 
me (934)n a (am sq: ew) 


n= 1 k= 0 
Formula (1.6.1) then follows from (1.6.3) by observing that 
i = gr 1 1 
: >, n+1. q "= : n+l. : : 
(5 9)n 4 (Ga* 5 a)k (GQ)n(9"*"5Q)co (Goo 


An important application of (1.6.1) is that it can be used to express the 
theta functions (Whittaker and Watson [1965, Chapter 21]) 


Vil eg) = 2 s(-y"g"* 1/2)" sin(2n + 1)z, (1.6.5) 
n= 0 
02 (xz,q) = 2 3 git 1/2)" cos(2n + 1)z, (1.6.6) 
n= 0 
03(2,q)=1+2 y g” cos 2nz, (1.6.7) 
n= 1 
04(z,q) =14+2 5 7(-1)"™ cos 2nx (1.6.8) 
n= 1 


in terms of infinite products. Just replace q by q* in (1.6.1) and then set z 
equal to ge?**, —qe?**, —e?"”, e**”, respectively, to obtain 


01 (a, q) = 2q'/4 sing [[@ —~(@")(1—2¢q°" cos2x+q*"), (1.6.9) 


n= 1 


02 (x, q) = 2q'* cosa | [(1—°")(1 + 29°" cos 2a + q*"), (1.6.10) 


n= 1 
03(z,q) = I] (1 —¢’")\(1+ 29°"! cos2z + q*" 7), (1.6.11) 
n= 1 
and 
94(,9) = | [Q-—¢")(. — 29°"! cos 2a + g'”~’). (1.6.12) 
n= 1 


It is common to write J;(x) for 0, (2,q), k= 1,...,4. 
Since, from (1.6.9) and (1.6.10), 


lim 2-19-48, (z,q) =sing, lim 2-19-49, (z,q) =cosa@, (1.6.13) 
q— 


q—0 


one can think of the theta functions ¥;(z,q) and ¥2(x,q) as one-parameter 
deformations (generalizations) of the trigonometric functions sinx and cos z, 
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respectively. This led Frenkel and Turaev [1995] to define an elliptic number 
la; 0,7] by 

0, (roa, e™’7 ) 
0, (mo, E77) ’ 
where a is a complex number and the modular parameters o and 7 are fixed 
complex numbers such that Im (7) > 0 and o 4 m+ nz for integer val- 
ues of m and n, so that the denominator 0 (70,e7’7) in (1.6.14) is never 
zero. Then, from (1.6.9) it is clear that [a;o,7] is well-defined, [—a;0,7] = 
—la;o,7T], [1;0,7] =1, and 


(1.6.14) 


Co. t= 


sin(70a) 


= lao). (1.6.15) 


gee Pair sin(7o) 
Hence, the elliptic number [a;o,7] is a one-parameter deformation of the 
trigonometric number |[a;c] and a two-parameter deformation of the number 
a. Notice that [a;o,7] is called an “elliptic number” even though it is not an 
elliptic (doubly periodic and meromorphic) function of a. However, [a; 0,7] 
is a quotient of 7, functions and, as is well-known (see Whittaker and Wat- 
son (1965, §21.5]), any (doubly periodic meromorphic) elliptic function can be 
written as a constant multiple of a quotient of products of 7, functions. The 
corresponding elliptic hypergeometric series are considered in Chapter 11. 


1.7 A q-analogue of Saalschutz’s summation formula 


Pfaff [1797] discovered the summation formula 

(c— a)n(¢ — })n 
(c)n(c—a—b)n’ 
which sums a terminating balanced 3F>(1) series with argument 1. It was 
rediscovered by Saalschiitz [1890] and is usually called Saalschiitz formula or 
the Pfaff-Saalschiitz formula; see Askey [1975]. To derive a qg-analogue of 
(1.7.1), observe that since, by (1.3.2), 


(abz/C59)oo _ ¥> (ab/esd)e 
Ox 2 Cre 
the right side of (1.4.3) equals 
— —s (ab/c;q)¢(c/a,c/b;q)m [ab\™ ps m 
tao te 


k= 0 m= 0 


3F4(a,b, -—n;3c,1t+ta+b—c—n;1)= WSO; Iecaoy (A) 


and hence, equating the coefficients of z” on both sides of (1.4.3) we get 


” ~",c/a,c/b;q)5 a,b; q)n 
yi /a,c/b;q)5 5 _ _(a,b;q) 


—< (g,¢,cq'—"/ab; q); (c,ab/c;q)n_ 


Replacing a, b by c/a, c/b, respectively, this gives the following sum of a termi- 
nating balanced 32 series 


-1gi-n (e/ac/0@n poi. (1.72) 


1D =, c]abi an 


392(a,b,q";c, abc 
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which was first derived by Jackson [1910a]. It is easy to see that (1.7.1) follows 
from (1.7.2) by replacing a, b, c in (1.7.2) by q*, q°, q°, respectively, and letting 
q— 1. Note that letting a — oo in (1.7.2) gives (1.5.2), while letting a — 0 
gives (1.5.3). 


1.8 The Bailey—Daum summation formula 


Bailey [1941] and Daum [1942] independently discovered the summation for- 
mula 

(aq/b,—q/0;4)o0 
which is a g-analogue of Kummer’s formula 


T(il+a—b)l(1+4 
Cee ee er ce (1.8.2) 
r(1 + a)T(1 + 7a a b) 
Formula (1.8.1) can be easily obtained from (1.4.1) by using the identity 
(1.2.40) and a limiting form of (1.2.39), namely, (a;q)oo = (@,aq;q")oo, to 
see that 


21 (a, b; ag/b; q, —q/b) = (1.8.1) 


21 (a, b; aq/b; g, —q/b) 
= Sa 291 (q/b, —q/b; —q3 q, a) 
—  (4,-GQo (7/039 )m on 
~ (aq/b, —4/b; 9) dX. (97597) n 
= (a, —q; Des (ag? (boa? Jas 
~ (agq/b,-G/b3q)co (43 @)oo nae) 
(—4; 9) co (aq, aq’ /b7; @*) c0 
(aq/b,—4q/0;d)o0 


1.9 g-analogues of the Karlsson—Minton 
summation formulas 


Minton [1970] showed that if a is a negative integer and m,,m2,...,M, are 
nonnegative integers such that —a > m, +--:-+m,, then 


a,b,b); +m,...,6, +m, 


pe dlre bane bi,... b aut 
_ P(O+ APC = a) (b1 = b)my ++ (Or = bm, (1.9.1) 
Elba) (01 )mi +++ (Or), 


where, as usual, it is assumed that none of the factors in the denominators 
of the terms of the series is zero. Karlsson [1971] showed that (1.9.1) also 
holds when a is not a negative integer provided that the series converges, 1.e., 
if Re(—a) > m, +---+m, — 1, and he deduced from (1.9.1) that 


a,b) +my,...,07 + Mr | 


r+ 1 Fy h i ;1] =0, Re(—a) >m,+---+m,, (1.9.2) 
Lee OUT 
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—(m +++ + Mr), br + M1, +++ Or + Mr 
b1,.--, 0% 


= (ayy ot my (a FF Me) 
(01 ms at (br im, 
These formulas are particularly useful for evaluating sums that appear as so- 
lutions to some problems in theoretical physics such as the Racah coefficients. 
They were also used by Gasper [1981b] to prove the orthogonality on (0, 27) 
of certain functions that arose in Greiner’s [1980] work on spherical harmonics 
on the Heisenberg group. Here we shall present Gasper’s {[1981a] derivation of 
g-analogues of the above formulas. Some of the formulas derived below will 
be used in Chapter 7 to prove the orthogonality relation for the continuous 
g-ultraspherical polynomials. 
Observe that if m and n are nonnegative integers with m > n, then 


(br5 Q)n 


arty ae 


(1.9.3) 


2di(g ",g "5br3q,q) = 


by (1.5.3), and hence 


CO mr = = 
25, (41, +++, @r3Q)n ny "GM Dk pmne k 


(@) Oigsesg O42 @)n k= 0 (q, br; @)k 


connarmned : —m, k 
_ sy. (Ois.22cy es @ ala Qk Za) eg k—nk+ (5) 


M4 £4 (1, +05 br 15 Dn (GW) n—K(, Or Dk 


k= 0 (q, by, br; Q)k 
k k 
Q1q ,+++,4rq m—k 
x 2 eo Fae ee Alc ae 
het On ae, 


(1.9.4) 


This expansion formula is a g-analogue of a formula in Fox [1927, (1.11)] and 
independently derived by Minton [1970, (4)]. 
When r = 2, formulas (1.9.4), (1.5.1) and (1.5.3) yield 


a, b, b,q”™ 2 ee q, 59/3; q) cx ae 
162 | ba. by ;q,a'q' | = (eee 2 (g ,b;bi3.q,q) 


(69, 4/4; Y) co 
(9, bg/45 q)oo(b1/65 4) pm 
(bq,9/4;)o0(b1;9)m 
provided that |a~'q'~™| < 1. By induction it follows from (1.9.4) and (1.9.5) 


(1.9.5) 


that if m,,...,m, are nonnegative integers and |Ja~!q!—(™1+ "+ ™r)| < 1, then 
a, b, by ge. ee) b,q""" . —1 1-(mit+-:-+m,) 
abe bg, b1,..., 0, ,597,a qd 


(q, bg/@; q) co (61/0; ) mi **° (b,./D; Q)m, piit + mr 


(bq,¢/€3@)oo  (b13¢)m, °°: (br3 @)m, (1.9.6) 
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which is a q-analogue of (1.9.1). Formula (1.9.1) can be derived from (1.9.6) by 
replacing a, b,b;,..., b, by q%,q°,q"!,...,q°", respectively, and letting g > 1. 
Setting b, = b,m, = 1 and then replacing r by r + 1 in (1.9.6) gives 


a,b)q™,...,6-q™" = - ee - 
~16>| NU a es ead =0, lat mtr] <1, 
pe Say Uy 


(1.9.7) 
while letting b — 00 in the case a = q-(™1* "+ ™") of (1.9.6) gives 


—(M1+ +--+ Mr) b m1 - .,5 Mr 
r+ 1Pr : an ie Qs 
bi... 5p 


ea tite grim meni ermal) (2 (15038) 
OL Ging? br} @)m, | 


which are g-analogues of (1.9.2) and (1.9.3). Another q-analogue of (1.9.3) can 
be derived by letting b — 0 in (1.9.6) to obtain 


a, by ae see »o,q'™" . —1_,1-—(mi+ ---+™,) 
ro16e| 1 59,a q 
_1)\Mitst+ Mr (p7- M1... hr pm Mr 
(—1) (G5 DooBy* ++ BRT (Bt )e + (7B). 
(q/a; Q)oo(b1 ) Q)m1 7, (b;; "Q) mi, 


(1.9.9) 


when |a—!q! (mt + mr) < 1, 
In addition, if a = q~-” and n is a nonnegative integer then we can reverse 
the order of summation of the series in (1.9.6), (1.9.7) and (1.9.9) to obtain 


go. bigs. er a ‘ 
nadeer| bq, b1,.--, 0p 59,4 


, n>mt+-::-+m,, (1.9.10 
(bq; q)n(b13qQ)my °° * (br Q)m, ( ) 


—" biq™,...,0-q™" 
on Oy L »91q0 ~; » Ord a = 0. n>m+-::--+mM,, (1.9.11) 


and the following generalization of (1.9.8) 


q big 228 04g"” 1)" Gane 
r r ; aa — 5 1.9.12 
oe | b1,..., Or : | (b13qQ)m,°°* (br3 qd) m, ( ) 


where n > m, + --:+™,, which also follows by letting b — oo in (1.9.10). 

Note that the b — 0 limit case of (1.9.10) is (1.9.11) when n > m, +---+™m,, 

and it is the a = q-(™+* "+ ™r) special case of (1.9.9) when n = m; +--:+m,. 
1.10 The g-gamma and q-beta functions 


The g-gamma function 


AC eye 
Ee(z)= Cane (l—q)7,0<q<1l, (1.10.1) 
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was introduced by Thomae [1869] and later by Jackson [1904e]. Heine [1847] 
gave an equivalent definition, but without the factor (1—q)!~*. When z = n+1 
with n a nonnegative integer, this definition reduces to 


Vena) = Wag) igo) eae ge (1.10.2) 


which clearly approaches n! as g > 1~. Hence [y(n +1) tends to [(n+1) =n! 
as q — 1~. The definition of [,(z) can be extended to |q| < 1 by using the 
principal values of g® and (1 — q)'~* in (1.10.1). 
To show that 

lim PAe) =1(z) (1.10.3) 

q>1- 
we shall give a simple, formal proof due to Gosper; see Andrews [1986]. From 
(1.10.1), 

(93 9) 2 
Tj(2 + 1) = ———-(1 - q)” 
aaa Can i 
_ fp Gama a 
| (1 = grt z\(1 = q”)* 


Hence 


a n+1\* 
lim T Ls 
tm toe +D= Ts (SS) 


=2 Tl (1+ =) (1+ ~) 


= gl (4) =T(x+1) 


by Euler’s product formula (see Whittaker and Watson [1965, §12.11]) and the 
well-known functional equation for the gamma function 


T(a+1)=a2T(x), T1)=1. (1.10.4) 


For a rigorous justification of the above steps see Koornwinder [1990]. From 
(1.10.1) it is easily seen that, analogous to (1.10.4), ['g(x) satisfies the func- 
tional equation 

lisse 


f(@+l=F fle), fl) =1. (1.10.5) 


Askey [1978] derived analogues of many of the well-known properties of the 
gamma function, including its log-convexity (see the exercises at the end of 
this chapter), which show that (1.10.1) is a natural g-analogue of ['(z). 

It is obvious from (1.10.1) that I(x) has poles at c = 0, —1, —2,.... The 
residue at x = —n is 


(l—q)"*? g+n 
fim (2 a n)Tg(x) = ele = q7-")(1 a qi—*) cae (1 =e q7!) jim 1— qt” 
(1 = gy 


Se 1.10.6 
(q-";@)n logq7! ( 
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The g-gamma function has no zeros, so its reciprocal is an entire function with 
zeros at x = 0,—1,—2,... . Since 


es er ae Tl a ait (1.10.7) 
co = eae ~ 
the function 1/['7(z) has zeros at x = —n + 2mik/logq, where k and n are 


nonnegative integers. 
A q-analogue of Legendre’s duplication formula 


1 1 
T(2x)0 (5) aed We (« -- 5) (1.10.8) 
can be easily derived by observing that 


P2(@)l 2 (x = 5) _ (q, me q )oo Ghee q?)!-22 
iG) (q?*,q?7* 15g? oo 


= Ging gh Py = (+4)! P22) 
and hence 
1 1 
T,(22)0,2 (5) = (1+ 9)? '22(x)Py2 (« + 5) (1.10.9) 


Similarly, it can be shown that the Gauss multiplication formula 


n— 


[(nz)(Qr)"—-D/?? =n 30 (2)0 (« + = | 7 (: + *) (1.10.10) 


has a g-analogue of the form 


['g(na)P, (=) T;, (=) oie (= +) 


1 
= (eg te bat ny ty (e4 2) T.(a+ 


n—1 


: ) (1.10.11) 


with r = q”; see Jackson |1904e, 1905d]. The g-gamma function for gq > 1 is 
considered in Exercise 1.23. For other interesting properties of the g-gamma 
function see Askey [1978] and Moak [1980a,b] and Ismail, Lorch and Muldoon 
[1986]. 

Since the beta function is defined by 


D(x)T(y) 
Bia, , 1.10.12 
@)= Tors (1.10.12) 
it is natural to define the q-beta function by 
Ty (2)0 
B,(z,y) = Py (x)Pq(y) (1.10.13) 


Pg(x + y) 
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which tends to B(z,y) as g > 1~. By (1.10.1) and (1.3.2), 


(q, 9°" 45 G)oo 
B,(a,y) = (1 - 
aD) (97, 4%; I) 
(G3 Doo To (Mian on 
Sg) ee ee 
Vga (Gdn | 
es n+ 1 
= (1-q) Ss" ate, Rez, Rey>0. (1.10.14) 
n= 0 ] CO 


This series expansion will be used in the next section to derive a q-integral 
representation for B,(z, y). 


1.11 The g-integral 
Thomae [1869, 1870] and Jackson [1910c, 1951] introduced the q-integral 


1 oe) 
/ f(t) dgt = (1-4) >> f(a")a” (2111) 
n= 0 
and Jackson gave the more general definition 
b b a 
[ so at= [10 dt— [£0 at (1.11.2) 
where = 
[£0 at =a) ¥ flaa)ar (1.11.3) 
n= 0 


Jackson also defined an integral on (0,00) by 


[ 1 dt=(1—q > Fe" (1.11.4) 


The bilateral q-integral is defined by 
[. fG)\dt=1=G DING ) + f(-a")] a” (1.11.5) 


If f is continuous on [0,a], then it is easily seen that 


tim ff f(t) ) dye = f(b f(t) (1.11.6) 


and that a similar limit holds for (1.11.4) and (1.11.5) when f is suitably 
restricted. By (1.11.1), it follows from (1. 4 14) that 


_1 (t93q) <0 
We) 0 “Cages qQ)x (\ 
which clearly approaches the beta function integral 


1 
B(a, y) =| t7-'(1—t)¥ | dt, Rez, Rey>0O, (1.11.8) 
0 
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as q — 1~. Thomae [1869] rewrote Heine’s formula (1.4.1) in the q-integral 
form 


gt, (1.11.9) 


WAC ! 1 (tzq", ta3¢ 
2¢1(q", 9°39°3 4, 2) = al) | t 1 (é2q", 45 Goo d 
0 


Tg (6)P'g(c — 6) (tz, tq°—?; q) 00 
which is a g-analogue of Euler’s integral representation 

[(c) b—1 —b-1 _ 
—_—_—__—_— t 1-—t)* 1 —tz)~* dt 1.11.10 
precy f PtG-a a -ey a, (11110 


where | arg(1 — z)| <a and Rec> Reb>0O. 
The q-integral notation is, as we shall see later, quite useful in simplifying 
and manipulating various formulas involving sums of series. 


2 F; (a, 6; c; Z) = 


Exercises 


1.1 Verify the identities (1.2.30)—(1.2.40), and show that 


(i) (aq”"3)n = (¢/a3q)n (-=) q(2), 
P agaF—=q), = lai ane & (_@\" —-nk—(%) 
a) age On (q/a; q)k ( 4 : 4 
(iii) (qa?, —qa? ; Q)n _ Li aq?” 

(a2, —a3;q)n ede. 
(iv) (a; Q)on = (a, —a?, (aq)? —(a9)?;9)ns 
(v) (a; q)n(q/a; )—-n = (—a)"q(2), 
(vi) (9,-9, -€31 Joo =1 


1.2 The q-binomial coefficient is defined by 


is ___(G9)n 

klq (45 9)k(93)n—k 

fork =0,1,...,n, and by 

Fi ee ee... [g(a +1) 

Bl, (q,9% 15d) co P(6 + 1)lg(a— 6 +1) 


for complex a and 3 when |q| < 1. Verify that 


(i) files [nel 

a [f) = a'r 
wy [kta] — (e%*3@) 

(iii) | | = ai, 
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(iv) ral = ig - - aK (-q7*)Fq-@), 
| 


n 
(vi) = (z3@)n= 5 Ba (—z)*q(2), 
q 
k= 0 
when sk and n are nonnegative integers. 


1.3 (i) Show that the binomial theorem 


(a+b)" = 3 (;) akyn-k 


k= 0 
where n = 0,1,..., has a g-analogue of the form 
(oh g)n = > i] MesadaCadn 


(ii) Extend the above formula to the q-multinomial theorem 


(@1Q2+**Am+13Q)n 


lett anal = Celt Lea] 


Zz mr ki .kit ko - qkit kot -+ km 
= k k Q7 43 Am-+ 1 
L5-++5%m q 


(13.9) hi (25.0) ka? Gins @) ks, (Gets @) was ok Be) 


where m= 1,2,..., N=0,1,..., and 
(93 9)n 


TN 
aera (G5) kr + (G Db (95 Dn—Cert + kim) 


is the g-multinomial coefficient. 


1.4 (i) Prove the inversion formula 


_ SE dy esa eae (¢ “re 
AAG s bp pasta de. WOO. 
(ii) By reversing the order of summation, show that 
,Ar,Q- 
nid. |% Bach "sa2| 
= (Gp ,s290n;O)n (2) ((-1)" 40) 
(b; ae , 6 PAR 6 | 
a ge —n /b qi- —n /b n. grr 

y ys j 1; /bs,q7 al Ge 


E20 (q,q qi- = ea a =O 
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when n= 0,1,.... 
(iii) Show that 
Q1,---,QGr+1 , Zz 
r+ 1Pr b1,..-, Dr a 
(Gis 63 apie. 150) 6S z—] (qt, OE ccm DEE Q)es 
t Ne es 
0 


(1 = 9)(q, Oi 0.5-5 O53 @)ce (Gj t,0255 Opts d) x 


when 0 < gq < 1, Re z > O, and the series on the left side does not 
terminate. 


dat, 


Show that 
(c, bq”; Q)m _ (b/c; Q)n ~ (ae C, arg" (cq": 9) 
(0; q)m (b5d)n — (q,cq'-"/Bq)eo 
Prove the summation formulas 


as O°3q°)n _(® 
(i) adi(q”,@' a tr ec Le (2) 


Mwi@eeeea "= 


(C; doo 
(iii) 2¢0(a,¢°"3-3¢,q"/a) =a", 
CO 2 
: q” —mT7T yy, 
iv —_—— = ——_., 
a py (G3Q)n (959) 
(2p sp es “i 
(v) 100(a; —;p, 2) = Gp Ip| > 1, jazp™ | <1, 


(vi) 2¢1(a, b; ¢; p, p) = wie b/c; p97!) oo 


ee ged 
1/c,ab/c; p—" )oo P| 


Show that, for |z| < 1, 


(a79q23Q)oo 


2 
201 (a”,aq;a;q,z) = (1 +az 
)=( Zales 


Show that, when |a| < 1 and |bq/a?| < 1, 


291 (a, a? /b; b; q” , bq/a”) 

_ (4, G4 Joo | (0/45 G)o0 , (=b/45 9) 00 

2(b, bg/a*;q*)oo | (454) c0 (—4; 4) co 
(Andrews and Askey [1977]) 


Let $(a, b,c) denote the series 2 (a, b;c;q,z). Verify Heine’s [1847] 
q-contiguous relations: 
(1 —a)(1 —b) 


(i) d(a, b, cq!) — &(a, b,c) = oa ds bq, cq), 


Gi) $(a, b,c) — $(a,6,¢) = a25— (ag, bg, 0), 
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(1 — 6)(1 — e/a) 


CO Ad PCa) NGO AE ire aca 
Cote pag, b, cq). 


Gv) (aq, bq", 6) ~ $(a,b, 6) =az0—* 


1.10 Denoting 2¢) (a,b; c;4, 2), 2¢1(ag*', b; c, g, 2), 261 (a, bg*'; c; , z) 
and 2) (a,b; cq*!;q,z) by ¢, d(ag*"), bbq * ') and ¢(cq*'), respectively, 
show that 


(i) (1 — a) (ag) — a(1 — b)4(bq) = (b—a)¢, 
(ii) a(1 — b/c)(bg~*) — b(1 — a/c)¢(aq~*) = (a — b)(1 — abz/cq)¢, 
(iii) g(1 — a/c)¢(aq~") + (1 — a)(1 — abz/c)$(aq) 
= [1+q—a-—agq/c+a’z(1 —b/a)/cl¢, 
(iv) (1 — c)(q — c)(abz — c)b(cq~*) + (c — a)(c — b) (cq) 
= (c — 1)[c(q — c) + (ca + cb — ab — abq)z|¢. 
(Heine [1847]) 


1.11 Let 9(0;A, p,v) = (Ae”, WV; q)oo 21 (ue, ve; pw; q, Ae*”). Prove that 
g(O; A, u,v) is symmetric in A, ,v and is even in 0. 


1.12 Let Dg be the q-derivative operator defined for fixed gq by 


(aq, bq, cq’), 


_ f(z) = f(gz) 
Daf (z) _ —(-q@gz ’ 
and let Dju = D,(Dr-'u) forn = 1,2,.... Show that 
(i) lim Defi2Z)= - f(z) if f is differentiable at z, 
(ii) Dy 291 (4, 6; 65g, z) = Gator en : - i 21 (ag”, bq”; cq”; q, 2), 
(ili) Dg 1 To 20h 291 (a, b; c;q, z 
(c/a, c/b; qQ)n ab i“ (zq pee ‘ n, 0) 
= = (a) 9)? (=) (abz/c; Qos is 291 (a, 6; cq”; q, 2q""). 


(iv) Prove the q-Leibniz formula 


n — nr n— 
Dals(eda(@)l =o |e] De-*s ea Dhol). 
k= 0 q 
1.13 Show that u(z) = 2¢)(a,b;¢;q, z) satisfies (for |z| < 1 and in the formal 

power series sense) the second order q-differential equation 


z(ce— abqz)D7u + = i ee j ) ; aaa 
(1 = a)(1- 8) 

(L=@) 
where D, is defined as in Ex. 1.12. By replacing a,b,c, respectively, by 


q*,q°,q° and then letting q — 1~ show that the above equation tends to 
the second order differential equation 


z(1—z)u" + [e-— (a+6+4+1)z]v’ — abv =0 


A Du 


u =), 
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for the hypergeometric function v(z) = 2F{(a,b;c;z), where |z| < 1. 
(Heine [1847]) 


1.14 Let |z| < 1 and let e,(x) and E,(x) be as defined in §1.3. Define 


| _ g(t) — eg(-iz) _ yo (-1)"2?* I 
eager 2i “FAG Oonet ” 
_ eglit) +eq(—in) _ (1)? 

ae 2 a d (G39)2n 

Also define 

Sin, (z) = Eq(ia) os Cos, (x) = E, (iz) a, 

Show that 

(i) €g(ix) = cOSg(Z) + ising(x), 

(ii) E,(ix) = Cosg(x) + iSing(x), 

(iii) sing (x)Sing(x) + cos,(x)Cos,(x) = 1, 

(iv) sing(x)Cos,(x) — Sin,(x) cos,(x) = 0. 


For these identities and other identities involving g-analogues of sin x and 
cos z, see Jackson [1904a] and Hahn [1949c]. 


1.15 Prove the transformation formulas 


my _ (bzq~"/C; F) co q-",c/b,0. 
(i) 291 bl 3 = — (bz/G doo 3 D2 | c, cq/bz a4 ) 


(ii) 21 ae | = 20s 6” 31 i‘ a i 


Ted. 
qn”, b ; —” b beg?” 
(iii) 21 fo :Q; | = eras 392 i Genk 1 sa4 . 


(See Jackson [1905a, 1927]) 
1.16 Show that 


> (Q3q)n n(n+ 1) /2 


mi = (—93 9) 00 (aq; g’) oo 


1.17 Show that 


. (a,b; q)k (—ab)"—Fgin— Bint k—1)/2 
ao (De 
(—b)*q (3) 


ss eae all 
(a; q)n+1 rs AG: a el —aqha*) (Carlitz [1974]) 
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1.18 Show that 


(i) (c; De 191 (a; C,q, 2) — z axe 191 (az/c; 25q; c), 

and deduce that 1 ¢1 (—bg; 0; g, —¢) = (—bq7; 97) 00/(45 9 oo, 
(ii) (25 doo 261 (4, 0; Gg, Z) = (423 q) oo 162(4; €, a2; q, Cz), 
(iii) 2. ets g (2) (at/z)” 2¢1(q-", a; "a3 q, 2” /a) 

= (—zt; q)oo 261 (a, a/z7;a7;q,—zt), |zt| <1. 


1.19 Using (1.5.4) show that 


a,q/a (ab, bq/ a; 9 )oo 
;q,—6| = ———_———, 

(i) 22 | —q,b : | (0; d) co 

: ae _ (7g, G7) 

(ii) 292 et al 9 ds -4 — (g,0207q; Gq) 


(Andrews [1973]) 
1.20 Prove that if Re x > 0 and0<q<_1, then 


= eee Sa g”® 
( 1 Gag Ee" 1) 
P(t) — (q4) d, Gian 


1.21 For 0<q<1 and zx > 0, show that 


d2 2 gq’ x 
dx —3 log lq(# = (log q) a aes grt = (1 — gr )2’ 
which proves that logI',(x) is convex for x > 0 when 0 <q <1. 


1.22 Conversely, prove that if f(x) is a positive function defined on (0, 0o)which 
satisfies 


1 — g® 
f(ic«+1)= - f(x) for some g,0 <q <1, 


and log f(x) is convex for x > 0, then f(z) = T',(x). This is Askey’s 
[1978] g-analogue of the Bohr-Mollerup [1922] theorem for I(x). For two 
extensions to the q > 1 case (with I,(x) defined as in the next exercise), 
see Moak [1980b]. 


1.23 For q > 1 the q-gamma function is defined by 


= eee | 
q 34 0° —x a(x— 
E(a) = Paral -_ 1): g ( 1)/2_ 
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1.24 


1.25 


1.26 
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Show that this function also satisfies the functional equation (1.10.5) and 
that [,(x) — I(x) as q— 1°. Show that for gq > 1 the residue of T',(z) 
at r= —n is 


(q— 1)" 1q("2 ) 


(45 4)n log q 
Jackson [1905a,b,e] gave the following g-analogues of Bessel functions: 

v+1., 

I (aq) = LW 2° (7 /2)" 94 0,054"! q,—2"/4), 
(93 9) 
v+1. 2 V+ 1 

J, (aia (qi Doo (9/9 ” od (a sa" " 

oe (9; 4) c0 (@/2) 4 


v+1, 
J Ga) = fie (ajay 101 (0; q’* ';q, qx" /4), 


where 0 < q < 1. The above notations for the q-Bessel functions are due 
to Ismail [1981, 1982, 2003c]. 
Show that 


JY) (a; q) = (—2? /4; D) x ID (a;q), |2| <2, (Hahn [1949c]) 
and 


lim Jy (e(1—9);q)=J(2), =k =1,2,3. 
q— 


For the g-Bessel functions defined as in Exercise 1.24 prove that 


@) g(a) = “E29 710 (eg) — (esq), b= 12 
(ii) IS? (aq? q) = 9”! (JL? (wa) + 5 a)) 5 
(iii) IS? (eq?) = a7"? (IM (wa) — 58, (a4). 
(iv) g?* JO, (wa!?5q) = 20=H) 9) — JC ‘). 


(i) Following Ismail [1982], let 
fu (x) = Jy (@ 4) IS, (wg? q) — ISD (#5 q) Js (ag? 4). 
Show that 
1 x 
feat) = (14+ 2) te) 
and deduce that, for non-integral v, 


fico "7 Gg OalGGe Aa) & 
(ii) Show that 


gu (qx) + (2?/4 a= 7”) 9.(2) + g(xq_') =0 


1.28 


1.29 
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with g, (x) = IS (aq?! 2-q*) and deduce that 


gv(x)g-v(xq~*) — g-v(x)g.(zq7") = eee ey, 


(Ismail [2003c]) 


Show that 
(i) S| JO) (239) = (—2/439),, eq(at/2)eq(—a/2t), 
(ii) 3 t” Ji (a; q) = eq(at/2) Eq (—qx/2t). 


n= —CO 


Both of these are g-analogues of the generating function 


CoO 


Ss” t” Jn(x) =, er(t—t-")/2. 


n= —C 


The continuous q-Hermite polynomials are defined in Askey and Ismail 
[1983] by 
(9; @) i(n—2k)6 
(x\q -) | Ga\cidack 
9) 4 (G4 (G4) 


where x = cos6; see Szeg6é [1926], Carlitz [1955, 1957a, 1958, 1960] and 
Rogers [1894, 1917]. Derive the generating function 


An (219) on 1 


n= 0 


The continuous q-ultraspherical polynomials are defined in Askey and Is- 
mail [1983] by 


x: (Gg) (G3 Dn—k pee, 
Onl Bl) =D Tea 


where x = cos@. Show that 


Cn(05 Bla) = eee me 9b ree Fags as 


_ ign Q)n ein — ie p, Ber"? . 
= (G39)n_ Dn a 3 D2 | B*,0 4; (| ’ 
lim On (2; q*\a) = C2(c), 


rae n(x; Blq)t” A. jt] <1. (Rogers [1895]) 
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1.31 


1.32 


Basic hypergeometric series 
Show that if m,,...,m, are nonnegative integers, then 
b, b)q™,...,6,q"" x - 
(i) re 1bre | | ; e Bo . sag hail 
} Fe gE 
— (Goo (b1 [05 Das +++ (Or /B5 Qin pat ot my 
(69; 9) 00 (15 @)m1 *** (Or 2) m,, | 
“ DipeQr gp incg Onge a3 bs 
(ii) Pr 1d ~; » Ord 0, (m+ +--+ ™m,) = 0, 
044405. 0r 
a DQ eee Og: = = 
(iii) “6. Sa ae age is 
loeeey T 


(—1)™"+ anes Mr (q; Gs, iains Orr gh2')* a ("3"). 
(015 4)m1 *** (br )m, 


(Gasper [1981a]) 
Let A, denote the q-difference operator defined for a fixed q by 


Avf(z) = bf (az) — f(2). 
Then A, is the A operator defined in (1.3.20). Show that 
Ayx” = (bq” — 1)x” 
and, if 
(AigsacsGes Oa ee _ = 
v,(z) = y ed ie) =| s—r)n (1+ s—r)n(n I)/2 yn 
nt Came A ) 
then 
(AAg, /qAbve/q°*’ Ab, /q)Un() 
=o Ke Nite ele? |. GS Dee: 
Use this to show that the basic hypergeometric series 
v(z) = rQ3(Q1,+.- , Ar; by,. ns »b55q, 2) 
satisfies (in the sense of formal power series) the q-difference equation 
(AAs, /qAba/q--- Abs/a)¥(2) = 2(Aa, «+ Aa, )u(2q!* 7). 


This is a g-analogue of the formal differential equation for generalized 
hypergeometric series given, e.g. in Henrici [1974, Theorem (1.5)| and 
Slater [1966, (2.1.2.1)]. Also see Jackson [1910d, (15)]. 


The little q-Jacobi polynomials are defined by 


n+ 1 


Pn(x;a,;q) = 2b1(q ", abg”* "5 aq; 4, 92). 
Show that these polynomials satisfy the orthogonality relation 


. (bq; q); 7 , | 
a Ona (aq)’Pn(q’; 2, 6; ¢)Pm(q’5 a, 55g) 
— (G9)5 

0, ifm #n, 
=< (9,69;)n(1 — abg)(aq)”_ (abq"; q) co 


isc ce 
(ag, abq;q)n(l— abe") (agiq)o’ 


? 
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(Andrews and Askey [1977 |) 
1.33 Show for the above little g-Jacobi polynomials that the formula 


Pn(2;¢,d;q) = >> aknPe(x; a, ; q) 


k= 0 
holds with 
k+1 (q7” ag cdq”* | qQ)k gk ” cdq™* k+ 1 vag" } 
peg ee ee -¢,q\. 
kn = (-1)"q (q, cq, abg*! sq), 2 eght 1, abg?k* 2 q,4 


(Andrews and Askey [1977]) 


1.34 (i) If m,m,,mz2,...,m, are arbitrary nonnegative integers and 
la—t gmt 1—-Cmit + mr)! < 1, show that 


a, 6, 6)q™,...,b-q"™" 
r+2Pr+l bq'*™,b1,..., 0p 


__ (a,b); o( ba 4) (br [b: A) ny (br10: A) me ys mmm 
(bq, 4/4; 2) 00 (45 2)m(b13 mi *** (br3 Wm, 


—1_ m+ 1—(mj+-- ted 


19,a q 


.. ¢ | qd = 0; 00) Di i055 = -q a} 
r+2V r+ 1 bq/a, bq!~™ /b1,..., qi- ae 59,9) ; 
(ii) if m,,m2,...,m, are nonnegative integers and |a~!q!—(™1* "+ ™r)| < 


1, |cq| < 1, show that 
5 aaa r 
Sone beg, bi, ..- bp 
= (bq/a, Cd; Q) oo (by /b; d)m, oor © (b,./b; d)m, pmat scoot mM 
(bcq, ¢/034)oo (013 )my °° + (Or3 Wm, 


c!,b,bq/b1,..., bq/br 
X r+ 2Pr+ 1 b l—m l1—m 
@/a;bg-—"* [Oi 5ccexbq: "| De 


9, a—'q'- (mji+- — 


ave) 


(Gasper [1981a]) 


1.35 Use Ex. 1.2(v) to prove that if x and y are indeterminates such that 
xy = qyx, g commutes with x and y, and the associative law holds, then 


n : nm n— : nm n— 
(x + y) =| | ya =>. | oy 
k= 0 kig k= 0 lq 


(See Cigler [1979], Feinsilver [1982], Koornwinder [1989], Potter[1950], 
Schiitzenberger [1953], and Yang [1991]). 


1.36 Verify that if x and y are indeterminates satisfying the conditions in 
Ex. 1.35, then 


(i) eq(y)eq(z) =eg(z+y), eg(x)eqly) = eq(u + y — yz); 
(ii) Eg(z)Eq(y) = Eq(a+y), Eqly)Eq(x) = Eq(x+y+ yz). 
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(Fairlie and Wu [1997]; Koornwinder [1997], where q-exponentials with 
q-Heisenberg relations and other relations are also considered.) 


1.37 Show that 


ee, 240 ~2%0 
a —qe’*’, —ge 
Eq(z;a) = ean 1 oc {26 | 7 7 Pct] 
CO 


with z = cos@. 


1.38 Extend Jacobi’s triple product identity to the transformation formula 


1+ C1 a” + 6”) = (00,8 0) ee 


(q, a, b, ab; q)n 


Deduce that 
1 +2) 0% 20? _ (4; aoa ags2)o0 ) > —— aan 
(Warnaar [2003a]) 


Notes 


$81.1 and 1.2 For additional material on hypergeometric series and orthog- 
onal polynomials see, e.g., the books by Erdélyi [1953], Rainville [1960], Szego 
[1975], Whittaker and Watson [1965], Agarwal [1963], Carlson [1977], T.S. Chi- 
hara [1978], Henrici [1974], Luke [1969], Miller [1968], Nikiforov and Uvarov 
[1988], Vilenkin [1968], and Watson [1952]. Some techniques for using sym- 
bolic computer algebraic systems such as Mathematica, Maple, and Macsyma 
to derive formulas containing hypergeometric and basic hypergeometric se- 
ries are discussed in Gasper [1990]. Also see Andrews [1984d, 1986, 1987b], 
Andrews, Crippa and Simon [1997], Andrews and Knopfmacher [2001], An- 
drews, Knopfmacher, Paule and Zimmermann [2001], Andrews, Paule and 
Riese [2001a,b], Askey [1989f, 1990], Askey, Koepf and Koornwinder [1999], 
Boing and Koepf [1999], Garoufalidis [2003], Garoufalidis, Le and Zeilberger 
[2003], Garvan [1999], Garvan and Gonnet [1992], Gosper [2001], Gosper and 
Suslov [2000], Koepf [1998], Koornwinder [1991b, 1993a, 1998], Krattenthaler 
[1995b], Paule and Riese [1997], Petkovsek, Wilf and Zeilberger [1996], Riese 
[2003], Sills [2003c], Wilf and Zeilberger [1990], and Zeilberger [1990b]. 
§§1.3-1.5 The q-binomial theorem was also derived in Jacobi [1846], 
along with the g-Vandermonde formula. Bijective proofs of the g-binomial 
theorem, Heine’s 2¢; transformation and g-analogue of Gauss’ summation for- 
mula, the q-Saalschiitz formula, and of other formulas are presented in Joichi 
and Stanton [1987]. Rahman and Suslov [1996a] used the method of first or- 
der linear difference equations to prove the g-binomial and q-Gauss formulas. 
Bender [1971] used partitions to derive an extension of the g-Vandermonde 
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sum in the form of a generalized g-binomial Vandermonde convolution. The 
even and odd parts of the infinite series on the right side of (1.3.33) appeared 
in Atakishiyev and Suslov [1992a], but without any explicit reference to the 
q-exponential function. Also see Suslov [1998-2003] and the g-convolutions in 
Carnovale [2002], Carnovale and Koornwinder [2000], and Rogov [2000]. 

§1.6 Other proofs of Jacobi’s triple product identity and/or applications 
of it are presented in Adiga et al. [1985], Alladi and Berkovich [2003], An- 
drews [1965], Cheema [1964], Ewell [1981], Gustafson [1989], Joichi and Stan- 
ton [1989], Kac [1978, 1985], Lepowsky and Milne [1978], Lewis [1984], Mac- 
donald [1972], Menon [1965], Milne [1985a], Sudler [1966], Sylvester [1882], 
and Wright [1965]. Concerning theta functions, see Adiga et al. [1985], Askey 
[1989c], Bellman [1961], and Jensen’s use of theta functions in Pdélya [1927] to 
derive necessary and sufficient conditions for the Riemann hypothesis to hold. 

$1.7 Some applications of the q-Saalschutz formula are contained in Car- 
litz [1969b] and Wright [1968]. 

§1.9 Formulas (1.9.3) and (1.9.8) were rediscovered by Gustafson [1987a, 
Theorems 3.15 and 3.18] while working on multivariable orthogonal polynomi- 
als. 

§1.11 Also see Jackson [1917, 1951] and, for fractional g-integrals and 
q-derivatives, Al-Salam [1966] and Agarwal [1969b]. Toeplitz [1963, pp. 53-55) 
pointed out that around 1650 Fermat used a q-integral type Riemann sum to 
evaluate the integral of x” on the interval [0,0]. Al-Salam and Ismail [1994] 
evaluated a q-beta integral on the unit circle and found corresponding systems 
of biorthogonal rational functions. 


Ex.1.2 The g-binomial coefficient | , which is also called the Gaus- 


sian binomial coefficient, counts the number a k dimensional subspaces of an 
n dimensional vector space over a field GF'(q), g a prime power (Goldman and 
Rota [1970]), and it is the generating function, in powers of qg, for partitions into 
at most k parts not exceeding n—k (Sylvester [1882]). It arises in such diverse 
fields as analysis, computer programming, geometry, number theory, physics, 
and statistics. See, e.g., Aigner [1979], Andrews [1971a, 1976], M. Baker and 
Coon [1970], Baxter and Pearce [1983], Berman and Fryer [1972], Dowling 
[1973], Dunkl [1981], Garvan and Stanton [1990], Handa and Mohanty [1980], 
Ihrig and Ismail [1981], Jimbo [1985, 1986], van Kampen [1961], Kendall and 
Stuart [1979, §31.25], Knuth [1971, 1973], Pdélya [1970], Pélya and Alexander- 
son [1970], Szegd [1975, §2.7|, and Zaslavsky [1987]. Sylvester [1878] used the 
invariant theory that he and Cayley developed to prove that the coefficients of 


the Gaussian polynomial = a;q are unimodal. A constructive proof 
q 
was recently given by O’Hara [1990]. Also see Bressoud [1992] and Zeilberger 
[1989a,b, 1990b]. The unimodality of the sequence (Hi a ve —e Oe ee .n) is 
q 


explicitly displayed in Aigner [1979, Proposition 3.13], and Macdonald [1995, 
Example 4 on p. 137]. 

Ex.1.3  Cigler [1979] derived an operator form of the g-binomial theorem. 
MacMahon [1916, Arts. 105-107] showed that if a multiset is permuted, then 
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the generating function for inversions is the g-multinomial coefficient. Also see 
Carlitz [1963a], Kadell [1985a], and Knuth [1973, p. 33, Ex. 16]. Gasper derived 
the g-multinomial theorem in part (ii) several years ago by using the g-binomial 
theorem and mathematical induction. Andrews observed in a 1988 letter that it 
can also be derived by using the expansion formula for the g-Lauricella function 
®p stated in Andrews [1972, (4.1)] and the g-Vandermonde sum. Some sums 
of q-multinomial coefficients are considered in Bressoud [1978, 1981c]. See also 
Agarwal [1953a]. 

Ex.1.8 Jain [1980c] showed that the sum in this exercise is equivalent to 
the sum of a certain 7% series, and summed some other 2¥ series. 

Ex.1.10 Analogous recurrence relations for ;@; series are given in Slater 
[1954c]. 

Exercises 1.12 and 1.13 The notations A,,¥,, and D, are also employed 
in the literature for this g-derivative operator. We employed the script D, op- 
erator notation to distinguish this g-derivative operator from the q-derivative 
operator defined in (7.7.3) and the q-difference operator defined in Ex. 1.31. 
Additional results involving q-derivatives and q-difference equations are con- 
tained in Adams [1931], Agarwal [1953d], Andrews [1968, 1971a], Bowman 
[2002], Carmichael [1912], Di Vizio [2002, 2003], Faddeev and Kashaev [2002], 
Faddeev, Kashaev and Volkov [2001], Hahn [1949a,c, 1950, 1952, 1953], Is- 
mail, Merkes and Styer [1990], Jackson [1905c, 1909a, 1910b,d,e], Miller [1970], 
Mimachi [1989], Sauloy [2003], Starcher [1931], and Trjitzinsky [1933]. For 
fractional q-derivatives and q-integrals see Agarwal [1969b] and Al-Salam and 
Verma [1975a,b]. Some “gq-Taylor series” are considered in Jackson [1909b,¢c| 
and Wallisser [1985]. A q-Taylor theorem based on the sequence {¢,,(x)}°° 4 
with ¢,(x) = (ae, ae~*?; q)n, x = cos, was obtained by Ismail and Stanton 
[2003a,b] along with some interesting applications. 

Ex.1.14 For q-tangent and qg-secant numbers and some of their proper- 
ties, see Andrews and Foata [1980] and Foata [1981]. A discussion of 
q-trigonometry is given in Gosper [2001]. See also Bustoz and Suslov [1998] 
and Suslov [2003]. 

Exercises 1.20-1.23 Ismail and Muldoon [1994] studied some inequalities 
and monotonicity properties of the gamma and q-gamma functions. 

Ex.1.22 Also see Artin [1964, pp. 14-15]. A different characterization of 
I’, is presented in Kairies and Muldoon [1982]. 

Exercises 1.24—1.27 Other formulas involving g-Bessel functions are con- 
tained in Jackson [1904a-—d, 1908], Ismail and Muldoon [1988], Rahman [1987, 
1988c, 1989b,c], and Swarttouw and Meijer [1994]. It was pointed out by Is- 
mail in an unpublished preprint in 1999 (rewritten for publication as Ismail 


[2003c]) that JS (x;q) was actually introduced by Jackson [1905a], contrary 
to the claim in Swarttouw [1992] that a special case of it was first discovered 
by Hahn [1953] and then in full generality by Exton [1978]. 

Ex.1.28 See the generating functions for the continuous g-Hermite poly- 
nomials derived in Carlitz [1963b, 1972] and Bressoud [1980b], and the appli- 
cations to modular forms in Bressoud [1986]. An extension of these q-Bessel 
functions to a qg-quadratic grid is given in Ismail, Masson and Suslov [1999]. 
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Ex.1.32 Masuda et al. [1991] showed that the matrix elements that arise 
in the representations of certain quantum groups are expressible in terms of 
little g-Jacobi polynomials, and that this and a form of the Peter-Weyl theorem 
imply the orthogonality relation for these polynomials. Padé approximants for 
the moment generating function for the little q-Jacobi polynomials are em- 
ployed in Andrews, Goulden and D.M. Jackson [1986] to explain and extend 
Shank’s method for accelerating the convergence of sequences. Padé approxi- 
mations for some q-hypergeometric functions are considered in Ismail, Perline 
and Wimp [1992]. 
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SUMMATION, TRANSFORMATION, AND EXPANSION FORMULAS 


2.1 Well-poised, nearly-poised, and very-well-poised 
hypergeometric and basic hypergeometric series 


The hypergeometric series 


Prey i ie eee oe <2 (2.1.1) 
bec ibe fe 


is called well-poised if its parameters satisfy the relations 
1l+a; =a9+60, =ag+ bo =...=Gr414+0,, (2.1.2) 


and it is called nearly-poised if all but one of the above pairs of parameters 
(regarding 1 as the first denominator parameter) have the same sum. The 
series (2.1.1) is called a nearly-poised series of the first kind if 


l+a,4#aq+ 0; = ag 4+ bo =---=ar41 +O, (2.1.3) 
and it is called a nearly-poised series of the second kind if 
1 +a, =aq+ 6) = a3 4+ bg = +++ =a, + bp_1 F Gry + Or. (2.1.4) 


The order of summation of a terminating nearly-poised series can be re- 
versed so that the resulting series is either of the first kind or of the second 
kind. 

Kummer’s summation formula (1.8.2) gives the sum of a well-poised 2F\ 
series with argument —1. Another example of a summable well-poised series 
is provided by Dixon’s [1903] formula 


3fo[a,b,c;, 1+a—b,1+a—c;]] 
_T+gal+a-b)+a-of(1+ §a—b-c) (2.1.5) 
— T(l+a)P(+ ga—d)T(1 + 4a-—0c)T(1+a-—b-c)’ a 
Re (1+ 5a—b-—c) > 0, which reduces to Kummer’s formula (1.8.2) by letting 
Cc — —OO. 

If the series (2.1.1) is well-poised and ag = 1+ $a, then it is called a 
very-well-poised series. Dougall’s [1907] summation formulas 


a, 1+ 54, b, c, d, e, —n 4 
5a,1ta—b,l+a-—c,lt+a—dl+a-—e,l+a+n’ 
(l+a),1+a—b-—c),(lt+a—b-—d),1+a—c—d)n 


“(ead ean a eae. 


7L6 
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when the series is 2-balanced (i.e, 1+ 2a+n=b+c+d+e), and 


a,1+ $a, b, c, d 4 
5a,1+a—b,1+a—c,1+a-d’ 
 Td+a-—b)rit+a—c)f(1+a—d)l(1+a—b—c—d) (2.1.7) 
~~ Td+al+a-—b-OM1+a-—b-aAI(1t+a—c—d)’ 
when Re (1+ a—6b—c-—d) > 0, illustrate the importance of very-well-poised 
hypergeometric series. Note that Dixon’s formula (2.1.5) follows from (2.1.7) 
by setting d = 5a. 
Analogous to the hypergeometric case, we shall call the basic hypergeo- 
metric series 


5i4 


Q1,42,---,Qr41 


°q,2 2.1.8 
r+10r Disec: , by, q ( ) 
well-poised if the parameters satisfy the relations 

qa, = agby = agbo = --- = Ar 41b;,; (2.1.9) 

i 1 

very-well-poised if, in addition, ag = gqaj ,a3 = —qaj;; a nearly-poised series of 
the first kind if 

qa, # Agb, = agbp = +++ = a, 410,, 


and a nearly-poised series of the second kind if 
qa, = agb, = agbo = --- = arbp_1 F Gr410,. (2.1.10) 


In this chapter we shall be primarily concerned with the summation and trans- 
formation formulas for very-well-poised basic hypergeometric series. To help 
simplify some of the displays involving very-well-poised ,.1@, series which arise 
in the proofs in this and the subsequent chapters we shall frequently replace 


‘ 1 
1, qQy ,—Qaz ,Q4,-.-,Ar441 F 
r+19r 4 5 a 
a, ,—@, , qa /aa, oe 191 /Ar41 
by the more compact notation 
$5 Wr (04s CA O52 5 Opigs G, 2) (2.1.11) 


In the displays of the main formulas, however, we shall continue to use the 
r+19%r notation, since in most applications one needs to know the denominator 
parameters. 

In all of the very-well-poised ¢¢5, 3¢7 and 19¢9 series in Appendix IT and 


Appendix III the parameters aj, a4,...,@,;41 and the argument z satisfy the 
very-well-poised balancing condition 
a Sa! 
(G45 °--Gp41)z = (£(a1q)2)” ° (2.12) 


with either the plus or minus sign, where (a1q)? is the principal value of the 
square root of a,q. Thus, we will call a ,.1,W,. series very-well-poised- balanced 
(or, for brevity, VWP-balanced) if (2.1.12) holds. A special case of this condi- 
tion was stated at the end of §2.4 in the first edition of this book. It follows 
from (2.1.12) that a VWP-balanced series is balanced (1-balanced) when z = q, 
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a balanced ,11W,. series is VWP-balanced when r is even, but it is not neces- 
sarily VWP-balanced when r is odd since then we only know that the squares 
of both sides of (2.1.12) (with z = q) are equal (see the comments in the first 
paragraph of §2.6). When r+ 1 = 2k is an even integer, which is usually the 
case, (2.1.12) simplifies to the condition 


(a4a5 ---A2~)z = (a1q)* ”. (2.1.13) 


Notice that if we set aoz = +(a1q)?2, then the 9;,Wo,_1 series reduces to a 
2k—-1Wo2~-2 series that satisfies (2.1.12) with r = 2k — 2 and the corresponding 
plus or minus sign. 

Since any well-poised ,410@, series that satisfies the relations in (2.1.9) can 
be written as a very-well-poised series in the form 


i i i i 
r+5W+4(a1; ay ’ —ay ) qa; ’ —qat 942, A3,-++,)4r415 9; z), (2.1.14) 


if follows that the very-well-poised balancing condition for the series in (2.1.14) 
is consistent with the well-poised balancing condition 


(10g +++ G@p41)z = —(+(a1q)2)"t! (2.1.15) 
for a well-poised ,41¢, series to be well-poised-balanced (WP-balanced). In 
particular, the 2¢; series in the Bailey-Daum summation formula (1.8.1) is 
WP-balanced. Clearly, every VWP-balanced basic hypergeometric series is 
WP-balanced and, by the above observations, every WP-balanced basic hy- 


pergeometric series can be rewritten to be a VWP-balanced series of the form 
in (2.1.14). 


2.2 A general expansion formula 


Let a,b,c be arbitrary parameters and k be a nonnegative integer. Then, by 
the g-Saalschiitz formula (1.7.2) 


32 (q_*, ag”, ag/bc; aq/b, aq/c; q, 7) 
_ (eg */bge (be (22)" (2.2.1) 
(aq/b, cq—*/a; q)k (agq/b,aq/c;q)n \be/ ’ - 


so that 


TL 


(b,¢,4—"5 Qk 
<— (q,aq/b,aq/c; 9) k 


n k = = 
Z (aq/be,aq*,a*s Qi" De 5 (BC\” 
"22s" Gaghedadaile 
k=0 j=0 , 94)5\4) 4)k 
n n-Jj (aq/be, aq**4, g-*4;,q) , ("3 Dixy (=) 4 
j=0 i=0 (q, aq/b, aq/c; 9); (43 Dit i+J 


7 n (aq/be, aq’, q-"; 4), @) 
~ &* (q,aq/b, ag/¢39); (—1)"q 


2.3 A summation formula for a terminating 443 Al 


ya li Ba 5Di ts (~) ne (2.2.2) 
<= = (q,aq); 9) aq 


where {A;,} is an arbitrary sequence. This is equivalent to Bailey’s [1949] 
lemma. Choosing 


G, O45 oa05 ps @)p 
Ae Gags — 
we obtain the expansion formula 
a, b,C,Q1,@2,.-.,ar,q ” . 
ea eees Be aq/c, bi, ba,.-., Br, brga | 
-Ya (aq/be, a1, @2,.--,Ar,d "39), (2) «Dosa | 
< (q,aq/b,a9/c,bi,.--,br,br413@)3 \ ag ee 
aq”) aq), aoq,..., arg, qi—” bez 

X 420 r+ | bq), boq,...,brq?, br+1q? we ma ee) 


This is a g-analogue of Bailey’s formula [1935, 4.3(1)]. The most important 
property of (2.2.4) is that it enables one to reduce the ,14¢,3 series to a sum 
of -126,-+41 series. Consequently, if the above ;42¢,41 series is summable for 
some values of the parameters then (2.2.4) gives a transformation formula for 
the corresponding ,,4¢,+3 series in terms of a single series. 


2.3 A summation formula for a terminating 
a aaa 403 series 


Setting b = qa a2 C= —qa?2 and ax = by,k = 1,2,...,7,b-41 = ag™*!, we 
obtain from (2.2.4) that 
a,qa?,—qa?,q-” 
403 ah i P| >; 


= (-q"*,g 4) (a; q)2j ~(3) 
=o 7 & 
(q, a2,—a2, agrtt; q); 

x 21 (aq”’,g? "aq? *"**; g, —zq"). (2.3.1) 
If we set z = q” so that the above 4¢3 series is VWP-balanced, then the 9¢, 


series on the right of (2.3.1) can be summed by means of the Bailey-Daum 
summation formula (1.8.1), which gives 


_— 2j+1 _,2n+2. 2 
v= a (ager gto ales 

(2:3.2) 

Hence, using the identities (1.2.32), (1.2.39) and (1.2.40), and simplifying, we 
obtain the transformation formula 
db a, qa?, —qa? »q 

—— a2, —a? ’ age'* 

ad, —4;q = = = 
= (49, =F Dn ob1 (", -G 3-959, 4) - (2.3.3) 
(qa?2, —qa2;q)n 


—T 


Og. 
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Clearly, both sides of (2.3.3) are equal to 1 when n = 0. By (1.5.3) the 2¢, 
series on the right of (2.3.3) has the sum(q!—"; qd)» (—q-1)" /(-q-"3q),, when 


= 0, 12.40% mice (qo qd), = 0 unless n = 0, it follows that 
a ga2 —~ga2 q” 
403 1 1 1 5G, q° = On,0 ’ (2.3.4) 
a2,—a2,aq"" 
where 
1, m=nN, 
Orin = = . m va n, (2.3.5) 


is the Kronecker delta function. This summation formula will be used in the 
next section to obtain the sum of a gs series. 


2.4 A summation formula for a terminating 


very-well-poised ¢@;5 series 


Let us now set a; = ga?, ag = —qa?,b, = a2, bo = —a2,b,4, = ag"t! and 
ay, = by, for k = 3,4,...,r. Then (2.2.4) gives 


b | a, qa? , —qa?,b,c,q-” | 
6¥5 34,2 

a2, —a?,aq/b, aq/c, aq”*} . 

i tL ] : 

By NC CI (-2) -@) 

4=0 (q, a2, —a?, aq/b, ag/c, ag"*; q); aq 

che [OT Gta? —gFtta7, gi” bez bie 

493 gia2, —qia2 ,aqitt1 Gost ( __ 


If z = aq"*"/bc, then we can sum the above 4¢3 series by means of (2.3.4) to 
obtain the summation formula 


P a, qa?, —qa? ) b, C, q” ; ag? t? 

1 1 =.= —4 
°° | a2, a2, aq/b, aq/c,aq"*?’ be 
_ (aq/be, qa? —qa?,q7"3q)n (45. Q)2n (—1)ngntnt1)/2 
— (q,42, —a3 ,aq/b, aq/c,aq"*; q) , 

y, y) y) y] y] y) Tm 
b . 

_ (ag, a9/b¢5 q)n_ (2.4.2) 

(aq/b, aq/c;4)n 


Note that the above ¢@5 series is VWP-balanced and that this summation 
formula reduces to (2.3.4) when bc = aq. In the next two sections, like climbing 
the steps of a ladder, we will use (2.4.2) to extend it to a transformation formula 
and a summation formula for very-well-poised g@7 series. 


2.5 Watson’s transformation formula for a 


terminating very-well-poised g¢7 series 


We shall now use (2.4.2) to prove Watson’s [1929a] transformation formula 
for a terminating very-well-poised g@7 series as a multiple of a terminating 


2.6 Jackson’s sum A3 


balanced 4¢@3 series: 
a, qa? , —qa?,b, c,d,e,q-” a2q2tn 
sP7 _q2 aq/b, aq/c, aq/d, aq/e, aqnt! 9; | 
(aq, aq/de; q)n q—”, d, e, aq/be 
~ (aq/d,aq/e;q)n °° | aq/b, aq/c, eae 


It suffices to observe that from (2.2.4) we have 


(2.5.1) 


i if 
Q, qa2 ) —qa2 ) b, C, d, E, q.” ; a 


a3, —a4,aq/b,aq/c, aq/d,aq/e,aq**!'"’ bede 
_ _(ag/be, ga? ,—Ga?,d,e,4-"5.9)5 (459) 25 (- aqr** ) 7-8) 
j=0 (9, a2 ’ —a2 ; aq/b, aq/c, aq/d, aq/e, aqrt; q)4 


sP7 | 


aq’), git1a2, —qi+1a32 , dqi, eq), qi-” — aghtn-s (2.5.2) 
giat, iad, agit*/d,agi+!/e,agitm? de J? 
which gives formula (2.5.1) by using (2.4.2) to sum the above ¢@z series. 


Clearly, the g¢7 series in (2.5.1) is VWP-balanced and the transformation 
formula (2.5.1) reduces to the summation formula (2.4.2) when bc = aq. 


< 06s | 


2.6 Jackson’s sum of a terminating very- 


well-poised balanced g¢@7 series 


The g¢7 series in (2.5.1) is balanced when the six parameters a, b,c, d,e and n 
satisfy the condition 
a*q"t! = bcde, (2.6.1) 


which is the very-well-poised balancing condition. For such a series Jackson 
[1921] showed that 


i at = 
a,qa2,—qa2,b,c,d,e,q ve 


a a? ) —a? ) aq/b, aq/c, aq/d, aq/e, ad 
_ (aq, aq/be, aq/bd, aq/cd; q)n 
(aq/b, ag/c, aq/d, aq/bed; q)n ’ 

when n = 0,1,2,.... This formula follows directly from (2.5.1), since the 4¢3 
series on the right of (2.5.1) becomes a balanced 3¢2 series when (2.6.1) holds, 
and therefore can be summed by the q-Saalschtitz formula. Notice that the 
very-well-poised series in (2.6.2) is also balanced if a?g"*t! = —bcde 4 0, but 
then it is not VWP-balanced and it is not summable as a quotient of products 
of g-shifted factorials. Hence, not every balanced terminating very-well-poised 
gQ7 series is summable. 

Formula (2.6.2) is a g-analogue of (2.1.6), as can be seen by replac- 
ing a,b,c,d,e by q%,q°,q°,q%,q°, respectively, and then letting g — 1. It 
should be observed that the series g¢7 in (2.6.2) is balanced, while the lim- 
iting series 7F¢ in (2.1.6) is 2-balanced. The reason for this apparent dis- 
crepancy is that the appropriate g-analogue of the term (1 + 50) k ‘4 (5a)x 
= (a+ 2k)/a in the 7F¢ series is not (qa?;q)k/(a2;q)e = (1 —a2q*)/(1 — a2) 


(2.6.2) 
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but (qa2, —qa?; q) Py (a2, —a?;q)k, which introduces an additional q-factor in 
the ratio of the products of the numerator and denominator parameters. Anal- 
ogous to (2.1.12), one could call the very-well-poised 7F¢ series in (2.1.6) VWP- 
balanced if (b-+c+d+e-—n)+1=2(a+1), so that then every terminating 
very-well-poised 7F¢(1) series is summable whenever it is VWP-balanced. 


2.7 Some special and limiting cases of Jackson’s and 
Watson’s formulas: the Rogers-Ramanujan identities 


Many of the known summation formulas for basic hypergeometric series are 
special or limiting cases of Jackson’s formula (2.6.2). For example, if we take 
d — oo in (2.6.2) we get (2.4.2). On the other hand, taking the limit a — 0 
after replacing d by aq/d gives the q-Saalschtitz formula (1.7.2). Let us now 
take the limit n — oo in (2.6.2) to obtain the following summation formula for 
a non-terminating VWP-balanced gd@s series 


a, qa? , —qa?, b, c,d = 
65 ; 


_ (29, ag/be, ag/bd, ag/cd; qo (2.7.1) 


(aq/b, aq/c, aq/d, aq/bcd; q) 00 
where, for convergence, it is required that |aq/bcd| < 1. This formula is clearly 
a qg-analogue of Dougall’s 5;F4, summation formula (2.1.7), and it reduces to 
(2.3.4) when bc = aq and d = q~”. If cd = aq, then (2.7.1) reduces to the 
summation formula 4W3(a;6;q,1/b) = 0, where |b| > 1. Setting d = a? in 
(2.7.1), we get a g-analogue of Dixon’s formula (2.1.5) 
a, —qa? b,c : qa? 


5 | a4 ag/b,ag/e'” be 


_ (aq, agq/be, qa? /b, qa? / Doo (2.7.2) 
(aq/b, aq/c, qa? , qa? /bc; 4) oo 
provided |qa? /bc| < 1. 
Watson [1929a] used his transformation formula (2.5.1) to give a simple 
proof of the famous Rogers-Ramanujan identities (Hardy [1937]): 


$3 PAO Cees (2.7.3) 
“= (GQn (GQ) 

— _— (9, 4°, 4° 0 j 
ED Dm iin 


where |q| < 1. First let b,c,d,e — oo in (2.5.1) to obtain 


— (a; q)% (1 — aq?*) (q7"5 4) 2K? (q2 gm) 
ag (UG De (1 — a) _ 


nm = 


(aq;q)n m+LYE Gk(R-1)/2. 275 
q ecrns — is —aq""*)" q (2.7.5) 


2.8 Bailey’s transformation formulas A5 


Since the series on both sides are finite this limiting procedure is justified as 
long as the term-by-term limits are assumed to exist. However, our next step 
is to take the limit n — oo on both sides of (2.7.5), which we can justify by 
applying the dominated convergence theorem. Thus we have 


= (aq; q)k—1(1 — aq?) k 2k k(5k—1)/2 
Le) ee (eae 
d (95 9)k 


CO kk? 
= (4439) cx cae ay (2.7.6) 
ie d (95 4)k 


In view of Jacobi’s triple product identity (1.6.1) the series on the left side of 
(2.7.6) can be summed in the cases a = 1 and a = q by observing that 


sod : _4(1 — qr 
1+ 57 eas 1( qd ) (_4)kgk(Gk-1)/2 


4 (G5 @)k 
= 3 (-1) "qr? Or? — (9? 4°, 0°30") (2.7.7) 
and ; 
S21 PHY) ghon9/2 
k=0 
7 . SD Sea 0 exe (2.7.8) 


The identities (2.7.3) and (2.7.4) now follow immediately by using (2.7.6). For 
an early history of these identities see Hardy [1940, pp. 90-99]. 


2.8 Bailey’s transformation formulas for terminating 


5¢4 and 7%, series 


Using Jackson’s formula (2.6.2), it can be easily shown that 


(a, b, Cy Q)k = (Abc/a; Q)k 
(q,aq/b,aq/c;q)k  (ga?/Abc; q) x 
k 


(A; q)j(1 — Ag*?)(Ab/a, Ac/a, aq/be; 9); 
2 2 (q;q)3(1 — A)(aq/b, aq/c, Abc/a; q) j 


x (G Derg (@/Ai Dany ey | (2.8.1) 


(Agi aets (Ga)r—j \A 


where A is an arbitrary parameter. If {A;} is an arbitrary sequence, it follows 
that 


OO 


(a, b, C; Q)k 
= (q,aq/b, ag/c; Q)k 
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k 


_ Sn beara) (As gs = Ag”) (Ab/a, Ac/a, aq/be; @)5 
= 24 (gabe; a) (qa2/dbe; q)x Ard, (q;q);(1 — A)(aq/b, ag/c, Abc/a; q); 
: Siediacilidiaite. (sy 

(Ags q)et+g(@@a—j \A 

: At (2)’ 
< (959 )(aq/b, aq/c, qa? /Xbe; q)5 (AG Q)25 
= ie a oe Fs 


j=0 


j= 


~ Aj (2.8.2) 


provided the change in order of summation is justified (e.g., if all of the series 
terminate or are absolutely convergent). 

It is clear that appropriate choices of A and A, will lead to transformation 
formulas for basic hypergeometric series which have at least a partial well- 
poised structure. 

First, let us take A, = q*(d,q-";q)x/(aq/d,a2q-"/d7;q), and A = 
ga? /bcd, so that the inner series on the right of (2.8.2) becomes a balanced 
and terminating 3¢2. Summing this 3@2 series and simplifying the coefficients, 
we obtain Bailey’s [1947a,c] formula 


4 a,b,c,d,q-” 
”* | agq/b, aq/c, aq/d, rel ma Daa 


(Aq/a, A”q/5q)n d, gA2, —gA2, bA/a, c/a, dX/a, 
7 (0g, 24/0? )n ue | NZ, -A?, aq/b, aq/c, aq/d, 
a2, a2, (aq)? —(aq)? qt! /a, qr” | 

Aq/a?, —q/a? N(q/a)?, —A(q/a)2, aq~”/d, \gr*t Qs 


where = qa’ /bcd. 

Note that the 54 series on the left is balanced and nearly-poised of the 
second kind, while the 121, series on the right is balanced and VWP-balanced. 
Note also that a terminating nearly-poised series of the second kind can be 
expressed as a multiple of a nearly-poised series of the first kind by simply 
reversing the series. 

By proceeding as in the proof of (2.8.3), one can obtain the following 
variation of (2.8.3) 


q|, (2.8.3) 


mai b, C, d, € 
ae qb i eqr 1d, aq 2m 
— Q2q?*t, dq/e3 Qn A, gr2, —GA?, Abg”, Acq”, Adq”, 
— (A*g"*"/e, Aq; @)n ae eee ae GCG /d. 
girl? —go 0/2 gh—n)/2., —g(t—n)/2., e, N2g"t! /e | ( : 4) 
Agi tr/2. Bee ean a ge. —\giltr)/2 dq/e, eq? /r 59,41 ; -O. 


where A = q'~?" /bcd. 


2.9 Bailey’s transformation formula AT 


Next, let us choose A, = q*(1 — aq?*)(d,q-";q)z/(1 — a)(aq/d, 
a*q*—"/X?;q), and A = qa*/bcd in (2.8.2) so that the inner series on the 
right side takes the form 

j 1 — aq” (d,q~"3.9)3 
1—a_ (agq/d, a*q?-"/d?; q); 
aq’), gitta2, —qit4a2,a/r,q7-” 
xX 54 - 4 - 2 ee ee ee ee. 994 . 
qia?,—q’a?, Aq" arg "™**/X 
This 5@4 series is a special case of the 5¢4 series on the left side of (2.8.3); in 
fact, the 12¢11 series on the right side of (2.8.3) in this case reduces to a termi- 
nating g@7 series, which we can sum by Jackson’s formula (2.6.2). Carrying out 
the straightforward calculations, we get Bailey’s [1947c] second transformation 
formula 
ob | a, qa? , —qa?, b, C, d, q” : | 
La, -a2,aq/b, ag/c, aq/d, a2q?-" /9??”" 
_ (A/aq, A?/aq3q)n 1 — A?q?"—*/a 
~ (Ag,A?/a?G39)n 1 — A? /aq 
A, gA?, —gd?, bA/a, cr/a, dA/a, (ag)? , —(aq)?, 
X 12011 


NIE bole 


2, —A2, agq/b, aq/c, aq/d, A(q/a)? , —A(q/a)?, 
qa?, —qa2,q"”"1/a,q-” 
\/a?, —A/a2,aq2—"/X, Aqr*} ee ] 
where A = qa? /bcd. 


(2.8.5) 


2.9 Bailey’s transformation formula for 
a terminating ;9¢@9 series 


One of the most important transformation formulas for basic hypergeometric 
series is Bailey’s [1929] formula transforming a terminating 19¢9 series, which 
is both balanced and VWP-balanced, into a series of the same type: 


a, qa? , —qa2,b, c,d, e, f, \aq’*!/ef, qr” | 
a},—a},aq/b, aq/c, aq/d,aq/e,aq/f,efq-"/d,agr*t"” 
_ (aq, aq/ef, Aq/e,AG/f3Qn A, ga? , —GA?, Ab/a, Ac/a, Ad/a, 
— (aq/e,aq/f,Aq/ef, 4; 9)n si | N2, -A2,aq/b, aq/c, aq/d, 

ef AGe” /ejnd 
Aq/e,Aa/frefg-”/a, ght?” ‘ | 


where \ = qa? /bcd. 
To derive this formula, first observe that by (2.6.2) 


A, gX?2, —~gi2 , Ab/a, Ac/a, Ad/a,aq™, q—™ 
"| 2,4, aq/b, aq/e, aq/d, Aq!-™ /a, Agr 


10P9 q 


(2.9.1) 


8? 34 
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(Gd Agia) 
(ag/b, aq/c,aq/d,a/A;q)m 
and hence the left side of (2.9.1) equals 
(a; q)m(1 — aq’ )(e, f,Aaq”** /ef,d-"3Q)m(@/A3 mom 
“= (q34)m(1 — a)(aq/e, aq/f, efq-"/A, ag"; g)m (AG 


) 
: vy (A; q); (1 — Agq?2)(Ab/a, Ac/a, Ad/a, ag™, q~™; q); of 
— (q;q)j(1 — A)(aq/b, ag/c, ag/d, Aq'—™/a, Aq™*1; @); 


(2.9.2) 


m 


— (454)m—j(1 — a)(aq/e, aq/f,efq-”/A, ag"; dm 


0 
La] As G)m—j 5 5 (1 = AG) (A/a, Ac/a, Ad/a3 4); (2)’ 
(Aq; Q)m45 (G5 9)5(1 — A)(aq/b, agq/c,aq/d;q)j  \A 
_ 3 (A; q)j(1 — Aq?) (Ab/a, Ac/a, Ad/a, e, f, aq” * /ef,q—"5. Q)5 
= (45.9) 5(1 — A) (aq/b, ag/c, aq/d, aq/e, aq/f,efq-"/A, aq?**; q)5 


=) (aq; q)23 1 ee ee ntj+i as 

=="! pW? (aq; eq’, fq?,a/A, Aaq” ef,q-"34,49), 

(Aq; @)2j 7 - | 
(2.9.3) 


where the gW7 series is defined as in 82.1. Summing the above gW7 series 
by means of (2.6.2) and simplifying the coefficients, we obtain (2.9.1). It is 
sometimes helpful to rewrite (2.9.1) in a somewhat more symmetrical form: 


10W9 (a; b, C, d, €, f, 9; h; q; q) 
_ (aq, aq/ef,aq/eg, aq/eh, aq/fg,aq/fh,aq/gh, ag/efgh; q)oo 
(ag/e, aq/f,aq/g, aq/h, ag/efg, ag/efh, aq/egh, aq/fgh; q).0 
x 10W9 (qa* /bcd; aq/be, aq/bd, aq/cd, e, if 9; h; q; q) ) (2.9.4) 
where at least one of the parameters e, f,g,h is of form q'”,n = 0,1,2,..., 


and 
g’a° = bedef gh. (2.9.5) 


2.10 Limiting cases of Bailey’s i9¢9 


transformation formula 


A number of the known transformation formulas for basic hypergeometric series 
follow as limiting cases of the transformation formula (2.9.1). If we let b,c, or 
d — co in (2.9.1), we obtain Watson’s formula (2.5.1). On the other hand, if we 
take the limit n — oo, we get the transformation formula for a nonterminating 
g07 series 


a, qa?, —ga?2,b, c,d,e, f aq? 
am a2, —a2, aq/b, aq/c, aq/d, aq/e, aq/f es bcde f 
_ (aq, ag/ef, Aq/e, Aq/f3 Qo 

~ (aq/e, aq/f, Aq, 4/ef3 Deo 


2.10 Limiting cases of i9¢9 transformation formula 49 


F d, gA2, —GA2, Ab/a, Ac/a, Ad/a, e, f ag 
x 1 1 59, > 
"| \4, a4, aq/b, aq/c, aq/d, q/e, Aa/f? ef 
(2.10.1) 


where \ = qa*/bcd and 


max (|aq/ef|, |Aq/ef|) < 1. (2.10.2) 


The convergence of the two series in (2.10.1) is ensured by the inequalities 
(2.10.2) which, of course, are not required if both series terminate. For exam- 
ple, if f=q-",n=0,1,2,..., then (2.10.1) becomes 
a, qa?2, —qa?,b,c,d,e,q-” ge 
807 likool aa aq/c, iGiieaieage bcde | 
_ (aq, Aq/€39)n 
~ (ag/e, G54) n 
A, qA?,—gA2, Ab/a, Ac/a, Ad/a,e,q7" — agq?*1 
ee ener aq/c, aq/d, Aq/e, Aq? ee | | 


(2.10.3) 


This identity expresses one terminating VWP-balanced g¢@7 series in terms of 
another. 

Using (2.5.1) we can now express (2.10.3) as a transformation formula 
between two terminating balanced 4¢3 series: 


qo"; a, b, Cc. 
493 | d,e, f a4] 


_ (e/a, f/asqyn on q-",a,d/b,d/c | 
~ (fidn aba |g ore gina 
(2.10.4) 


where abc = defq”—'. This is a very useful formula which was first derived by 
Sears [1951c], and hence is called Sears’ 4¢3 transformation formula. It is a 
q-analogue of Whipple’s [1926b] formula 


—n, a, b, Cc. 

403 a oe a 

_ (=Onlf-4)n |p -na,d—bd-c 
(e)\n(f)n =o dlt+a—e-—n,l+a-—f-—n’ ) 


(2.10.5) 


wherea+b+c+l=d+et+f-4+n. 

Use of (2.5.1) and (2.10.1) also enables us to express a terminating bal- 
anced 43 series in terms of a nonterminating g¢7 series. For example, if 0, c, 
or d in (2.10.1) is of the form q~",n = 0,1,2,..., then the series on the left 
side of (2.10.1) terminates, but that on the right side does not. In particular, 
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setting d = q_”, and then replacing e and f by d and e, respectively, we obtain 
gW (a; b,c,d,e,q "34, a*q”** /bcde) 
(aq, ag/de, a*g"*? /bed, a2q"*? /bce; q) oo 
(aq/d, aq/e, a2q”*? /bc, a2q”t /bcde; q) oo 
x 3Wr (a-g" be: aq”** /b,aq"** /c, aq/be, d, e; q, aq/de) , (2.10.6) 


provided |aq/de| < 1 to ensure that the nonterminating series on the right side 
converges. Use of (2.5.1) then leads to the formula 


F q~", a,b,c. _ (deq”/a, deq” /b, deq” /c, deq” /abc; q) 20 
mee deo ar (deq”, deq” /ab, deq” /ac, deq” /bc; q) ox 
1 1 
7 3 deq”—!, q (deqg”*) 2 , Sg (deq”*) D 
807 
(deq-')?, | —(deq"-")3, 
a, b, c, dq”, eq” __ de 
deq” /a, deq” /b, deq”/c, e, d’ 2 abe |’ 
provided def = q'~"abc and |de/abe| < 1. 
As another limiting case of (2.9.1) Bailey [1935, 8.5(3)] found a nontermi- 


nating extension of (2.5.1) that expresses a VWP-balanced g¢7 series in terms 
of two balanced 4¢3 series. First iterate (2.9.1) to get 


10W9 (a; b, C, d, e€ ee q”*? /bedef, q~ 090) 
_ (aq, aq/de, aq/df, aq/ef;q)n 
(agq/d, aq/e, aq/f,aq/def;q)n 
x 10Wg (defq-"—*/a; aq/be, d,e, f, bdefq-”* /a?, cdefq-”*/a?,q~"3 4,4) - 
(2.10.8) 


Clearly, the 19Wg on the left side of (2.10.8) tends to the g¢7 series on the left 
side of (2.10.1) as n — oo. However, the terms near both ends of the series on 
the right side of (2.10.8) are large compared to those in the middle for large n, 
which prevents us from taking the term-by-term limit directly. To circumvent 
this difficulty, Bailey chose n to be an odd integer, say n = 2m+ 1 (this is 
not necessary, but it makes the analysis simpler), and divided the series on 
the right into two halves, each containing m-+ 1 terms, and then reversed the 
order of the second series. The procedure is schematized as follows: 


(2.10.7) 


2m+1 2m+1 
2 a » Ap + Ss Ak 
k=m-+1 


= 3 Ne + S Na iii he, (2.10.9) 
k=0 k=0 


where {A;} is an arbitrary sequence. Letting m — oo (and hence n — oo), it 
follows from (2.10.8) that 


a, qa?, —qa?, b, C, d, e, f a*q’ 
8P7 


a?,—a?2, aq/b, aq/c, aq/d, aq/e, aq/f se bcde f 
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_ (aq, aq/de, aq/df, aq/ef; 4) agq/be,d,e,f 
— (aq/d, aq/e, aq/f,aq/def; q)oo on ae aq/e, def ja?” | 
(aq, aq/be, d,e, f,a*q*/bdef, a*q?/cdef; 4). 
(aq/b, aq/c, aq/d, aq/e, aq/f,a*q?/bedef, def /aq; 4) 
aq/de, aq/df, aq/ef, a°q? /bcdef 
a*q* /bdef, a2q* /cdef, aq? /def a4] 


where |a7q?/bcdef| < 1, if the gd7 series does not terminate. Note that if 
either b or c is of the form q-",n = 0,1,2,..., then the g@7 series on the left 
side terminates but the series on the right side do not necessarily terminate. 
On the other hand if one of the numerator parameters (except a7q?/bcdef) in 
either of the two 4¢3 series in (2.10.10) is of the form q~”, then the coefficient 
of the other 4¢3 series vanishes and we get either (2.5.1) or (2.10.7). 

If aq/bc, aq/de, aq/df or aq/ef equals 1, then (2.10.10) reduces to the 6¢5 
summation formula (2.7.1). If, on the other hand, aq/cd = 1 then the g¢7 
series in (2.10.10) reduces to a g¢5 which, via (2.7.1), leads to the summation 
formula 


x 43 (2.10.10) 


(ag, ag/be, ag/bf, ag/ef;q)o0 

(agq/b, aq/e, aq/f, aq/bef; q) 

_ (aq,c/e,c/f,aq/ef; q)oo aq/bc,e, f 

~ (e,aq/e, aq/f,clef;a)ac °° ben cafe’ 

(aq, ag/ef,e, f,aq/be, acq/bef; q) x 
(ag/e,aq/f,ef/c, c,aq/b, aq/bef; q)oo 
c/e,c/f,aq/bef 
X 32 | aq ; 

cq/ef,acq/bef 

Solving for the first 3¢2 series on the right and relabelling the parameters we 

get the following nonterminating extension of the gq-Saalschutz formula 


ee oe | _ (g/e, f/a, f/b, F/¢5 Vox 
(aq/e, bg/e, cq/e, f3 1) oo 
(q/e, a, b,c, df /€;Q) co 
(e/q, ag/e, bg/e, cq/e, f3 4) 


(2.10.11) 


aq/e, bq/e, cq/e 
X 392 | 5954] ; (2.10.12) 
q°/e, af /e 
where ef = abcg. Sears [195la, (5.2)] derived this formula by a different 
method. If a,b, or c is of the form q~",n = 0,1,2,... , then (2.10.12) reduces 
to (1.7.2). 


A special case of (2.10.12) which is worth mentioning is obtained by setting 
c= 0, f = 0, and then replacing e by c to get 
(aq/c, bg/C; 4) 
(q/c, 2, B; g) 0 


= (e/g, ag/e, 64/¢; Doo 2¢1(aq/c, bq/c; q’/c;9,4)- (2.10.13) 


291 (a, b; Ci, q) = 
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If a or b is of the form q-",n = 0,1,2,..., then (2.10.13) reduces to (1.5.3). 
In general, a 2¢1(a, b; c; q,q) series does not have a sum which can be written 
as a ratio of infinite products. However, we can still express (2.10.13) as the 
summation formula for a single bilateral infinite series in the following way. 

First, use Heine’s transformation formula (1.4.1) to transform both 2¢, 
series in (2.10.13): 


b, aq; g 
291 (a, b; C,q, qd) = (0, 495 oo 291 (c/b, q;4q;3 9; b) 


(c, 4g; = 
_ (0, 4g; Q) 00 we Joo Ko (c/B5d)n 
aa rs ae oe (2.10.14) 
ue en, bq? fed q)oo (q/a;9), (aq\" 
2br(aa/¢, bali" /c:4,4) = Tare sen aa) 


(2.10.15) 
Next, note that 


> ae (=) = Shes” (1/a;q)n tay (2.10.16) 


=, (647/65 4) n q l1-a <= (b9q/¢;4)n 
Using (2.10.14) - (2.10.16) and the identity (1.2.28) in (2.10.13) we obtain 


> (c/b5Q)m yn _ (er a/c, abG/¢, 45 Goo (2.10.17) 


(aq;q)n —«(b, ag, ag/c, bg/C; q)o0’ 


m=— CO 


which is Ramanujan’s sum (see Chapter 5 and Andrews and Askey [1978]). 
However, the conditions under which (2.10.17) is valid, namely, |q| < 1, |b] < 
1 and |aq/c| < 1, are more restrictive then those for (2.10.13). Note that 
(2.10.17) tends to Jacobi’s triple product identity (1.6.1) when a = 0 and 
b — 0. We shall give an alternative derivation of this important sum in Chapter 
5 where bilateral basic series are considered. 

As was pointed out by Al-Salam and Verma [1982a], both (2.10.10) and 
(2.10.12) can be conveniently expressed as qg-integrals. Thus (2.10.12) is equiv- 
alent to 


dat 


/ ° (qt/a, qt/b, ct; q) co 
a. (dtset, Jt; @)as 
(q, bg/a, a/b, c/d, c/e, c/ f; qd) 


ais 
OO" (ad, a8, af, Bd, be, Bf;q)oo 


(2.10.18) 


where c = abdef, while (2.10.10) is equivalent to 


° (qt/a, gt/b, ct, dt; q) 00 
| (et, ft, gt, ht; q)co 
(q, bq/a, a/b, cd/eh, cd/ fh, cd/gh, bc, bd; q) x 

(ae, af, ag, be, bf, bg, bh, bed/h; q) oo 
x gW, (bcd/hq; be, bf, bg, c/h, d/h; q, ah) , (2.10.19) 


dat 


= b(1 — q) 
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provided cd = abefgh and |ah| < 1. 
By substituting c = abdef into (2.10.18), letting f — 0 and then replac- 
ing a,d,e by a,c/a,d/b, respectively, we obtain Andrews and Askey’s [1981] 
formula 
| ° (qt /a, gt /b; 9). 
a (ct/a, dt/b; q)oo 
b(1 — g)(q, a/b, bg/a, cd; q)oo 


= SE 2.10.2 
(Edbe/aad/ 6-0) eave 


In view of (1.3.18), (2.10.20) is a q-extension of the beta-type integral 


dat 


f (1+t/c)*1(1—t/d)’* dt = B(a, es (2.10.21) 


me & 


which follows from (1.11.8) by a change of variable. 

The notational compactness of (2.10.18) and (2.10.19) is advantageous in 
many applications (see, e.g., the next section). In addition, the symmetry 
of the parameters in the q-integral on the left side of (2.10.19) implies the 
transformation formula (2.10.1). 


2.11 Bailey’s three-term transformation formula 
for VWP-balanced g¢7 series 


The q-integral representation (2.10.19) of an g@7 series can be put to advan- 
tage in deriving Bailey’s [1936] three-term transformation formula for VWP- 
balanced gq@7 series: 


a,qa?, —qa2,b,c,d,e, f a*q? 
BP a. —a?,aq/b, aq/c, aq/d, aq/e, aq/f ua aa 
_ (aq, aq/de, aq/df, aq/ef,eq/c, fa/c, b/a, bef /4; q)o0 
(aq/d, aq/e, aq/f,aq/def, q/c, efq/c, be/a, bf /a; q) x 
oe re a(ef/e)?,—a(ef/e)# ,ag/be,ag/ed, ef /a,e,f | = 
(ef/c)?, —(ef/c)?, bef/a,def/a,aq/c, fq/c,eq/c 4 
b (aq, bg/a, bg/c, bq/d, bg/e, ba/f,d, €, fF; Ico 
a (aq/b, aq/c, aq/d, aq/e, aq/f, bd/a, be/a, bf /a, def /a; q) cx 
__ (aq/be, bdef /a,0?a/bdef 4). 
(aq/def, q/c, b?4/a; q) 


Fl b?/a, gba~ 2, —qba~2, b, bc/a, bd/a, be/a, bf /a a*q? 
x 1 1 , 9 9 
| ba-4, —ba-#, bq/a, bq/c, bg/d, bq/e, ba/ f°’ bedef 


(2.11.1) 


where |bd/a| < 1 and |a?q?/bcdef| < 1. 
To prove this formula, first observe that by (2.10.19) 


sW7 (a; b, C, d, €, ie q; a’q’ /bcdef) 
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_g-def (aa, de, f,ag/be,ag/de,aq/dfyag/efs Qos. __ 
ade fq(1 — q) (4, aq/b, aq/c, aq/d, aq/e, aq/f, def /aq,aq/def;q)oo 


“°F (t/a, qt/def, aqt/bdef, aqt/cdef; q) 
‘ [ (t/de, t/df,t/ef, agt/bcdef; q)oo gt ore 
Since 
bdef /a def def 
/ f(t) dat + / fiat = f(t) dgt, (2.11.3) 
aq bdef/a aq 
where 
_ (t/a, qt/def, aqt/bde f, aqt/cde f; q) 
i= (t/de, t/df,t/ef,aqt/bedef;q)oo eee) 
and 
bdef /a 
[Fact 
aq 
_ bdef(1— 9) (q, bdef /a2, a2q/bdef,,ba/d, ba/e, ba/ f, ba/a, ba/¢; 4) 0 
7 a(aq/de, aq/df,aq/ef, bd/a, be/a, bf /a,q/c, 67¢/A; q) 
x gW (b*/a; b, bc/a, bd/a, be/a, bf /a; 4q, a°q’/bedef) , (2.11.5) 
f(t) dot = PLA DG aa/b ag/c, eg/c, falc, bef /a, def /45 qo 
bdef /a 4 (d, €, f, be/a, bf /a, aq/be, q/c, efaq/c; diss 


x gW7 (ef /c; aq/be, aq/cd, ef /a,e, f;q,bd/a), (2.11.6) 


we immediately get (2.11.1) by using (2.11.5) and (2.11.6) in (2.11.3). The 
advantage of our use of the q-integral notation can be seen by comparing the 
above proof with that given in Bailey [1936]. 

The special case ga? = bcdef is particularly important since the series on 
the left side of (2.11.1) and the second series on the right become balanced, 
while the first series on the right becomes a ¢@s5 series with sum 


(aq/ce, aq/cf,efa/c, 4/3 Qc 
(aq/c, eq/c, fq/c, aq/cef;q)oo' 


provided |aq/cef| <1. This gives Bailey’s summation formula: 


| a, qa?, —qa?, b, C, d, e,f | 
807 a ‘1, 59,4 
a2,—a2,aq/b,aq/c, aq/d, aq/e, aq/f 

b (aq, c,d, e, f, bq/a, bg/c, bq/d, bg/e, ba/ f; q)c 


a (aq/b, aq/c, aq/d, aq/e, aq/f, bc/a, bd/a, be/a, bf /a, bq/a; Q)oo 
F b?/a, gba~ 2, —qba~2, b, bc/a, bd/a, be/a, bf /a 

x 1 1 ) y) 
am ba~ 2, —ba~ 2, bq/a, bq/c, bq/d, bq/e, bq/f 


== (ad, b/ ayaii/ or, an/ce Gai ch ea) de aa/ds ediet sass (9.11.7) 
~ (aq/c, aq/d, aq/e, aq/f, bce/a, bd/a, be/a, bf /a;qQ)oo ’ an 


’ 
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where ga? = bedef, which is a nonterminating extension of Jackson’s formula 
(2.6.2). This can also be written in the following equivalent form 


[ (qt/a, qt/b, t/a2, —t/a?, qt/c, gt/d, qt/e, gt/f;q) ae 
a (t,bt/a,qt/a?, —gqt/a2, ct/a,dt/a,et/a, ft/a;q)oo 
_ b(1—4)(q@, a/b, bg/a, aq/cd, aq/ce, aq/cf, aq/de, aq/df, aq/ef; q)c 
(b,c, d,e, f, bc/a, bd/a, be/a, bf /a;q) 
(2.11.8) 


2.12 Bailey’s four-term transformation formula 
for balanced jo9¢9 series 
Let us start by replacing a,b,c,d,e, and f in (2.11.8) by A, bq”, Ac/a, 
Ad/a, Ae/a and a/bq”, respectively, to obtain 
| a" (qt/d, tq'—" /b, t/d2, —t/A2 , agt/cr, agt/dd, agt/ed, btq"** /a; gq) o 
d (t, btq”/A, gt/A?, —qt/d2, ct/a, dt/a, et/a, atq-"/bA; q) ov " 
_ b(1—9)(g,A/b, ba/A, ba/c, bg/d, bg/e, ¢, d, & q) 00 
(a/A, b, Ac/a, Ad/a, Ae/a, a/b, bc/a, bd/a, be/a; q)oo 
(b, bc/a, bd/a, be/a;q)n (*t) 
* (bq/a, ba/e, bq/d,ba/eQn Va) ’ 
where n = 0,1,2,.... Let f,g,h be arbitrary complex numbers such that 
|a?q?/bcdef gh| < 1. Set p = a%q?/bcdef gh, multiply both sides of (2.12.1) by 
(b?/a;q)n(1 — b*q?”/a) (bf /a, bg/a, bh/a;q)n (%#)" 
(9; q)n(1 — 6?/a)(bq/f, ba/g9, ba/h; @)n r 
and sum over n from 0 to oo. Then the right side of (2.12.1) leads to 
b(1 — g)(q, A/b, bg/A, ba/c, bg/d, bg/e, c,d, €; Too 
(a/X, 6, Ac/a, Ad/a, Ae/a, a/b, bc/a, bd/a, be/a; q) x 
x 190Wo (b°/a; b, bc/a, bd/a, be/a, bf /a, bg/a, bh/a;4q, pq) - (2.12.2) 
The left side leads to two double sums, one from each of the two limits of the 
q-integral. From the upper limit, bq”, we get 
b(1 — q)(q, bg/A, abq/cX, abq/dd, abg/e, b?g/a; q) 
(b, a/A, b2q/A, bc/a, bd/a, be/a; q)oo 
: 7% Bie as (1 — b?q?” /a) (bf /a, bg/a, bh/a;q)n (ey 
7 n(1 — b*/a)(bq/f, ge bg/h3q)n r 


= (1 = Sas abq/cA, aa ESE Den AER ae 


_ bl - ~ we abq/cr, abq/dd, abg/ed, b? 4/4; 2) 00 
7 (b, a/A, b2q/A, bc/a, bd/a, be/a; q)oo 


: PG ma Q)m(1 — b7g?™/X)(b, bc/a, bd/a, be/a, a/A; Q)m on 
m(1 — b?/X)(bq/A, abg/cA, abq/dA, abq/eX, b2q¢/a; q¢)m 


W; a bf /a, bg/a, bh/a, bq /d,q~™s g, pq) - (2.12.3) 


(2.12.1) 
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Let us now assume that p = 1, that is, 
a®q* = bcdef gh. (2.12.4) 
Then, by Jackson’s formula (2.6.2), the g@7 series in (2.12.3) has the sum 


(b°q/a, aq/fg,aq/fh,aq/gh; q)m 
(bq/f,bq/g, bq/h, aq/fgh;q)m 


and the expression in (2.12.3) simplifies to 
b(1 — q)(q, bg/A, abg/cA, abq/dd, abg/eX, b°g/ a; q)oo 
(b, a/A, b°q/A, bc/a, bd/a, be/a; q)oo 
x 10Wo (b*/A; b, bc/a, bd/a, be/a, bf /A, bg/X, bh/d; 9,4) (225) 
since, by (2.12.4), aqg/fg = bh/X, aq/fh = bg/X, and aq/gh = bf /X. 
We now turn to the double sum that corresponds to the lower limit, A, in 
the q-integral (2.12.1). This leads to 
the series 
—A(1 — q)(q, ag/c, ag/d, ag/e, Ag/b, bAG/43 q) co 
(6, Aq; a/b, cA/a, dx/a, eA/a; q) oo 
> (b°/a; @)n(1 — b*q*" /a)(b, bf /a, bg/a, bh/a,b/A; nn 
<= (9;9)n(1 — b?/a)(bq/a, bg/f, ba/g, ba/h, bAq/a; q)n 
x gWz (A; bq”, cA/a, dd/a, e/a, aq~"/b; q, 4) 
_ AC = g(a, a9/c, ag/d, ag/e, Aq/b, bAG/A; Qo 
(b, Ag, a/b, cA/a, dA/a, €X/A q) 0 
$3 (A; g)m(1 = Ag?) (b, cA/a, dA/a, A/a, a/b; q)m om 
“= (GQ) m(1 — A)(Aq/b, ag/e, ag/d, ag/e, bAq/a; q)m 
x gWr (b*/a; bg™, bg~™/A, bf /a, bg/a, bh/a;q,q) - (2.12.6) 
The last 37 series in (2.12.6) is balanced and nonterminating, so we may use 
(2.11.7) to get 


gW7 ( b?/a; bg”, bg~™ /A, bf /a, bg/a, bh/a; 9, 7) 
(b*q/a, Aq™**/f, Aq™** /g, Ag™** /h, aq/fg,aq/fh,aq/gh,aq™/b; 4) x 
(bAg™*t /a, bq/f, bq/9, bg/h,a/A, fa, 9q™, ha; doo 

aq™ (b?q/a, bq—™/A, bf /a, bg/a, bh/a, aq” ** /b, aq” **/f; 4d) co 

b (bqi-™/a, bAg™*1/a, bq/f, bq/g, bg/h, a/A, fa™, 99"; Too 
(ag™*"/g,ag™** /h, Aq?™**; q)oo 

(ig aq gd) 

x gW7 (aq?™; bg™, fa, gq, hg™, a/d;9,¢) - (2.12.7) 


x 


Use of this breaks up the double series in (2.12.6) into two parts: 


—X(1 — g)(q, b*q/a, Aq/b, Aq/f, 9/9, Ag/h, bf /A, bg/; Doo 
(b, f, 9, h, bq/f, ba/g, ba/h, Aq; dco 
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(bh/X, aq/c, aq/d, aq/e; q) co 
(a/AX, cA/a, dA/a, €X/A5 GQ) 
xX 10W5 (A;b, cA/a, dA/a, eA/a, f, 9,2; 4,9) 
_ aA(1 — 9)(g, b/d, Ag/b, b°q/a, aq/b, agq/c, aq/d, aq/e, aq/ f,4q/93 Q)oo 
(b, a/b, aq, cA/a, d\/a, eX/a, bq/a, bq/f, ba/g, ba/R; q) 00 
,. (ag/h, bf/a, bg/a, bh/a; 4) co 
(a/A, f,.9, 15d) co 
: $3 (a; q)n(1 — aq?”)(b, f,9,h, a/A; Q)n ‘ 
(5 @)n(1 — a)(aq/b, aq/f,aq/g,aq/h, Aq; 9)n 
x gW7(A;cA/a, dA/a, eA/a,aq",q~"34,q) - (2.12.8) 
Summing the last g¢7 series by (2.6.2) we find that the sum over n in (2.12.8) 
equals 19Wo (a; b,c, d,e, f,g,h;q,q) which is, of course, balanced by virtue of 
(2.12.4). Equating the expression in (2.12.2) with the sum of those in (2.12.5) 
and (2.12.8), and simplifying the coefficients, we finally obtain Bailey’s [1947b] 
four-term transformation formula 
F a, qa? , —qa?,b,c,d,e, f,g,h | 
10P9 59,9 
a2, —a?,aq/b,aq/c, aq/d, aq/e, aq/f,aq/g,aq/h 
(aq, b/a,c, d,e, f, 9, h, ba/c, bq/d; q) x 
Y (®q/a, a/b, aq/c, aq/d, aq/e, aq/f,aq/g, aq/h, be/a, bd/a; q) ax 
(bq/e, ba/f, ba/g9, ba/h5 4) co 
(be/a, bf /a, bg/a, bh/a; q)x 
4 b? /a, gba~ 2 , —qba~2, b, bc/a, bd/a, be/a, bf /a, bg/a, bh/a 
x :q; 
| ba~2, —ba-#, bg/a, bq/c, bg/d, bq/e, ba/f,ba/9, ba/h 
_ (aq, b/a, Ag/f, Ag/9g, Aa/h, bf /A, bg/A, bh/ A; Q)oo 
(Aq, 6/A, aq/f, aq/g, ag/h, bf /a, bg/a, bh/a3 Gq) 
d, gA2, —qA2, b, Ac/a, Ad/a, Ae/a, f,g, h 
X10P9} 1 4 9,4 
r2, —A2, Aq/b, aq/c, aq/d, aq/e, Aq/f, Aq/9, Aq/h 
(aq, b/a, f,g,h, bq/f, ba/g, ba/h, Ac/a, Ad/a5 q) oo 
(62q/A, A/b, aq/c, aq/d, aq/e,aq/f,aq/g, aq/h, be/a, bd/a; q) 
(Ae/a, abq/Ac, abq/Ad, abq/ Ae; q) oo 
(be/a, bf /a, bg/a, bh/a; q)c 
| b2/, gbA~2, —gbA~2, b, bc/a, bd/a, be/a, bf /d, bg/A, bh/ A | 
X 10P9 . 


+ 


1 


b\~2, —bA~2, bg/A, abg/c, abg/dA, abg/ed, bq/f,bq/9,bq/h 
(2.12.9) 

In terms of the q-integrals this can be written in a more compact form: 

b et el 
/ (qt/a, qt /b, ta 2 ’ —ta 2 ’ qt/c, qt /d, qt/e, qt/f, qt/9, qt /h; Q)oo d t 

a (t,bt/a, qta~2, —qta~2, ct/a, dt/a, et/a, ft/a, gt/a, ht/a; q)cc 
_ a(b/a,aq/b, Ac/a, Ad/a, Ae/a, bf /X, bg/A, bh/ A; Q) 00 
Xd (b/d, Aq/b, ¢, d, €, bf /a, bg/a, bh/a; q)o0 
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. [ (qt/A, qt /b, t\72, —t\~ 2, aqt/cd, aqt/d, aqt/er, qt/f, qt/g, qt/h; doo as 
~——= a ange ok a 1g ea a on es aS o> ah a 
r 


(t, bt/X, qQtA~2, —qtA—2, ct/a, dt/a, et/a, ft/d, gt/d, ht/A; do 
(2.12.10) 


where \ = qa?/cde and a°q? = bcdef gh. 


Exercises 


2.1 Show that 


t 2. 
ast = (1 — agi’) (ata"s 4) 0 Doo, lt] <1. 


(t; q) oo 


2.2 Show that, for max(|t], |aqg|) < 1, 


a, qa?,—ga2,b- (aq, Bt; 2) cx 
es | a3, —a2,aq/b’” | — (t,aq/8; 9) co 
(See Gasper and Rahman [1983a]. 

2.3 Give an alternate proof of the g¢5 summation formula (2.4.2) by first using 
(2.2.4) to derive a terminating form of the q-Dixon formula (2.7.2) and 
then using it along with the q-Saalschititz formula (1.7.2). 

2.4 Prove Sears’ identity (2.10.4) by using (1.4.3) and the coefficients in the 
power series expansion of the product 


261(a, b; c; q, z) 261(d, e; abde/c; q, abz/c). 


opt (b *, t; bgt; g, aq) . 


2.5 Prove that 
(a; q)n(1 — ag?*)(b,c,a/be;q)k _% — (ag, bq, cg, ag/bc; 9) n 


— (9; (kU — a)(aq/b, ag/c, beg; 4) k (q, aq/b, aq/c, bcq; q)n 


for = Oe 13 a0! 


2.6 Show that 


q-”, 9, ¢, —q'—"/be : 
43 pene qi-" /e, be? q 
0, n=2m-+1, 


(q, b?, ae care (bc; q)am 
(b,c; q)am (b°C"3q°)m ’ 
where n,m = 0,1,2,.... (Bailey [1941], Carlitz [1969a]) 


n=2m, 


2.7 Derive Jackson’s terminating g-analogue of Dixon’s sum: 


ge b, C g "| — (b,6¢)n(q, bc; an 


392 gi?" /b, gi" /0°? be | (4,85) n(0, 5 Dan’ 


where n = 0,1,2,.... (See Jackson [1921, 1941], Bailey [1941], and Carlitz 
[1969a]) 


Exercises 
2.8 Show that 


where n,m =0,1,. 


(Andrews [1976a]) 


2.9 Prove that 


r be b, —b, aq/c? . | 
5 | agje, —ag/c,0?' "4 


(q/b’, a, b, —b, aq/c*, ag? /b?c, —aq?/b*C; q) co 


(b?/q, q/b, —q/b, aq/b?, aq/c, —aq/c, aq? /b*c*; q) co 
q/b, —q/b, aq/b*, aq? /b?c? 
xX 403 


aq?/b2c, —aq2/b?c, g2/b2 °°” 1 
(q/b*, —4; 9) co (a7q’, aq?/b?, aq? /c*, a7q?/b?c*; G7) oo 
(aq/b?, —aq; q) 00 (q?/b?, a2 gq? /c?, ag?, ag? /b*c?; Gg?) 0 


2.10 The g-Racah polynomials, which were introduced by Askey and Wilson 
[1979], are defined by 


one n+1 ,-2£ 
W, (x3 a,b,c,N3q) = 43 ly , abq 1 


scqe 
aq, beq, q~% rz ’ 
where n = 0,1,2,...,.N. Show that 


bq3q)n 
W,,(x; a,b,c, N;q) = (ag/c, 695 4) c” W,,(N — 2;b,a,c~*, N;q). 
(ag, beg; q)n 


2.11 The Askey-Wilson polynomials are defined in Askey and Wilson [1985] by 
Pn(x; a,b, c,d | q) 


—n n—1 10 —10 
=a-"(ab,ac,ad;q)n ay | VOUT 906" 08 


ab, ac, ad dd 


where x = cos@. Show that 
(i) Dn (2; a, b, C, d | q) = Dil ae b, a,c, d | qd), 
(ii) ppn(—2x; a,b, c,d | q) = (—1)"pn(x; —a, —b, —c, —d | q). 


’ 


2.12 Show that 


10W9 (a; b2 ’ —b? ’ (bq)?, —(bq)? ’ a/b, a°q’t* /b, qo”; qd, q) 
_ (aq, a%q/b*5 Qn 


0. 1.9 244 
(agq/b, a2q/b;q)n ’ ed 


o9 
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2.13 If X = qa?/bcd and |qA/a| < 1, prove that 


a,b, c,d | _ (g/a, X°q/4; 9) 00 


eae  aa/te aq/c,aq/d'” Og ¥4/0"; dc 
x 10Wo (0 a?,—a? ,(aq)?, ~(aq)? , Ab/a, Ac/a, Ad/a; q, q/a), 


a,b,c, d —Aq 
(il) 403 ae aq/c,aq/a? 4 
__ (aq, —g, Aga~ 2, —AGa~ 23 q)co 
(Ag, —Ag/a, ga, —902; Q)oo 
sWr 0; a? ,—a2, \b/a, Ac/a, Ad/a;q, -q) | 


2.14 (i) Show that 
(ab-?, b-!, —qb-1a2;q)n 


b | a, qa?, b, q~” | 
4¥Y3 59,40) = 
a? ,aq/b, b?q'-” (b-2, aq/b, —b-102;q)n 


which is a q-analogue of Bailey [1935, 4.5(1.3)]. 
(ii) Using (i) in the formula (2.8.2) prove the following q-analogue of 


Bailey [1935, 4.5(4)]: 


—n 


a qa?, b,c, d, g 
ve ah aq/b, aq/c, aq/d,a*q*—"/ 
= (A/a, r? /a, —Aqa~ e Q)n 
(Aq, A? /a?, —Aa-3; g)n 
ik gd? —gX2, Ab/a, Ac/a, Ad/a, 
X 12011 1 1 
A2,—A2,aq/b, aq/c, aq/d, 
2,a2,(aq)2,—(aq)?, \?q"/a,q-” | 
\(q/a)?, —d(q/a)?, ag!-”/d, Agr?" 


9944 


qa 
1 “4 
2, 


Aa” 2, —Aqa 


where \ = qa*/bcd. 
This formula is equivalent to Jain’s [1982, (4.6)] transformation formula 


2.15 By taking suitable qg-integrals of the function 


1 — (at/b, at/c, agt/be, tq" /bedef; d)o0 
= (at, qt/bed, qt/bce, qt /bcf;@)oo 


7 
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prove Bailey’s [1936, (4.6)] identity 
1 (ag/4, ag/e, aa/f, 9/ad, g/ae, 9/4F; 1) 
(qa?, ab, ac, b/a, c/a; q) x 
x gW, (a°; ab, ac, ad, ae, af;q,q° /abcdef) 
(bq/d, bq/e, bg/ f, q/bd, g/be, g/bf3 4) co 
(qb?, ba, be, a/b, c/B; q)oo 
x gW (b°; ba, bc, bd, be, bf;q, q° /abcdef ) 
(cq/d, cq/e, ca/f, a/cd, a/ce, a/Cf3 4) co 
(qc*, ca, cb, a/c, b/c; Q) co 
x gW (c*; ca, cb, cd, ce, cf;q,¢ /abcdef) 
— 0, 
provided |q?/abcdef| < 1. 


dep 


ny 


2.16 (i) Let S(A, u,v, p) = (A, g/d, 1, 4/1 4,4/Y; p,4/P3Q)oo-. Using Ex. 2.15, 


prove that 
S(xd,x/A, py, w/v) — S(axv,x/v, Ap, p/d) 


= 5 S(au, 2/p, NV, A/V), 


where 2, A, 4, are non-zero complex numbers. (Sears [1951c,d], Bailey 
[1936]) 


(ii) Deduce that 
(42,423 @)oo S(Aq2, Aq?, —Hq2, —11q?) 
= (q? Ap, g? / Au, g? A/ My G2 M/A; Q)oo 
— qgi(A+A7t = pp) (Gan, a/ Au, O/H, GH/ 25 Q)oo- 
(Ismail and Rahman [2002b]) 


2.17 Show that 


;: A, gr? ’ —qn2 » a, b, C, —C, Aq/c? Aq 
(i) 37 


rz, —\2, \q/a, Aq/b, Aq/c, —Aq/c, c? i ab 
(Aq, 7/3 q) 00 (aq, bg, c7q/a, 74/0; G7) cx 
(Aq/a, Aq/b; q)o0(q, abq, c2q, c2q/ab; G7) oo’ 
where \ = —c(ab/q)? and |Aq/ab| < 1, and 


—C, q(—c)? ’ —q(—c)2 »a, q/a, C, —d, —q/d -q 
(—c)2, —(—c)?2, —cq/a, —ac, —q, cq/d, cd an 

(—c, —€9; 9) 00 (aed, acq/d, cdq/a, cq” /ad; q”) 0 

a fel <1. 
(cd, cq/d, —ac, —cq/a; Do 

Verify that (i) is a q-analogue of Watson’s summation formula (Bailey 
[1935, 3.3(1)]) while (ii) is a g-analogue of Whipple’s formula (Bailey [1935, 
3.4(1)]). (See Jain and Verma [1985] and Gasper and Rahman [1986]). 


(ii) 87 | 


62 


Summation, transformation, and expansion formulas 


2.18 In the g¢5; summation formula (2.7.1) let b,c,d — oo. Then set a = 1 to 
prove Euler’s [1748] identity 


ives S>(-1)" one zie greene) = CH 
n=1 
2.19 Show that 


10W9 (a; b, C, d, €, re 9; Ge. q; q) 
_ (aq, ag/ce, aq/de, ag/ef, aq/eg, 8s 9)n on 
(aq/c, aq/d, aq/e,aq/f,aq/g,b/e;q)n 


x 10Wo (eq ”/d; e, ag/be, ag/bd, aq/bf, aq/bg, eq~"/a,q~ "3.4, 9) ; 
where a%q"*? = bcdefg and n = 0,1,2,.... 


2.20 Prove that 


10W9 (a; b, C, d, €, J; 9; qs q; a°q"t /bcde fg) 
_ (ag,aq/f9;9)n 


(q~-", f, 9, aq/de; q);q? 
(aq/f,aq/93q)n 


— (4,09/d, aq/e, faq-”/a; 4); 
X 43 5454] 


aq/b, aq/c, deq~4/a 
fOr She Des 


2.21 Show that 


10 Wo (a; b, C, d, €, ie g; h; q; a°q° /bede f gh) 


CO 


(A; @)n(1 — Aq?")(Ab/a, Ac/a, Ad/a, e, f, 9, hi dn (Ad; Q)2n 
< (95 Q)n(1 — A)(aq/b, ag/c, aq/d, ag/e, aq/f,aq/g,aq/h; q)n(Aq; gan 
a*q? n 
(<5) sWz (aq*"; a/A, eq”, fa”, 99", hq”; q,0°q” /bedefgh) , 
efgh 
where = ga?/bcd and |a°q?/bcdef gh| < 1. 


2.22 Prove that 


OO 


(a; q)n(1 — aq?” )(b, c,d,e€;q)n 
2 (q; @)n(1 — a)(aq/b, ag/c, aq/d, aq/e; q)n ( 


_ (aq, aq/de; q) j oe 
1 FE re 


P29 ois 
PP" 1) 
bcde 

aq 


- — de| <1. 
(aq/d, aq/€; 4) cx 3 aq/b, aq/c?”’ 2 ; laq/ e| < 


Deduce that 


y+ (ai an (1 = ag"")(d, eign (_a4)” 415) 
2. Taal! —a)(aq/d,aq/e;4)n ( ze) d 
_ (a9, 09/de; 9) 00 

(aq/d,aq/€;q)oo 
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2.23 Prove that 
7 (ab, ac, ad; q); of 


abcd, aqz, aq/z;q); 


_ (1 —2z/a)(1 — abcz) 
ees) 3W7 (abcz; ab, ac, bc, gz/d, q; q, dz) 
(ab,ac,ad;q)n41 (1 —ag"**/z)(1 — abczq”**) 
(abcd, aqz, aq/Z; Q)n+1 (1 a a/z)(1 = abcz) 
xX 3W7 (abezg”*?; abg”"*", acq™*", be, qz/d, 934, dz) 
2.24 Show that 
| a,b,c, d,e | (Aq/a, Ag/e, qr*/4,4/f; dx 
54 gq| = OOS 
aq/b,aq/c, aq/d, f (Aq, ag/f,eq/f,49/AF; Q) co 
x 12Wi1 (; a?, —a?, (aq)?, —(aq)? ’ rb/a, Ac/a, Ad/a, €, aq/f; qd, a) 
(a, e,a/A,4/f;A9?/F3Q)oo 
(f/q, Aq, aq/f,aq/Af, eq/f; dQ) 
CO CO . ; - 25 . : 
y, >, Ss" (; q)3 (1 Aq )(Ab/a, Ac/a, Ad/a; q)j 
“Shoo (GD5(1 — A)(aq/b, ag/c, aq/d; @); 
x LFlaaal fia; aM /f ag t/Af eal fide i+ 
(Ag?/f, AF /a;9)5 (G97 -9/f, APTI / Ff 3 ak 
where A = qa?/bcd and f = ea?/A*. Note that this reduces to (2.8.3) 
whene=q ”", n=0,1,2,.... 


2.25 By interchanging the order of summation in the double sum in Ex. 2.24 
and using Bailey’s summation formula (2.11.7), prove Jain and Verma’s 
[1982, (7.1)] transformation formula 


a,b,c, d,e 
5?4 | ag/b, aq/c,aq/d, f° 24 
n (a,b,c, d,e,q/f,aq?/bf, aq?/cf, aq? /df; q)co 
(aq/b, aq/c, aq/d, f/q,aq/f,ba/f,ca/f,da/f,ea/f; 4) 
ee g/t aq/f,bq/f,ca/f,da/f . , | 
"* | @?/f,aq7/bf, aq?/cf,aq?/df’?” 
_ Qa/a,Aq/e, 9X*/4,9/F5 D0 
(Aq, aq/f, eq/f, aq/Af; Qo 
x 12Wi1 (; a?, ~a?, (aq)?, —(aq)?, Ab/a, Ac/a, Ad/a, €, aq/f; dq, a) 
(a, e, Ab/a, Ac/a, Ad/a, q/ f,a2q?/Abf, a?q?/Acf,a?q?/Adf, aq? /f?;q)co 
(aq/b, aq/c, aq/d, aq/f,bq/f,ca/f,daq/f,eq/f, Af /aq, a7q3/Af?; q) cc 
x 12Wi1 (a°g?/Af?: qa? /Xf, —qa? /f, (qa)? /Af, —(gqa)? /Xf, 
Aq/a,aq/f,ba/f,ca/f,da/fs4,4), 
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where the parameters are related in the same way as in Ex. 2.24. Note 
that this is a nonterminating extension of (2.8.3) and that the first 5¢4 
series on the left is a nearly-poised series of the second kind while the 
second 5,4 series is a nearly-poised series of the first kind. 


2.26 Ifa=q ",n=0,1,2,..., prove that 


a,b,c agqx aL; Q)oo 
re | 4 _ (823 4) co 
aq/b, aq/c 


a?,—a?2, a 242 a 2a bc 
| (aq)?, —(aq)?, aq/ aq) 
aq/b, aq/c, ax, q/x 
(Sears [1951a, (4.1)], Carlitz [1969a, (2.4)]) 
2.27 Show that 


q—”,c,ab/¢,.a1,. +. Oe (c, ab/c;q)n 
r+3Pr+2 i 59,2| = ———— 


a,b, by,...,b, (a,b; q)n 
q” {C/a, c/b; q)k k aimee eee 
D3, a ca— 1p- 1 gi- —n. -a)k qd r+2Pr41 CO" Diese be 59,2] - 


2.28 Show that 
3 al, ae | _ (ag/ez,q°-" 69) 
mre" Lag/bi,..-,aq/br, aq/e, agrtt?” (ag) Gnqg' =" /cz3q);, 


«So ee eae Te) (a) 


— — (q,aq/cz,q/cz,q'—"/¢,9)k (1 — q~-/cz) c 


d | a, Dixons Oeyezg-"q° | 
x »; 
rH8Or 42 V aq/b1,---,q/br, agtt! Jez, agnti-k 4 


2.29 Show that 
ih | 
r42Pr41 se 
Cd, by, Pree by 
yi gh EDI? (aq, eda? sq" "5a, 
= =f a 


ele cdg? tht} ag®*1 k+1 


q 
x 392 | cgk ti 2k+2 1; | r+2Pr41 | 
2.30 Iterate (2.12.9) to prove Bailey’s [1947b, (8.1)] transformation formula: 
10 W9(a; b, C, d, €, f; 9; h; 59,4 q) 


(aq, c,d, e, f,g,h, b/a, b/c, bq/d, bg/€; q) co 
oe b? /a, bc/a, bd/a, be/a, bf /a, bg/a, bh/a, a/b, aq/c, aq/d, aq/€; q) co 


,, boa Ff, ba/9, ba/Rs Goo 
(aq/f,aq/g,49/R; 4) ox 


—k 
qd , abq 9Q1,+-+, Or, 
59,2 


, ab aq, b1,..., 6, 


10 W9(b? /a; b, bc/a, bd/a, be/a, bf /a, bg/a, bh/a; q, q) 
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_ (aq, b/a, g, bq/g, aq/ch, aq/dh, aq/eh, aq/fh, bch/a, bdh/a; q)x 
(bhq/g, bh/a, g/h, aq/h, aq/c, aq/d, aq/e, aq/f, bc/a, bd/a; q)oo 
(beh/a, bfh/a; q) cx 
ee bh/q:b d bh/a. h: 
(be/a, bf /a;q) oo 10 Wo( /9; ,aq/cg, aq/ g,aq/eg,aq/f 9, /a, 4,9) 
(aq, b/a, h, bq/h, aq/cg, ag/dg, aq/eg, aq/ fg, bcg/a, bdg/a; q)o0 
(bgq/h, bg/a, h/g,aq/g, aq/c, aq/d, aq/e, aq/f, bc/a, bd/a; q)o0 
(beg/a, bf g/a; d) 00 
pW (bg /h; b h dh h h, 6b 
(be/a, bf /a; q) oo 10 9( g/ ' , aq/c ,aq/ ,aq/e ,aq/ f ’ g/a, 9; q; qd), 


where a°q? = bedef gh. 
2.31 By using the q-Dixon formula (2.7.2) prove that the constant term in the 
Laurent expansion of 


(21/22, 21/@33q)a, (G2/X3,qQ%2/213q)ay (9%3/21, 923/23 Q)az 


(93 G)a;+a2+03/ (4; Gar (43 Gaz (93 Vas 


where a1, a2 and ag are nonnegative integers. 
(Andrews [1975a]) 


2.3 


Le) 


Use (2.10.18), the g-binomial theorem, and the generating function in 
Ex. 1.29 to derive the formula 


Ji sine (0.0.0e"" {be oa, 
Iq (Pe Fig). 
—t0 : : 
 MB5Dn [© (gtel, te"; doo 
(G3Q)n Jeio (Btet’, Bte~"; Gq) oo 
(Rahman and Verma [1986a]) 
2.33 (i) Prove that 


6+-2kW542%(a; b, a/b, d,e1,...,e%,ag™**/e1,...,aq™**"/ex;q,q° /d) 


_ (q,aq, aq/bd, bq/d; q) m1 (aq/be;, b¢/e€;;d)n, 
(bq, aq/b, aq/d,q/d;q)oo 2% (ag/e;,4/€55Q)ny 


Cr (cos 6; B\q) = 


t’ dgt, O<@< rT. 


k=1,2,..., 


where n1,...,% are nonnegative integers, N = n,+---+ng, and |q'—*% /d| < 
1 when the series does not terminate. (Gasper [1997]) 


(ii) Deduce that 
(be’”, be *”; P)oo 
(age®, age; q)oo 
a k+1 ; 
1 — a2q?* (a2q)4 (—1)Fql 2 ) (ae, ae; )n(abg*, bg~* /a; P) oo 
L—a* (q;q)k (4,907; q)co (age’’, age~*”; a) x 


k=0 


when 0 < p <q, or p=q and |b] < |al. 
(Ismail and Stanton [2003a]). 
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2.34 Derive the formulas 
(i) 


261(q*, 9734759, 2) = a) / r—1 (tq, tzg? "5 doo 


PQA aly — A) Jo (ig? * 1250) és 
x 2b1(q—%, gt ®; q?s q, tz) 362(q°*? 4, qh, t 13”, g/tz3.q, V) dat; 


(ii) 
rs AG! ) [ gtd oe 
O ibs uy: z a 3 > LAM eed 9 4/007 
x o1(q*—7, g?3q? wane 3h2(q7,q° >, t 13 q7 hitta q, q)dgt, 
(iii) 
Ta(yFa(u) | ae (tq; d) 
a B.A. — NIN Als Se 
d-.0 30 4.2) = t 
21 = POP +tuoA—vsp? (gH Q)ac 


x 361(q7 ”, gt” ts qth >”; g, ta’) 362(q%, 4", 9"; g*, 9" 5g, tz) dat, 


where Re y > Re A > 0 in (i) and (ii), and Re (A,uU,xy+tw—-—A-—v)>Oin 
(iii). These formulas are q-integral analogues of Erdélyi’s [1939, equations 
(17), (11), and (20), respectively] fractional integral representations for 
oF, series. (Gasper [2000]) 


2.39 Derive the following discrete extensions of the formulas in Ex. 2.34: 
(i) 
eda(as Ba" 7.55000) =D a <  s ce eel Ge 
x s¢2(u/a, u/8,q- "A, 5u/a8; 4,4) 3¢2(aB/m, w/d,4"-"; 7/A, 59°; 4, 9), 
(ii) 
a “> n] (A,6/o; MO n-kig( OV" 
3$2(a,B,q°- "37,054 9) = d el. erat Bes (=) 
x 362(a/o, B,q~";,5/034,9) s¢2(0, B/A, 4° "3 7/A; 60"5. 4, 9); 
(iii) 
3$2(a,8,0°-"37;,939,9) = . i Wi Dali DeOH/AY Dak Spe Dn—k yn—b 
k=0 q a Se 
x 362(H/1, 7/444" "3 H/ AY," /¥3, 9" /A) 463(0, 8, Ms 795A, Y, 554, 9): 
(Gasper [2000]) 
2.36 Extend the formulas in Ex. 2.35 to: 
(i) 


463(a, PB, vg", gd "37; 6,034 9) 
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_— OPA Ya/% On yn 
n Aval q)n 
—* (q,¥q/7,p,5,Ag'—"/7, AVE" tty; Q)RAY/ViQo~ MY 


x 463 (H/o, 1/8, AVG"/7,q~*; A, 54/8, up/ 9; 4, 4) 

x 4$3(08/p, w/r,vq"*”, g*—”; y/d, 6a", pg"s.4,9); 
(ii) 
4$3(a, B,vq",g "3756, 25959) 
— OPA Va O)n yn 

(y, Ava/73 Mn 


P > (Av/7, A, p/a,6/0,V9", "5 Dk (AVE/7; @) 2k (22) 
— (9,¥4/7, 6; pa/a, Ag?” /y, vAGr* /95 Q)R(AY/V; Daw \ 7 


x 13(a/0, B, Avg" /y,q7 "3, 5/0, P3959) 
x 463(0, B/A, vg" t*, g*—", y/A, 6g", cpg" /05.9,9); 
(iii) 


q ",V,Q1,02,...,Qr, 
ie Pott | 015 digs wre Os a4 
_ Awan 3B (q7", 1H/AV; 4) n—k n—k 
idm Xt (aM ane 


L/Y, y/v, 4" a 1—k Oi Oi tenis. 
xX 32 Rae be =n yy 9 454 /n radon |! Xabi 3 bs. e bs 54,2 
where aGvq = Oyp in (i) and (ii). (Gasper [2000]) 
Notes 


§2.5 Some applications of Watson’s transformation formula (2.5.1) to mock 
theta functions are presented in Watson [1936, 1937]. 

$2.7 For additional proofs of the Rogers-Ramanujan identities, identities 
of Rogers-Ramanujan type, applications to combinatorics, Lie algebras, statis- 
tical mechanics, etc., see Adiga et al. [1985], Alladi [1997], Alladi, Andrews and 
Berkovich [2003], Alladi and Berkovich [2002], Andrews [1970b, 1974b,c, 1976, 
1976b, 1979b, 1981a, 1984b,d, 1986, 1987a,b, 1997, 2001], Andrews, Askey, 
Berndt et al. [1988], Andrews and Baxter [1986, 1987], Andrews, Baxter, Bres- 
soud et al. [1987], Andrews, Baxter, and Forrester [1984], Andrews, Schilling 
and Warnaar [1999], Bailey [1947a, 1949, 1951], Baxter [1980-1988], Baxter 
and Andrews [1986], Baxter and Pearce [1983, 1984], Berkovich and McCoy 
[1998], Berkovich, McCoy and Schilling [1998], Berkovich and Paule [2001a,b], 
Berkovich and Warnaar [2003], Berndt [1985-2001], Borwein and Borwein 
[1988], Bressoud [1980a, 1981a,b, 1983a], Bressoud, Ismail and Stanton [2000], 
Burge [1993], Dobbie [1962], Dyson [1988], Fine [1988], Foda and Quano [1995], 
Garrett, Ismail and Stanton [1999], Garsia and Milne [1981], Garvan [1988], 
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Lepowsky [1982], Lepowsky and Wilson [1982], McCoy [1999], Misra [1988], 
Paule [1985a], Ramanujan [1919], Rogers and Ramanujan [1919], Schilling 
and Warnaar [2000], Schur [1917], Sills [2003a,b,c], Slater [1952a], Stanton 
[2001a,b], Warnaar [1999-2002a, 2003a—2003e], and Watson [1931]. 

§2.9 Agarwal [1953e] showed that Bailey’s transformation (2.9.1) gives a 
transformation formula for truncated g¢7 series, where the sum of the first N 
terms of an infinite series is called a truncated series. 

§2.10 Many additional transformation formulas for hypergeometric series 
are derived in Whipple [1926a,b]. 

§2.11 Additional transformation formulas for g¢7 series are derived in 
Agarwal [1953c]. 

Ex.2.6 Also see the summation formulas for very-well-poised series in 
Joshi and Verma [1979]. 

Ex.2.31 This exercise is the n = 3 case of the Zeilberger and Bres- 
soud [1985] theorem that if 71,...,%n,q are commuting indeterminates and 
Q1,...,Q@y, are nonnegative integers, then the constant term in the Laurent 
expansion of 

LT] (i/25; Qa, (425/213 Va, 


1l<i<j<n 
is equal to the g-multinomial coefficient 


(q; Oana eects 
(G3 Qa, °° (G3 Can 


This was called the Andrews’ q-Dyson conjecture because Andrews [1975a| 
had conjectured it as a g-analogue of a previously proved conjecture of Dyson 
[1962] that the constant term in the Laurent expansion of 


HM (-2) 


1<ikj<n a 
is equal to the multinomial coefficient 


(a, +---+a,)! 
ail::-Gn! 


The n = 4 case of the Andrews’ g-Dyson conjecture was proved indepen- 
dently by Kadell [1985b]. Additional constant term results are derived in 
Baker and Forrester [1998, 1999], Bressoud [1989], Bressoud and Goulden 
[1985], Cherednik [1995], Cooper [1997a,b], Evans, Ismail and Stanton [1982], 
Forrester [1990], Kadell [1994, 1997, 2000], Kaneko [1996-2001], Macdonald 
[1972-1998b], Morris [1982], Opdam [1989], Stanton [1986b, 1989], Stembridge 
[1988], and Zeilberger [1987-1994]. 
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ADDITIONAL SUMMATION, TRANSFORMATION, 
AND EXPANSION FORMULAS 


3.1 Introduction 


In this chapter we shall use the summation and transformation formulas of 
Chapters 1 and 2 to deduce additional transformation formulas for basic hy- 
pergeometric series which are useful in many applications. In 83.2 and §3.3 
we shall obtain g-analogues of some of Thomae’s [1879] 3F> transformation 
formulas, typical among which are 


—n,a,b (d—b)n 
F eae 
: | c,d 1 (d)n 


(3.1.1) 


—n,c—a,b | 
P| Trp od ni 


a, b, C 2 2s P(d)(e)(s) d — @,€—a,s : 
3H | d,e ’ | ~~ T(a)P'(s + b)I'(s +c) 3h | s+b,s+c | Cr) 


s=d+e-—a-—b-—c, and 


a,b,c. 1 _ (1 — a)I'(d)l'(e)l'(c — b) 
Td—bl(e 11 +b—a)F(o) 
phe. 


be tba 11] + idem (65 0),(8.13) 


x eva 2 | 
where the symbol “idem (b;c)” after an expression means that the preceding 
expression is repeated with 6 and c interchanged. 

The main topic of this chapter, however, will be the g-analogues of a large 
class of transformations known as quadratic transformations. Two functions 
f(z) and g(w) are said to satisfy a quadratic transformation if z and w iden- 
tically satisfy a quadratic equation and f(z) = g(w). Among the important 
examples of quadratic transformation formulas are 


aactl Az 
1 * oF (a, b;1 —b;-—z)= Fy (5, = - 531 -b—~5), 
(1+ z)* oFi(a +a Zz) Fil 55> +a +22 
(3.1.4) 
aa+t+l 1 z2 
ees ee 
( Zz) D) (a, b b Zz) of 4 9 5 v5 Te p (3 5) 


] 
(1 — z)® oF (2a, a + b; 2a + 2b; z) = 2Fi(a,b;a+ b+ 9? cme (3.1.6) 
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1 1 
oF, (2a,2b;a+b+ 53 z) = 2oFi(a,b;a+b+ 53 421 — z)), (31.7) 
a a,b,c S 
i) ee 
i. 
=a,5(at+1l)lt+a—b-c Az 
= af |? aia I) esa (3.1.8) 
1l+a—6b,l+a-c (1 — z) 
(1 — z)et | a,1+4a,b,c | 
tay sa,1ta—b,lt+a-—c 
1 1 
=(a+1),1+sa,lt+a—b-c 4 
= 3 ie ee reed (3.1.9) 
l+a—b,l+a-c (1 — z) 


The above definition of a quadratic transformation cannot be directly applied 
to basic hypergeometric series. For example, the a = q"” case of the identity 
in Ex. 2.26 is a q-analogue of the a = —n case of (3.1.8), but it does not fit 
into the above definition of a quadratic transformation. So we shall just say 
that a transformation between basic hypergeometric series is “quadratic” if it 
is a qg-analogue of a quadratic transformation for hypergeometric series. 

It will be seen that one important feature of the quadratic transformations 
derived for basic hypergeometric series in the following sections is that the 


series obtained from an ,@,(@1,...,@r; 61,...,6s;q, 2) series by a quadratic 
transformation will have squares or square roots of at least one of a1,..., ar, 
b;,...,65,q, 2 and possibly a square or square root of q as its base. 


3.2 Two-term transformation formulas for 3¢2 series 


In general, a convergent 3¢2(a, b,c; d,e;q,z) series cannot be expressed as a 
multiple of another 32 or of any other ,@, series. It is natural to expect that 
for such a transformation to exist there has to be some relationship among 
the parameters and the argument z. Sears [1951a,c] found that in the cases 
z = q and z = de/abc there is a whole family of transformation formulas 
for 3h2 series, analogous to Thomae’s [1879] transformation formulas for 3F» 
series. For the sake of convenience we will say that a basic hypergeometric 
series -¢5(@1,..-,@r301,...,6s3q,z) is of type I if z = q, and of type II if z 
is the product of the denominator parameters divided by the product of the 
numerator parameters. Note that a series is of both types if it is balanced. 

In this section we shall consider transformations between two 32 series. 
Such formulas may be obtained in a very straightforward manner as special 
and limiting cases of Sears’ identity (2.10.4) which, for our present purposes, 
is rewritten in the form 


d G0; b, C, | 
oe d, €, abeq!—" /de’? 


= (e/a, de /be; Q)n 
(e, de/abc; q)n 


Qe; a, d/b, d/c, . 


“aq, 3.2.1 
d, de/bc,aq'—"/e ae ( ) 


43 | 
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with v= 0,15 2,02: 

Keeping n fixed and choosing special or limiting values of one of the other 
parameters leads to transformation formulas for terminating 3@2 series. Let us 
consider this class of formulas first. 


Case (i) Letting c — 0 in (3.2.1) we get 


32 i {6/45 dn on 34, pa ee a | (3.2.2) 


, a,b 
d, e (6q)n- q)n qi— “jee e 


Note that the series on the left is of type I and that on the right is of type II. 
Formula (3.2.2) is a g-analogue of (3.1.1). 


—mT 


aq] = = 


Case (ii) Letting a — 0 in (3.2.1) gives 


q "b,c. _ (de/be; q)n be = q_",d/b,d/c. 
26a de a ~  (e@n (3) 26a d, de /be aq) (3.2.3) 


If we let c — 0 in (3.2.3) we obtain 
—n n_—(5 —n ae? b, 0 
ob (q-, d/b; d; q, bg/e) = (-1)"q-(2)(e;q)ne™ 32 h de i@ | , 
which may be written in the form (Ex. 1.15(i)) 


bz/¢:) cx 
291(a, b; c;q, 2) = a 32 . pare e (3.2.4) 


wherea=q ”", n=0,1,2,.... 


Case (iii) Let c > oo in (3.2.1). This gives Sears’ [1951c, (4.5)] formula 


q'",a,6 <f (e/a; q)n ba a, d/b | 
1) a ae ar 2 7 59,4 
d,e ab (€5q)n dag" /e 
Note that there is no essential difference between (3.2.2) and (3.2.5) since one 
can be obtained from the other by a change of parameters. 


392 | (3.2.5) 


Case (iv) Replacing a by aq” in (3.2.1) and simplifying, we get 
d hte | 
aie d, e, abcq/de man 
_ (aq/e, de/bc; q)n (=) $ eas d/c | 
~ (e,abcq/de;q)n \d Bae d, de/bc, aq/e reabe 
Set d = Ac and then let c — oo. In the resulting formula we replace A,e and 
abq/e by c,d and e, respectively, to get 
@ q ",aq”, b ; de 
34%2 d, é 4; ab 


aq/d,aq/e;q)n (de\" q-", aq”, abq/de 
= afmoatide (&) 62| / a4 (3.2.6) 
(d,€;@)n aq aq/d,aq/e b 
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which is a transformation formula between two terminating 32 series of type 
II. 

Let us now consider the class of transformation formulas that connect two 
nonterminating 32 series. 


Case (v) In (38.2.1) let us take n — oo. A straightforward term-by-term 
limiting process gives the formula 
pe =| (e/a, de/bc; q)oo poe 4 
3 pred ey See ee ae 3 ) 


— ee 
d,e tobe (e, de/abc; q)oo 20) 


d,de/be ’ 1G 
Apart from the general requirement that no zero shall appear in the denomina- 
tors of the two 3¢2 series, the parameters must be restricted by the convergence 
conditions: |de/abc| < 1 and |e/a| < 1. This formula is a q-analogue of the 
Kummer-Thomae-Whipple formula 
a,b,c T(e)'(d+e—a—b—-c) a,d—b,d—c 
P| de’ |= Renonarecteg [ay —b- 

) “ae b-—c 

where Re (e —a) > 0 and Re (d+e—a—b-—c) >0. 


. 1 , (3.2.8) 


Case (vi) Iterating ae once gives 
,a, b,c 
4s ee e, abcg'— mide 4 ql 
(b, de/ab, de/bc; q)n ”,d/b, e/b, de/abc_ 
- (d, e, de/abc; q)n 103 pee de/bc, q'~ nyt al 
Let us assume that max (|b|, |\de/abc|) < 1. Then, taking the limit n — oo, we 
obtain Hall’s [1936] formula 


a,b,c — de 
26a d,e 0 
(b, de/ab, de/bc; q).o d/b, e/b, de/abc 
= a delobe dhe 99 | “dejentaeie 3% 
Note that this is a g-analogue of formula (3.1.2). 


Before leaving this section it is worth mentioning that by taking the limit 
n — co in Watson’s formula (2.5.1), we get another transformation formula: 


‘ ie d, € val _ (aq/d, aq/€; q)oo 
: (aq, aq/de; q) 0 


aq/b ia a de 
~(1 — aq?")(b, c,d, e;q)x e ag 
iam Ge — a)(aq/b, aq/c, aq/d, aq/e; ¢)k ( | 


provided |aq/de| < 1. This is a g-analogue of the formula 
R lta-—b-cde ,| Td+a)(1+a—d-—e) 
1+a—b,l+a-—c’ | T(1i+a-—d)(1+a-e) 


(3.2.9) 


(3.2.10) 


a,1+4a,b,c,d,e 


‘ = (3.2.12) 
50,1+a—b,1+e—c,l+a—d,1l+a—e 


x oF | 
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where Re (1+ a—d-—e) > 0; see Bailey [1935, 4.4(2)]. 


3.3 Three-term transformation formulas for 3¢2 series 


In (2.10.10) let us replace a,b,c,d,e,f by Aq’, Bq',C,D,E,Fq™, respec- 
tively, and then let N — oo. In the resulting formula replace C’, D, E, Aq/B 
and Aq/F by a,b,c,d and e, respectively, to obtain 


ie b,c de | (e/b, €/C; q) co bees b,c | 
32 | = 5459 
d,e abc (e, €/bC; q) cx d, beq/e 

d/a, b,c, de/bc; q)o e/b, e/c, de/abc 
Barna 3 | ey 44) (3.3.1) 
(d, e, bc/e, de/abc; q) o de/bc, eq/bc 
where |de/abc| < 1, and bc/e is not an integer power of g. This expresses a 3¢2 


series of type II in terms of a 3¢2 series of type I. As a special case of (3.3.1), 
leta=q-” with n=0,1,2,.... Then 


q-",b,c, deq” 
302 d,e 1; be | 


_ (e/b,e/¢; d)o0 baat | 
~— (e,e/be; q)oo ane beq/e,d’"’" 


) 
(b, C3 Q)oo  (de/be; q)n b ge ee (3.3.2) 


(e,be/e;q)oo  (d3q)n eq/be,de/be °9") 

Setting n = 0 in (3.3.2) gives the summation formula (2.10.13). 
We shall now obtain a transformation formula involving three 3¢2 series 
of type II. We start by replacing a, b,c,d,e, f in (2.11.1) by Aq’, Bq’ ,C, D, 
E,Fq, respectively, and then taking the limit N — oo. In the resulting 
formula we replace C’, D, E, Aq/B, Aq/F by a, b,c, d, e, respectively, and obtain 


a,b,c de 
32 | 59; =| 


d,e abc 


_ (e/b,e/¢,c4/4, 4/4. d)oo 4 [ed/a,ca/e bq 
(e,cq/d,q/a,e/be;q)o0 *** cq/a,beq/e?”’ d 
_ (a/d, eq/d, b, ¢, d/a, de/beq, beg" /de5 q)oo , ee rrra de 
(d/q, e, bq/d, cq/d, q/a,e/be, beq/€ qa” | q2/deq/d **’ abc} 
(3.3.3) 


provided |bq/d| < 1, |de/abc| < 1 and none of the denominator parameters on 
either side produces a zero factor. If |q| < |de/abc| < 1, then 


j a,b,c, de 
oe) de? abe 
_ (e/b,e/c,4/d, ba/a, cq/a, abeq/desq)oo 4. [a/ad/a,e/a  abeg 


(e, e/bc, q/a, bq/d, cq/d, bcq/e; Q) x0 mee bq/a, cq/a Te 
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_ (b,¢,q/d, d/a, eq/d, de/beq, beg? /de; q) 0 F 
(e, e/be, q/a, bq/d, cq/d, bcq/e,d/9;Q)oo 


aq/d,bq/d,cq/d_ de 
gq? /d, eq/d 5q, abe y] 
(3.3.4) 


by observing that from (3.2.7) 

c,d/a,cq/e bq 
° eq/a, beq/e’” 4 

(abcq/de, bq /a; q) cx q/a,d/a,e/a — abcq 
~ (beq/e,bq/4;q)o0 * | ba/a,eq/a *”” de 


If we set e = Ac in (3.3.3), let c — 0 and then replace d and 4 by c and abz/c, 
respectively, where |z| < 1, |bg/c| < 1, then we obtain 


3 


(az/c,q/@;4)oo 
(b,q/c, c/a, az/q, 47/42; 9) oo ; 
91 (09/c, 69/0; 9°/C39,2). (3.3.5 
(c/q, bg/c, q/a, az/c, cq/a2; 4) o CUPL SEL SOM: 19:20) 
Sears’ [1951c, p. 173] four-term transformation formulas involving 32 se- 
ries of types I and II can also be derived by a combination of the formulas 
obtained in this and the previous section. Some of these transformation for- 
mulas also arise as special cases of the more general formulas that we shall 
obtain in the next chapter by using contour integrals. 


261(a, b3 ¢; q, z) = 2¢1(c/a, cg/abz; cq/az; q, bq/c) 


3.4 Transformation formulas for well-poised 3¢2 and 
very-well-poised 5, series with arbitrary arguments 


Gasper and Rahman [1986] found the following formula connecting a well- 
poised 32 series with two balanced 54 series: 


a,b,c agz 
26a | , a 


aq/b,aq/c’" be 


_ (883 Qoo bees sik cere | 
(5 Doo aq/b, aq/c, ax, q/x = 


(a, ag/be, agx/b, agx/C; q) co 
(aq/b, aq/c, aqz/be, 2-1; q)o0 


xa? ,—x£a2,x(aq)?,—a(aq)?,aqz/be | 


X 5p4 | (3.4.1) 


aqz/b, aqx/c, xq, ax” 
Convergence of the 3¢@2 series on the left requires that |agx/bc| < 1. It is also 
essential to assume that x does not equal q*/,j7 = 0,1,2,..., because of the 
factors (%;q)oo and (x~1;q)o. appearing in the denominators on the right side 
of (3.4.1). Note that if either a or aq/bc is 1 or a negative integer power of q, 


3.4 Transformation formulas of well-poised 3¢2 and 54 series (43) 


then the coefficient of the second 54 series on the right vanishes, so that (3.4.1) 
reduces to the Sears-Carlitz formula (Ex. 2.26). An important application of 
(3.4.1) is given in §8.8. 

To prove (3.4.1) we replace d by dq” in (2.8.3) and then let n — oo. This 
gives 


| a,b,c j (bed / aq; 4) cc 
3 an a oa ae 


aq/b, aq/c’ a (bed /qa?; q) oo 
x Jim 12Wi1 (a? q'—” /bed; a2, —a?, (aq)?, —(aq)?,a gq’ —” /be, 
oe " /bd, aq’ "/cd, a®q?—"/b*c*d’, q~"34, q) . (3.4.2) 


To take the limit on the right side of (3.4.2) it suffices to proceed as in (2.10.9) 
to obtain 
im i2Wiil ) 
_ pete n eae 
= 5D a) 59,9 
aq/b, aq/c, bcd/aq, a“q* /bcd 
bed (bed/a?, bd/a, cd/a, aq/bc, a; q) oc 
qa? (d/a, agq/b, aq/c, bed/a, a*q? /bcd; q) x 
d/a, bed/qa? , —bed/qa? , bed/q2.a? , —bcd/q? a? 
bd/a, cd/a, bed/a?, b?c?d? /qa? 
Using this in (3.4.2) and replacing d by qxa?/bc, we get (3.4.1). 


If we now replace d by dq” in (2.8.5) and then let n — oo, we obtain the 
transformation formula 


x 504 | ;q,q|. (3.4.3) 


a, qa?, —qa? ’ b, C a(aq)? 
5D 4 1 >; 
a2,—a2,aq/b,aq/c bc 
_ (l= 2") (2q(4q)? 5d) 00 ?)(@q(a9)? § 4) oo 
(x(aq)~ 23 q)oo 
«|| aq)? , —(aq)?,qa?, — 90, eas | 
59,qd 
aq/b, aq/c, xq(aq)?, q(aq)? /x 
(aq, aq/be, x(aq)? /b, x(aq)? /c; 4) oo 
(aq/b, aq/c, x(aq)? /be, (aq)? /2; q) oo 


1 1 1 
L,—L, LG? ,—L?, t(aq)? /bc 
33% J (3.4.4) 


X 5P 
an Pent eeuney air 
In terms of qg-integrals formulas (3.4.1) and (3.4.4) are equivalent to 


re | a, b,c ) 
: aq/b, ag/ei® bc 
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_ (a, aq/bC; qd) 00 
s(1 — q)(q, aq/b, aq/c, ¢/X, £3) 00 


b / : (qu/xs, qu/s, aqu/bs, aqu/cs, axu/s; q) co 
sa (ua? /s, —ua? /s, u(aqg)? /s, —u(ag)? /s, aqu/bes; q) oo 
and 


1 1 
a, qa2, —qa2 ’ b, C 
5 PA | 


1 
__— x(aq)? 
at, —at,aq/b,ag/e’” be 


Additional summation, transformation, and expansion formulas 


U, 


(3.4.5) 


_ (1 — x) (aq, ag/be; 4) 00 
s(1 — q)(q, aq/b, aq/c, z(aq)~ 2, q(aq)? /2; q)o0 


‘ / ° (uq(aq)? /sa, qu/s, aqu/bs, aqu/cs, uxq(aq)? /8; 4) oo 
sa(aq)2 (u(ag)?/s, —u(aq)?2/s, uga? /s, —uqa? /s, aqu/bsc; q)oo 


qa) 
respectively, where s ~ 0 is an arbitrary parameter. 


(3.4.6) 
If we now set c = (aq)? in (3.4.5), replace x by x/b(aq)?, and use (2.10.19), 
then we get 


xq/b, agx? /b7; q) oo 
a Paiib age yA q/b, agax*/b*; q) 


(agx/b, qx? /b?; q)oo 

| ax/b, q(ax/b)?, —q(ax/b)? ,x,a2,—a?, (aq) 
807 
(ax /b 


provided |qz/b7| < 1 when the two series do not terminate. 


L 


| _ (ax*/b*, &/9b; q) 00 
a2, —a2,aq/b — qb? 


(aqz/b, x* /qb?; Q) ss 
X 87 ’ 


ax/b, q(ax/b)? , —q(ax/b)?, (aq)?, —(aq)?,qa?, —qa?, x 


Similarly, setting c = (aq)? and replacing x by «/bq in (3.4.6) we obtain 
1 1 
a,qa?,—qa?, b 
403 | 


ax/b)? , —(ax/b)? , x(aq)? /b, —2(aq)? /b, xa? /b, —xa? /b, ag/b qb 


L 
49]? 
provided |z/qb?| < 1 when the series do not terminate. 


(3.4.8) 
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3.5 Transformations of series with 
base q? to series with base gq 


If in Sears’ summation formula (2.10.12) we set b = —c, e = —q, replace a by 
aq’,r =0,1,2,..., multiply both sides by 
(Ua le b27 r 
(—9; q)r(x*y7b?; q?)r 
and then sum over r from 0 to oo, we get 
(—1, —q, ab, —ab, OG) a ara rae? b2 
(a, b, —a, —b, b, —b; qd) oo 302 | 2h? 72y2b2 Ts 


= Cte ideo 5 (HDs os oq | aU lat oe 
(a,b, 8; d)oo <¥ (a, 4, 085g)" | 27470? g?- 25 /b? 
(=q, —ab*; q)oo , —ab*; q) Ves ~ a, —b, b; q); 9 qa ay? poe 
a asi a Sa (—a a, —b, b: q)oo rar _ q, —ab?; q); p2 2p2 2-25 /p274 ml 
(3.5.1) 


assuming that |qb?| < 1 when the series on the left is nonterminating. 

Since the two 3¢@2 series on the right side can be summed by the 
g-Saalschiitz formula (1.7.2) with the base q replaced by q?, it follows from 
(3.5.1) that 


ab; q? ore a! 
a 302 Es Pee ae ae?| 


—a, ab? g)oo a, bx, —bx, by, —b 
Speier s6e| 2 Ys a.4| 


7 (=1,0°- 0 ss —q, ab’, bry, —bxy 
(a, —ab*; q) x —a, —bx, bx, —by, by 
(—1, 67; d)oo 5? —q; —ab", —bzxy, bry? P 2] (3.5.2) 
Note that one of the terms on the right side of (3.5.2) drops out when a = 
+q-",n=0,1,2,.... Setting y = ab and using (2.10.10) gives 


(0° 0507 2G" Jaa G0" sb 5d) ss 
(a*b*, b*a*; G”)oo(b*, ab" x"; q) 00 
x g3W,(ab?x?/q; a, x2, —x, bx, —bx; q, ab”), (3.5.3) 


o¢1(a’, x; a*27b*; q’, qb") = a 


where |qb?| < 1 and |ab2| < 1 when the series do not terminate. By apply- 
ing Heine’s transformation formula (1.4.1) twice to the 2¢1 series above and 
replacing b by g2/b we find that 


261 (a", b°;a°q°/b*;q°,2°q" /b*) 


_ (qa*x? /b*, g?a*x? /b*; G7) 00(aq/b*, gz*/b7; qd) c0 
(qu? (079° a? /0°707) 6 (qa*/b* aqz? /b7; a) ss 
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1 1 
2 2\2 2\ 2 5 5 
ax ax ax LQ? —XLq? 
b2 a( b2 ; -a( b2 ) ,a,L2, 2D, : d 
X gh7 


1 1 5 an” > B2 ’ 
ax” \" _ (ax? \" ga" agx -aqx axq? —axq? 
b- ’ b* ’ b2 ’ b- ’ b- ’ b ’ b 
(3.5.4) 


provided |aq/b2| < 1 and |rq/b?| < 1 when the series do not terminate. This 
formula was derived by Gasper and Rahman [1986], and a terminating version 


o 


N]e 


of it was given earlier by Verma [1980]. Application of the transformation 


formula (2.10.1) to the g¢7 series on the right of (3.5.4) yields an equivalent 
formula 


261 (a”, b?; a2q”/b"; q’, x7q"/b*) 


_ (ga? x? /0?, qa? x? /b4; g?)00(—xg? /b, — arg? /8°; g) 0 
(qu? /b?, q?2x2/b4; g 2) .,(—axq? /b, —a?xq2 /b3; q)o0 


; —xa*q? /b®, q(—xa%q? /b?)?, —q(—xa"q? /b*)2, a, 
x 1 1 1 1 
ne (—axa2q2 /b?)2, —(—2xa%q2 /b*)2, —axq? /b°, 
aq2/b, —aq2/b, —aq/b?, —2xq?/b xq? 
: -g, -—— |, (3.5.5) 
—aqz/b?, agqz/b?, axgq?/b, qa?/b? b 


where |xq/b?| < 1 and |xq2 /b| < 1 when the series do not terminate. It is clear 
that formula (3.5.5) is a g-analogue of the quadratic transformation formula 


—49 
(=a 
(3.5.6) 


We shall now prove the following transformation formula due to Jain and 
Verma [1982]: 


1 
oF, (a,b;1+a—b;2*) = (1-2) “ 2Fi(aat 5 — b;2a +1 — 20; 


db a,q?a?, —q 2q2 , b,c, cq, d, dq, e, eq » aq 
109 az, —q2 , aq’ /b, aq? /c, aq/c, aq? /d, aq/d, aq? /e, aq/e’ 1 ; bc2. d2e2 
_ (aq, ag/ed, aq/ce, aq/de; q) (aq/b)? , —(aq/b)?,¢, d,e | 
7 (aq/c, aq/d, aq/e, aq/cde; q) oo ae 19,4 


(aq)? , —(aq)?, aq/b, cde/a 
(aq’, a°q?/c*d*e*; 9g”) 00(¢, d, €, a°9"/bede; q) 00 
(aq? /b, a° gq? /bc2d7e?; g?) 0. (aq/c, aq/d, aq/e, cde/aq; q)x 
(aq? /bc2d?e?)2, —(a3q3/bc2d2e)2 , aq/cd, aq/ce, aq/de 
x 5PA ; ‘ 59,d/ ; 
(a°q? /c2d*e7)2, —(a%q?/c*d7e7)2 , a*q? /bcde, aq? /cde 


(3.5.7) 
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with the usual understanding that if the i9¢9 series on the left does not ter- 
minate then the convergence condition |a°q? /bc?d7e7| < 1 must be assumed to 
hold. 

First we rewrite (2.10.12) in the form 


(aq*”*1, aq/cd, aq/ce, aq/de; q) ox a go edge eG Ge. 
(eq2”, dq2”, eq2”, aq!—2” /cde: q)oo <~ (4, ara cdeq?” a: q)r 


(a2? ¥? /cde; d) > (aq/cd,aq/ce,aq/de;q)r 
(cdeq?"-*/a; q)o0 A¢ (a, 02g?" ede, ag? /ede; 4), 
= (aq/c, aq/d, aq/e; Q)oo (c, d, €; Q)an 
=". (3.5.8) 
(c, d, €, @)oo (aq/c, aq/d, aq/e; d)on 


where n is a nonnegative integer. Using (1.2.39) and (1.2.40), multiplying both 
sides of (3.5.8) by 


(a, 6;q?)n(L—ag*") (_a%q?_\" 
(q?, aq?/b; q?)n(1— a) \be?d?e? J 
and summing over n from 0 to oo, we get 
10Wo(a; b, c, cq, d, dq, e, eq; g°, a°q° /bc*d?e”) 


_ asain cebai lot Pa =H 
~ (aq/c, aq/d, aq/e, aq/cde; q) oo (q?, aq? /b; q?)n(1 — a) 


(cde/a; q)an (aq; q) b : agit cma 


(c, d, e, a7q?/cde; q) x 3 (a, b; q7)n(1 — aq*”) 
(aq/c, aq/d, aq/e, cde/aq; q) (q?, as q?)n(1 — a) 


. (cde/aq; q)on Ce aq/cd, aq/ce, aq/de . 
(a*q*/cde; q)o, \bc?d7e* / ie a2g2"+2 Jede, aq?-2" /ede’ 4 


(3.5.9) 
The first double series on the right side of (3.5.9) easily transforms to 
ete ce ae sham mem) 
which, by (2.4.2), equals 
c,d, e, (aq/b)?, —(aq/b)? 
aq/b, cde/a, (aq)? —(aq)? 


Similarly we can express the second double series on the right side of (3.5.9) 
as a single balanced 5¢,4 series. Combining the two we get (3.5.7). 

The special case of (3.5.7) that results from setting e = (aq)? is particu- 
larly interesting because both 5,4 series on the right side become balanced 4¢3 


5PA 


) ) 
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series which, via (2.10.10), combine into a single g¢7 series with base g. Thus 
we have the formula 


db | a, q°a?, —q’a?, b, C, Cd; d, dq = ioe a*q? 
8 | a4, at, aq2/b, aq?/c,aq/c,aq?/d,ag/d’” * bed? 
_ (aq, aq/be, aq/cd, —aq/cd, aq/db?, —aq/db? > Q)oo 
(aq/b, aq/c, aq/d, —aq/d, aq/cdb?, —aq/cdb? ) oo 
x d | —a/d, q(—a/d)2, —q(—a/d)?,¢, b2, —b2, (aq)? /d, —(aq)?/d -g aq 
(—a/d)?, —(—a/d)2, —aq/cd, —aq/db? ) aq/db?, —(aq)?, (aq)? ~ be 
(3.5.10) 


where |a2q?/bc?d?| < 1 and |aq/bc| < 1 when the series do not terminate. 


3.6 Bibasic summation formulas 


Our main objective in this section is to derive summation formulas containing 
two independent bases. Let us start by observing that when d = a/bc Jackson’s 
3/7 summation formula (2.6.2) reduces to the following sum of a truncated 
series 


. Lag (a bea/bege x _ (ag baeqag/be dn (3 6 1) 
<— 1-a (q,aq/b,aq/c, bcq; q)k (q, ag/b, aq/c, beg; q)n’ 
where n = 0,1,... . Notice that this series telescopes, for if we set o_; = 0 
and 


Co, = (aq, bq, Cd, aq/bc; q)k (3 6 2) 
(q, aq/b, aq/c, beg; ¢)k 


for k = 0,1,..., and apply the difference operator A defined by Aug = uz — 
Up—1 to ox, then we get 


(1 => aq?")(a, b, C, a/be; Q)k k 


Ao, = = 1“ ¢ 
‘ (1 7 a) (q, aq/b, aq/c, bcq; Q)k 


(3.6.3) 


which gives (3.6.1), since 
Ss Aug = Un — U_1 (3.6.4) 
k=0 


for any sequence {ug}. 
These observations and the bibasic extension 


ry = Ao bmi P) ated, ag/ 0G 9) (3.6.5) 
(q, aq/b; q)x(ap/c, bep; p) x 


of ox were used in Gasper [1989a] to show that 


(1 — ap*g*)(1—bp*q-*) (a,b; p)k(c,a/be;q)k x 


i —_qeamiaay (G@egu@neiamr 8 
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which, by (3.6.4), gave the indefinite bibasic summation formula 


1a) 


y (1—ap*q")(1—bp*q"*) (a, b;p)k(c,a/be; Qe 
(1 — a)(1 — 6) (q, aq/b; q)n(ap/c, bep; P)k 
_ (ap, bp; p)n(eq, ag/be; q)n (3.6.7) 
(q, 49/6; g)n(ap/c, bcp; P)n 

for n = 0,1,... . Notice that the part of the series on the left side of (3.6.7) 
containing the q-shifted factorials is split-poised in the sense that aq = b(aq/b) 
and c(ap/c) = (a/bc)(bcp) = ap, while the expression on the right side is 
balanced and well-poised since 


(ap) (bp) (cq)(aq/bc) = q(aq/b)(ap/c) (bcp) 


k=0 


and 
(ap)q = (bp) (aq/b) = (cq)(ap/c) = (aq/bc)(bep). 
The b — 0 case of (3.6.7) 


s L—ap*q® (a;p)n(Ga)e_ rk _ (@PiP)n(CH9)n_—n (3.6.8) 


— 1-a_  (q54)K(ap/c;p)k (q3q)n(ap/c;P)n 


is due to Gosper. 
To derive a useful extension of (3.6.7), Gasper and Rahman [1990] set 


(ap, bp; p) (cq, ad*q/bc; q)x 


°* ™ (dq, adq/b; q)x(adp/c, bep/d; p)x oe) 
for k = 0,+1,+2,..., and observed that 
AS, = Sk — 8k—1 
_ (ap, bp; p)e—1(cq, ad?q/bc; q)k—1 
(dq, adq/b; q)x(adp/c, bep/d; p) x 
x {(1 — ap*)(1 — bp*)(1 — eg*)(1 — ad*q" /be) 
—(1 — dq")(1 — adg* /b)(1 — adp*/c)(1 — bep* /d) } 
_ d(1—c/d)(1 — ad/bc)(1 — adp*q*)(1 — bp* /dq*) 
(1 —a)(1 — b)(1 — c)(1 — ad2/bc) 
(a, b; p)x(c, ad? /bc; q) nq" | (3.6.10) 
(dq, adq/b; q)x(adp/c, bep/d; p)x 
Since (3.6.4) extends to 
> Auk = Un — U—m-1; (3.6.11) 


k=—m™ 
where we employed the standard convention of defining 
Am + Am+1 ++*' + an, m<n, 


n 
S| ak = 0, m=n+l, 
k=m 


—(Qn41t+@ng2+-+:+@m-1), mM>n+2, 
(3.6.12) 
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for n,m = 0,+1,+2,..., it follows from (3.6.10) that (3.6.7) extends to the 
indefinite bibasic summation formula 
3 (1 —adp*q*)(1—bp*/dq*) (a,b; p)n(c, ad? /bc; q) if 
(1—ad)(1—6/d) — (dq, adq/b; q)x(adp/c, bep/d; p) x 
(1 — a)(1 — b)(1 — c)(1 — ad? /bc) 
d(1 — ad)(1 — b/d)(1 — c/d)(1 — ad/bc) 
(ap, bp; p)n(cq, ad*q/be; q)n (c/ad, d/bc; D)m+1(1/d, b/ad; q)m-+1 
( 


k=—m™ 


dq, adq/b; q)n(adp/c, bep/d;p)n — (1/c, bc/ad?; q)m+4i(1/a, 1/0; P)m4s 
(3.6.13) 
for n,m = 0,+1,+2,..., by applying the identity (1.2.28). Observe that (3.6.7) 
is the case d = 1 of (3.6.13) and that the right side of (3.6.9) is balanced and 
well-poised since 


(ap) (bp) (cq) (ad*q/be) = (dq) (adq/b)(adp/c) (bep/d) 
and 

(ap) (dq) = (bp)(adq/b) = (cq) (adp/c) = (ad“q/bc)(bep/d). 
It is these observations and the factorization that occurred in (3.6.10) which 
motivated the choice of sz in (3.6.9). 

If |p| < 1 and |q| < 1, then by letting n or m tend to infinity in (3.6.13) 

we find that (3.6.13) also holds with n or m replaced by co. In particular, this 
yields the following evaluation of a bilateral bibasic series 


3 (1 — adp*q*)(1 — bp*/dg*) — (a,b; p)¢(c, ad? /be; q) x if 
(1 — ad)(1 — b/d) (dq, adq/b; q)x(adp/c, bep/d; p)x 
(1 — a)(1 — b)(1 — c)(1 — ad? /bc) 
d(1 — ad)(1 — b/d)(1 — c/d)(1 — ad/bc) 
{ (ap, bp; DP) oo (cq, ad*q/be; 7) 00 (c/ad, d/bc; DP) o.(1/d, b/ad; q) oo 
( y) 


k=—oo 


dq, adq/b; q)o0.(adp/c, bep/d;p)oo (A/c, be/ad?; q)0(1/a, 1/0; D) oo 
(3.6.14) 


where |p| < 1 and |q| < 1. 
In §3.8 we shall use the m = 0 case of (3.6.13) in the form 


3 (1 — adp*g*)(1 — bpt/dg*) _(a,bip)a(cad?/bea)e 
(l1—ad)(1—b/d) (dq, adq/b; q)x(adp/c, bep/d; p) x 
(1 — a)(1 — b)(1 — c)(1 — ad? /bc) 
d(1 — ad)(1 — b/d)(1 — c/d)(1 — ad/bc) 
(ap, bp; P)n (eq, ad*q/bc; q)n 
(dq, adq/b; q)n(adp/c, bep/d; p)n 
— (1—d)(1 — ad/b)(1 — ad/c)(1 — bc/d) (3.6.15) 
d(1 — ad)(1 — b/d)(1 — c/d)(1 — ad/bc) = 
There is no loss in generality since, by setting k = 7 — m in (8.6.13), it is 
seen that (3.6.13) is equivalent to (3.6.15) with n,a,b,c,d replaced by n + 


k=0 
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m,ap ™,bp-™,cq_™,dq ™, respectively. We shall also use the special case 
c=q " of (3.6.15) in the form 


s (1 — adp*q*)(1—bp*/dq*) (a, b;p)n(q7",ad?q"/byq)k ig 
“~ — (1—ad)(1—b/d) — (dq, adq/b; q)k (adpq”, bp/dq”; p) 
(1 — d)(1 — ad/b)(1 — adq”) (1 — dq”/b) 


= hd Ne ee ee 3.6.16 
(I= ad)(1 — d/b)(1 = dgr)(1 = adg*/6)’ ne 
where n = 0,1,... . The d — 1 limit case of (3.6.16) 
nm T= kk 1 — bok q-* b: —n n /b: 
ee (1 —a)(1—6) (q, aq/b; q)(apq”, bpq—”; p)x 
where On,m is the Kronecker delta function and n = 0,1,..., was derived inde- 


pendently by Bressoud [1988], Gasper [1989a], and Krattenthaler [1996]. 
If we replace n, a,b and k in (3.6.17) by n—m, ap™q™ , bp™q—™ and j —m, 
respectively, we obtain the orthogonality relation 


Ns Capi — Cam (3.6.18) 
ees 
with 

ne (-D""7 (1 — ap?q’)(1 = bp?) (apa”, bpg-"; P)n—1 

(9; ¢)n—3(apq”, bpq-"; p);(bqt—?"/a;q)n—j 
(3.6.19) 

ap” ae 6 ne eae ee a is j-m q—m 

oe : ec i pCa). (3.6.20) 


This shows that the triangular matrix A = (a,;) is inverse to the triangular 
matrix B = (bjm). Since inverse matrices commute, by computing the jk'? 
term of BA, we obtain the orthogonality relation 

j—k = a 
> (1 — ap*g*)(1 — bp*q~*)(ap***g**™, bp***q-*—"; p) 3-4-1 
= (95 ¢)n (93 ¢)j—n—n (ag?**"/0; q)j—K-1 


; j—k—n 
x (1 _ ghee (—1)"grG-k-D+(° D ) = 0) bs (3.6.21) 


which, by replacing j,n,a,b by n+ k,k,ap-*—'q-", bp *—‘'q*, respectively, 
yields the bibasic summation formula 


n ki Gn ks 2k 
(: _ =| ¢ = -) »: (aq , bq nT ad /b) (—1)Fg(2) = 5n,0 
p DP) << (Ga) «(95 W)n—K (9% /0; Q)n41 

(3.6.22) 
for n = 0,1,... . The b — 0 limit case of (3.6.22) was derived in Al-Salam 
and Verma [1984] by using the fact that the n‘® q-difference of a polynomial 
in q of degree less than n is equal to zero. For applications to g-analogues of 
Lagrange inversion, see Gessel and Stanton [1983, 1986] and Gasper [1989al. 
Formulas (3.6.17) and (3.6.22) will be used in §3.7 to derive some useful general 
expansion formulas. 
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3.7 Bibasic expansion formulas 


One of the most important general expansion formulas for hypergeometric 
series is the Fields and Wimp [1961] expansion 


Ans Cr. (GR)n(@)n(B)n “ (=2)" 
pasta Fa di, ou] = Py aaceon (bs)n : fs nn a 


n+an+fB,nt+ap. 
X p-ol's41 | L+2n+7,n +b, | 
=e Vee 
X ++2Fu+2 | aoa ea | (3.7.1) 
Q, ) U 
where we employed the contracted notation of representing a1,...,a, by ap, 


(1)n-**(@r)n by (@p)n, and n+ a4,...,n +a, by n+aRg. In (3.7.1), as 
elsewhere, either the parameters and variables are assumed to be such that 
the (multiple) series converge absolutely or the series are considered to be 
formal power series in the variables x and w. Special cases of (3.7.1) were 
employed, e.g., in Gasper [1975a] to prove the nonnegativity of certain sums 
(kernels) of Jacobi polynomials and to give additional proofs of the Askey and 
Gasper [1976] inequalities that de Branges [1985] used at the last step in his 
proof of the Bieberbach conjecture. 
Verma [1972] showed that (3.7.1) is a special case of the expansion 


CO 


(2w)” ntk\P)n+k k 
ye n! p Be sewers zn a 


(—n);(n+7)5 
oe HM), (8); A (3.7.2) 


and derived the g-analogue 


n=0 : 

_ ~ g(2) (a, 23q) at : 
ae a ‘Oi ° aan CE yq2rtt: g ntket 
Garay en (3.7.3) 

<j (40,654); 


To derive a bibasic extension of (3.7.3) we first observe that, by (3.6.17), 


5! (1 — yp" t3gr*4)(1 — op"*3q-"-4) (yp"q", op" a"); 
= (l- wre) epg”) (q, yo *q?" +13 q); 


(G90 gy), 


To = Sm,0 (3.7.4) 
(yprt} gh t™ gpttlg r m: 9); Le 
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for m = 0,1,... . Hence, if C;, are complex numbers such that C;9 = 1 for 
r=0,1,..., then 

pees 3 Layo tg ?m (yo 1975 dm (19 OPT") 
. i yonge” (q; Qn(yoat™, opq-™—™: p), 


m=0 


x GB a Coe 045 


(q;Q)K(43Q)n(ypq"t*, opq-"*; p)n 


x (9a tg g)ate—pipg' 0nd "plang °34); 
ABC cage) (3.7.5) 


by setting 7 = n-—r and m=n+k-—vr. Then by multiplying both sides 
of (3.7.5) by A,;w"/(q;q), and summing from r = 0 to oo we obtain Gasper’s 
[1989a] bibasic expansion formula 


s A,B, ae _ > (1 = ra") — opt) (_ ayngnt() 
n=0 , n=0 


> (GQ)n 
ae —1,2n+2k 
Yo 4 k 
ee 
di (Ga)e(ypa"t*, opq-"-*; pn” 


. (G0 q)5 eg its gee ee es 


(q39); 


x 
j=0 


x (ypq?, opq4;p)n—1AjCjntn-jpwrgrd-"*), (3.7.6) 
where C;9 =1, for 7 =0,1,.... 
Note that if p = q and C;,m = 1, then (3.7.6) reduces to an expansion 
which is equivalent to 


yA pe ap mean al 


= (q, YG" Qn or 


, My (yer /o, qt Vy/o,-a y/o, 1/0,09" Ba Dk yk 
k=0 


ntket 
(q,g°V/y¥/o, -—G? V¥/0,74¢7""13 ak 


3 


(q-" a" 30); 


x ————— es SS 
(aq a"*t/o,q'-"/0, 0, B54)” 


A;(wq)’. (3.7.7) 


Verma’s expansion (3.7.3) is the o — oo limit case of (3.7.7). For basic hyper- 
geometric series, (3.7.7) gives the following g-extension of (3.7.1) 


r+tPstu Pay dy 59; cu 
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= \ (cr,ex,0,yP*"/03.9); ey [(—1)aq(2)}utm—t-h 

(q,du,fu,y@3q)j;  \o 

vq" fo, qt  /y/o,-@t* /y/0,07", 
gV/y/o,-0P y/o, 79791", dy, 

iat 


X t+k+4Putm+3 | 


Cr’ a 


. J 
fy 1079 


GAG Gast g , 
X r+mt2Ps+k+2 g'- Jo, Dox 54, Wd! ,; (3.7.8) 
where we used a contracted notation analogous to that used in (3.7.1). 


Note that by letting o — oo in (3.7.8) and setting m = 2, f; = fo =0 we 
get the expansion 


_ Nope 5 T73 - - exi Qi oi |(—1)ig(2)¢+38-t-4 
(q, a (G4 YH D)35 


CrP CK? aid 
x L 
t+kPutl om d yO 59, 2q 
I, 7, an 
b 


which is equivalent to Verma’s [1966] g-extension of the Fields and Wimp 
expansion (3.7.1). Other types of expansions are given in Fields and Ismail 
[1975). 

Al-Salam and Verma [1984] used the b — 0 limit case of the summation 
formula (3.6.22) to show that Euler’s transformation formula 


+ a =r 18 Ef (x) A* (3.7.10) 
n=0 


q 
X rt 2Pstk | 4; us| (3.7.9) 


SK 


where 
f(z) =b) +b)2 + box? +--- 


and 


has the bibasic extension 


3 Lei Sealy Oe Os 
k=0 n=0 CE q) 


k—n(apq"; DP) n 
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«d ae oP 'T5P)s py (—ayigld. (3.7.11) 


The p = q case of (3.7.11) is due to Jackson [1910a]. 

In order to employ (3.6.22) to extend (3.7.10), replace n in (3.6.22) by j, 
multiply both sides by By+;2"*/ (a/b) gi , sum from j = 0 to oo, change the 
order of summation and then replace k by k —n and 7 by 7 +k —7n to obtain 


a _ 7A2k—-2n 
Boa" = (.- “) (1- | ye 
P Pp) <~ — (GQ) k—n 
k-—n : = 
(aq , bg” *p), +k—n—-1 a\jtk—n 
‘Soe 


(aq" =") 0;q) pn SOO 


jt+k—n+1 
ae 


x sails lontontulli (3.7.12) 


Next we replace a by ap”t!q”, b by bp”*!q-”, multiply both sides by A,,w 
and then sum from n = 0 to oo to get 


~  (apg*, bpq-"; p) k—1 a 
ALB Gp) = Se 

2d oe d (aq*/b; q)k 

(1 — ap"q”)(1 — bp"q-")(aq* /b3q)n Aa 
k = nW 

(9; @)k—n(apq", bpq—*; Dp) n 
(ap*q", bp*q—";p); é- eye 
(93.9); (aq?*t1/b;q); \ b 


. : ] it+k—n 
x Great _ayighematrn-no(hye™ oo) (3.7.13) 


This formula tends directly to (3.7.11) as b > 0. By replacing A, Bn, x, w 
by suitable multiples, we may change (3.7.13) to an equivalent form which 


tends to (3.7.11) as b > oo. In addition, by replacing A,, B,, x, w by An@2), 


Bnq7 22), bx/a,aw/b, respectively, we can write (3.7.13) in the simpler looking 
equivalent form 


= —— (apg’, bpg—*sp)e—1 ve (REY) 
A,B,2"w” =) —————_ (- 2) "qh 2 
di, 2 (q,aq*/b; q)k 9) 
k 
(1 — n pr —n —k k b: im 
>> ap" q”)( bpd an. ag°/O5 dm 4 ayn 
a oe aos ;P)n 
: y& (apta", bra *sP)s B adg? (3.7.14) 
4 (qag?k**/b3q)5 
As in the derivation of (3.7.6), one may extend (3.7.14) by replacing Bj, 
by ByirCnj+k—-n with Cro = 1 for n = 0,1,.... Multivariable expansions, 
which are really special cases of (3.7.6) and (3.7.14), may be obtained by 
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replacing A, and B, in (3.7.6) and (3.7.14) by multiple power series, see, e.g. 
Gasper [1989a], Ex. 3.22 and, in the hypergeometric limit case, Luke [1969]. 
For a multivariable special case of the Al-Salam and Verma expansion (3.7.11), 
see Srivastava [1984]. 


3.8 Quadratic, cubic, and quartic summation 
and transformation formulas 


By setting p = q@ or g=p’,j = 2,3,..., in the bibasic summation formulas of 
$3.7 and using summation and transformation formulas for basic hypergeomet- 
ric series, one can derive families of quadratic, cubic, etc. summation, transfor- 
mation and expansion formulas. To illustrate this we shall derive a quadratic 
transformation formula containing five arbitrary parameters by starting with 
the q = p* case of (3.6.16) 


> (1 — adp?*)(1 — b/dp*) (a,b; p),(p~ 2”, ad?p?” /b; p?) x ai 


<~  (1—ad)(1—b/d) — (dp?, adp?/b; p?),(adp?”*", bp'~?” /d; p)x 


_ (1—4)(1 ~ ad/b)(1 — adp™) (1 — dp” /b) Tr 
(1 — ad)(1 — d/b)(1 — dp”) (1 — adp?”/b)’ 8. 


wheren = 0,1,.... 
Change p to q and d to c in (3.8.1), multiply both sides by 


(ac? /b; q?)n(c/d; Q)an 
(q7; q7)n(acq; q)an 


and sum over n to get 


(ac? /b; q?)n(cq/b; q)an(1 — c)(1 — ac/b 
Sy fae ig nloa/b aan Kt /b) 


(95g? )n (ac; q)an(1 — eg?”)(1 — acg?”/b) ~" 


Sr yr Lasea* (1 — b/eg") 
7 Xd (1 — ac)(1 — b/c) 
x ba bi ga(act/di a" )n+e(c/bid)an—w__ (29)* (5) 
(cq?, acq? /b; q*)k(q7; q7)n—k(acq; q)antk ( b ) q Cn 
_ = (1 — acg?*)(1 — b/cg*) (a,b; g) (ac? /b; q?)2%(¢/b; a) (ety ( 


(l—ac)(1—b/e) — (eq?, acq?/b; q?)x(acg;q)axr \ b 


> (ac?q** /b; q?)m(cq* /b; q)am 
ee mm: 3.8.2 
‘ (92; q2)m(acq?*41;q)am ( ) 


m—0 


Setting 
(1 — ac*q*" /b)(d, e, f3q7)n(a*q?/def)” 
(1 — ac?/b)(ac*q? /bd, ac?gq?/be, ac2q?/bf; q?)n’ 


it follows from (3.8.2) that 
10 Wo(ac*/b; ac/b, c, cq/b, cq” /b, d, e, f; q°, a°c*q” /def) 


Cn 
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(1 — ac)(1 — b/c) (cq?, acq? /b; q7)~(acq; ¢)3k 


(des fi )n(a?erg? /bde f)" k 
(Gq? bdactq?/be a2 bp 
x gsWr(ac?q**/b; cq*/b, cq*** /b, dq?*, eq?®, fq?*; 7, a7c?q° /def). (3.8.3) 


If we now assume that 
a*c*q = def, (3.8.4) 


then we can apply (2.11.7) to get 
gW2(ac?q** /b; cq® /b, cq** /b, dq?* , eq?™, fq"; q", q”) 


(ac qb; bf /ac2q?*, abq2k+1 acq**? /d; a” xs 
(acg3*+2, acg3*+1, ac2g?2*+2 /bd, ac2qg2*+2 /be; g?) a0 


: (acg**? /e, acq**" /d, acq**1 /e, ac?q? /bde; q) ox 
(be f /ac?, bdf /ac?, f /acq*, f /acq*—1; q?) x 
bfg- **(ae*g?***/b; eq" /b; cq" /b.idg?"eq°": 0" )ss 


ac? (ac2g2k+2 /bf, acg3*t2, acg3k+1, ac2g2k+2 /bd; q2) x0 


. (fq?/e, fq?/d, bfq?-** /ac?, bf q**1/c, bfq**?/c; q7) cx 
(ac*q?*+? /be, be f /ac*, bdf /ac?, bf2q2/ac?, f /acg®, f /acg*—1; q7)c0 
x gW7(bf?/ac’; fa?*, bef /ac’, bdf /ac?, f/acq”, f /acq**; q’,q°), (3.8.5) 
which, combined with (3.8.3), gives 
10 W9(ac?/b; c,d, e, f, ac/b, cq/b, cq? /b; q?, @”) 


(ac?q? /b, ac*q? /bde, abq, bf /ac?; q7) o.(acq/d, acq/€; q) co 

: y (1 — acgq?*)(1 — b/cq*)(a, b, c/b; qe (d, €, £5.47) 7k 

<= (1 — ae)(1 — b/e)(cq*, acq* /b, abq; 9° )x(acq/d, acq/e, acq/f; 4) k 
bf (ac*q?/b, d, e, fa" /d, fa /e, bf? /ac?; q7)oo 

= ac? (ac*q? /bf, ac2q? /be, ac*q? /bd, bdf /ac?, be f /ac?, bf2q? /ac?; gq?) cx 
. dof a/c, 6/05 oo 
*“(acq, f /ac; Q)oo 

: 5! (1 — acq**)(1 — b/cq*) (a,b; q)K(ac?/bf, f;47)k a 
=~ (1=ac)(1— b/c) — (eq?, acq?/b; q?)(bfa/c, aca/f; a)x 


x gWr(bf?/ac*; fq", bdf /ac’, bef /ac*, f /acq", f/acq*~*;q7,q7). (3.8.6) 
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The last sum over k in (3.8.6) 
(bf? /ac?, f, bdf /ac?, bef /ac?, f /ac, fa/ac; 2); (1 — bf2q*% /ac?) 
~ (2, bf q@2/ac?, fa?/d, Fa?/e, bfa?/c, bfa/c,42);(1 — bf?/ac?) 
: zs (1 — acq**)(1 — b/cq*) (a,b; q)e(ac*/bfqr, fa 34° )k 
(1—ac)(1—b/c)  (cq?, acq?/b; q?) 4 (bfq2I+1/c, acq!—9/f;4)x 
$e (of2/ae , f, bdf /ac?, bef /ac*, f /ac, fq/ac;q°);(1 — bf?q™ /ac*) » 
3 (@, bfa?/ac’, fa°/d, fa°/e, bfa?/c, bfa/c; 9°)5(1 — bf? /ac*) r 
(1 — c)(1 — ac/b)(1 — ac/fq*?)(1 — bf q” /c) 
* (1 — ac)(1 — 6/e)(1 — fai /e)(1 — ac/b fq) 
(2, ; q)oo( fq", ac?/bfq??3q7)oo it 
(c, ac/b; q?) co (ac/fq??, bf g?4/C; 4) 


_ 1=0)(1 — ac/t)(1 — f /ac)(1— bf /c) 
(= e/b)(1 — ac)(1 — f/e)(1 — bf fac) 
x 190Wo (bf? /ac’; f, bdf /ac*, bef /ac*, bf /ac, f/c, fq/ac, fq? /ac; 4°, q°) 


OO 


M 


2k 


>, 


iy sn 
ac(1 — ac)(1 —c/b)(1 — f/c)(1 — bf /ac) 
(a, b; q)o0(f, ac*/bf3 9") 00 


. (oP, a0f? [6s Poca] F,0F 4/6 Da 
7 3 (bf? /ac?, bdf /ac*, bef /ac*, f/c, bf /ac; q*); (fara) ? 
a (@?, fa?/d, Fa? /e, bf? /ac, Fa /e4?);  (1—bf?/ac?) \ ab ) * 

(3.8.7) 


by the n = oo case of (3.6.15). Thus, 
bf (1 —c)(1 — ac/b) 


10Wo(ac*/b; c, d, e, f, ac/b, cq/b, cq” /b; q°, 4°) — ac*(1— f/c)(1 — bf /ac) 
Ne 


(ac*q?/b, d, e, fq7/d, fq?/e, bf q7 /ac?; q 
* (bf2q 2 /ac?, ac?q? /be, ac2q? /bd, bdf /ac?, bef /ac?, “2 q?/bf; 47) 


bf? . bdf bef J bf fa fa" @ | 


. Mofile ca/bs doo ay, f bf fa 
(ac, fq/ac; q)c LOW Nie Gee Gee 6 ue ae ae 

_ (acq/d, acq/e; q)o.(ac?q? /b, abq, bf /ac*, ac*q* /bde; q*) 
7 (acq, f /AC; @)oo(ac2q? /bd, ac*q? /be, bdf /ac?, be f /ac?; q7) 


OTe (a, b, cq/b; q)x(d, e, f;q7)x gh 
«2. = ac (or, aag?/8, abq; 4). (aoa/4, aeg/e, aca) Faye 


bf? (a, b, cq/0; q) 
1 G7 =e = By ae Gehan aca as 
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(cq?, acq? /b, ac?q?/bf, ac?q? /be, ac?q? /bd, bdf /ac?, be f /ac?, bf 2q? /ac?; gq?) oo 


3 3 (bf? /ac*, bdf /ac?, bef /ac*, f /c, bf /ac; q7); 
(q?, fq?/d, fq?/e, bfq?/ac, fq?/c; 9"); 


j=0 
(1 — bf2q"/ac®) (_ fa? \" 42 
~ (1 — bf?/ac?) © (-4) q’ (3.8.8) 
when (3.8.4) holds. 
Now observe that since 
(aaa, -ava,e,de fia (-=)’ 2) 
j=0 (q, Va, —/a, aq/c, aq/d, aq/e, aq/f; q); cde f 
— (aq, aq/ef3 4) oo aq/cd,e,f aq 
~— (aq/e, aq/f;q) oe be aq/d?” 4] oo) 


by the n — oo limit case of (2.5.1), the sum over 7 in (3.8.8) equals 


(q?, bf 2q? /ac?; gq”) cx f /c, bf /ac, ac?q?/bde- 
(bf? /ac, fa*/03 4?) 26a | f2/d, fe2/e P|. ee) 


Hence, by setting e = a*c?q/df in (3.8.8) we obtain the Gasper and Rahman 
[1990] quadratic transformation formula 


10W9(ac?/b; f,ac/b, c, cq/b, cq? /b, d, a?c?q/df;q?,q) 
(ac?q?/b, bf /ac?, ac/b, c, cq/b, cq? /b, bf g? /ac; q7) 
(bf2q?/ac?, ac? /bf, ac2q?/bd, df q/ab, bdf /ac?, abg/d, cq?; gq?) c0 


: (fq°/c, bf /c, bfa/c, fq?/d, df?q/a?c*, d, a*c*q/ df; q) oo 
(acq?/b, f/c, bf /ac, ac, acd, fq/ac, fq? /ac; G \ss 


x 10Wo(bf*/ac’; f, bdf /ac?, abq/d, f/c, bf /ac, fq/ac, fq’ /ac;q°,q°) 


+ 


(a, b, cq/B; q) o0 
(ac, ac/f, fq/ac; q)co 
(f,d,a’c*q/df, bf /ac*, ac*q?/b, fq? /d, df?q/a*c?, 97; 97) x 
(bf /ac, f /c, cq, acq? /b, ac*q? /bd, dfq/ab, bdf /ac?, abq/d; q*) 
fleof/jac,fa/ab 5 
fq?/d, df2q/a2c2?* °" 


(acq/d, df /ac; q)o0(ac?q*/b, abg, bf /ac*, fq/ab; q7) 
(acq, f /ac; q) oo (ac*q?/bd, dfq/ab, bdf /ac?, abq/d; q2) 0 


k=0 L= ac (cq?, acq?/b, abq; q?).(acq/d, acq/ f, df /ac; Q)k 


x 200 | 


(3.8.11) 
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Note that the first two terms on the left side of (3.8.11) containing the 
10 Wo series can be transformed to another pair of 19Wg9 series by applying the 
four-term transformation formula (2.12.9). Since the 3¢2 series in (3.8.11) is 
balanced it can be summed by (1.7.2) whenever it terminates. When c = 1 
formula (3.8.11) reduces to the quadratic summation formula 


> 1 — ag?* (a, b, q/b; q)n(d, f, a2q/df;.q7)x i 
— 1-a (q?,aq?/b, abg; q?)x(aq/d, aq/f, df/a; a)x 


(aq, f/a, 6, ¢/B; q)00(d, a*q/df, fa? /d, df*q/a7; 97) x 
(a/f, fa/a, aq/d, df /a; q).(aq?/b, abgq, fq/ab, bf /a; q?) 0 


xX 3h2 | : eis Cae 


_ (0g, f/4; q)00(aq"/bd, abg/d, bdf /a, dfq/ab; 9”) oo 

(aq/d, df /a; q).0.(aq?/b, abg, bf /a, fq/ab; q7)oo 

By multiplying both sides of (3.8.11) by (f/ac;q).. and then setting f = ac 
we obtain Rahman’s [1993] quadratic transformation formula 


(3.8.12) 


\ (a; q?)x(1 — aq?*)(d, aq/d;9q7)n(b,c,aq/besq)k 


<= (45 q)e(1 — a)(aq/d, d; q)x(aq?/b, aq?/c, beg; 4) x 


(aq*, bq, cq, aq? /bC; 9”) x ; 
= 3.8.13 
(q, aq?/b, aq*/c, bq; 97 )oo 302 | dgagt/ait et |> 
provided d or aq/d is not of the form q~2", n a nonnegative integer. Also, the 
case d = q~?” of (3.8.11) gives 


1) 


Ss Les acq?* (a, b, cq/b; a)k(f, OCG e7 |, ge q’)k k 
k—0 1 —ac (cq?, acq? /b, abq; q* )k(acq/f, f /acq?”, acq?nt!; Q)k ; 
_ (acq; Q)an(ac*q*/bf, abq/f59")n 
(acq/f;q@)an(abq, ac*q?/b; q7)n 
x 19Wo(ac*/b; f,ac/b, c, cq/b, cq” /b, aq?" **/f,q-°" 54°, 4°) (3.8.14) 
2n+1 


and the case b = cq gives 
2 im 
S 1 — acq** (4, farera/afia (aca a i a)k ok 
~ 1l-ae (acq/d,acq/f, df /ac;q)k(eq*, aq'~?", acq?”t*; q”) x 


_ (acq*,dgq/ac, fq/ac, acq”/df;q")n 
(q/ac, acq? /d, acq?/ f, dfq/ac; q?)n 
x 10Wo(acq-?"—"; c,d, f,a*c*q/df, aq *"*, gq °",g- °°, G") 


(3.8.15) 
for = Oli a. 
Similarly, the special case 
3 (1 — acg**)(1 — b/eq?*) (a, bs q)e(q_*”, ac?q?” /b; g*) 3k 


i (1—ac)(1—b/e) — (eq? acg?/b; q*)e(acq?"t*, b/cq?"—*; g) 
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1 — c)(1 — ac/b)(1 — acq?”)(1 — cq?” /b 
ate Se) OE an W816) 
(1 — ac)(1 — ¢/b)(1 — eg?) (1 — acg?”/b) 


of (3.6.16) is used in Gasper and Rahman [1990] to show that Gosper’s sum 
(see Gessel and Stanton [1982]) 


FR a,a+1/2,b,1—b,c,(2a+1)/3 —c,a/2+1 
76 | 1/2, (2a — b + 3)/3, (2a + b + 2)/3, 3c, 2a + 1 — 3c, a/2’ 


_ 2 (e+ 4) P(e |r (Asp) v (aes) 
_ 2a+2 2a+3 3c+b4+1 3c+2—b 
VOI iia Dt ee le oe) 
[ (242¢=8c) P (342a—3c) b+1 
A ( ee ls : st a ‘ (3.8.17) 
Le es 
has a g-analogue of the form 
$3 1—acq** (a,q/a;q)x(ac; q)2n(d,acgq/d;q?)_ 5 
i 1—ac (cq, a?cq?; q*) (9; Vax (acg/d, d; q)x 
_ (acq*, acq*, d/ac, dq/ac, adq, aq, q”/a, dq” /a; 9°) 00 
(q, 7, dq, dq?, a*cq?, cq? dq/a?c, d/c; q?) cx 
d(a, q/a, acq; q) 00 (q?, d, acg/d, d?q?/ac; q?) «0 
ac(q, d, acq/d; q)oo(cq?, a2cq?, d/c, dq/a2c; gq?) 


d/c, dq/a*c 
peeve gq (3.8.18) 


and to derive the extension 


X 291 


10 Wo (ac? /b; d, c, a*be/d, ac/b, cq/b, cq” /b, cq? /b; ne q°) 


(1—c)(1—ac/b) (cq/b, bd/c; q) 0 (ac?q? /b, a*bc/d, d*q? /a*bc, bd/ac?; gq?) oo 
(1 — d/c)(1 — bd/ac) (ac, dq/ac; q) (ac? /bd, cdg? /ab?, ab? /c, bd? gq? /ac?; gq?) 


x 10 Wo (bd? /ac’; d, bd/ac, ab? /c, d/c, dq/ac, dq /ac, dq’ /ac; O° 30°) 


(a,b, c9/0; 9) 00(9?, d, ac?q? /b, a*be/d, d?q° /a*be, bd/ac?; 9g?) oo 

(ac, dq/ac, ac/d; q)oo(cq?, acq? /b, d/c, bd/ac, cdg? /ab?, ab? /c; q3) oo 
d/c, bd/ac. 323 

x 291 bayer ’ 


_ (ab, dq/ab; q) 0 (bd/ac?, ac*q? /b; gq?) 00 


(aca, d/ac;q) cx ag cdq? /ab?; qg?) x 


1 — acq** (a, b; q)k(cq/b; q)an(d, a*be/d; q°)k k 
Fn NIE IN EE) ON aes LK 8.19 
e ean 1—ac_ (cq?, acq?/b; q?)% (ab; ¢)2n(acq/d, dq/ab; Dee 6 


and some other cubic transformation formulas. 


94 Additional summation, transformation, and expansion formulas 


The special case 


nr 


s (1 = acg?*)(1 = bfeq"*) (as bia)a(g acta /bid "eax 
<< — (1—ac)(1—b/e) — (eq*, acg*/b; q*)e(acq*"t*, b/eq*"—*; a) 
(1 — e)(1 — ac/b)(1 — acg*)(1 — eg*"/b) 


Ses RSIS n=0,1,2,..., (3.8.20) 


of (3.6.16) was used in Gasper and Rahman [1990] to derive the quartic trans- 
formation formula 


10 Wo (ac? /b; ab? /q?, ac/b, c, eq/b, cq? /b, cq? /b, cq* /b; q*, g*) 


(1 — c)(1 — ac/b) (a?b? /cq?, cq/B; q) 0 (ac?q* /b, ab? /c*q?; ¢*) 


(= a8 eq?) — ab eq?) (ab? /0q, a6; Q)o0 a0 /2, Aq? /ab?; qx 


ab? (a, b, cqg/B; )oo(ac*q*/b, ab? /c*q?, a2b?/q?; ¢*) 00 
cq?(1 — a?b*/cq?) (ac, ab? /cq?, cq? /ab?; q) 00 (ab? /cq?, cq*, acq*/b; q*) o0 


a2b? /cq?_ ; ab?q? 
a2b2q?2/c°% ? ; 


+ 


(AaB; g) co (ab/G; 97) 00 (ac?g*/b, ab? /c?.q?; G*) oo 
7 (acq, ab? /cq?; q) co 
1 —acq>* (a,b; q)x(cq/b, cq?/b, cq? /b; q?)4(a2b7/q7;q*)k 5 
<~ 1—ac (cq*,acq*/b; q*)x(abg, ab, ab/q; q*)e(cq? /ab*; a) 
(3.8.21) 


When b = q?/a the sum of the two 19W6 series in (3.8.21) reduces to a sum 
of two gW7 series, which can be summed by (2.11.7) to obtain the quartic 
summation formula 


CO 


\- 1 — acq?® (a, q*/a;q)z(ac/q, ac, acg; q°)(q754")k x 
—~ 1—ac (cq*,a*cq*;q*)k (9°, 97, 95 1 )R(ac/G5 a) 


7 q’ (a, q?/a, aCq; 4) 00(975 I") c 
ac(1 — q?/c)(q?, 4c; 4) 00 (93 97) co (eg*, a2 cq”, q*/a?c; G4) c0 
2 8 
q/c, 4 V 
xX 11 fehei4 S| 
(acq*, q? /ac, aq, g?/A3 97) oo 
(q, 9°; 97) c0(cq*, q2/c, a*cq?, q*/a?c; G*) co 


(3.8.22) 


Additional quadratic, cubic and quartic summations and transformation for- 
mulas are given in the exercises. 


3.9 Multibasic hypergeometric series 95 
3.9 Multibasic hypergeometric series 


In view of the observation in §1.2 that a series }>””_, un is a basic hypergeo- 
metric series in base q if v9 = 1 and vn41/vn is a rational function of q”, a 
series }>”_, Un will be called a bibasic hypergeometric series in bases p and q if 
Un+1/Un is a rational function of p” and q”, and p and q are independent. More 
generally, we shall call a series }>~_) vn a multibasic (or m-basic) hypergeo- 
metric series in bases q1,.--,;Qm if Un41/Un is a rational function of q7,...,q)",, 
and qi,---,Qm are independent. Similarly a bilateral series ae oo Un will 
be called a bilateral multibasic (or m-basic) hypergeometric series in bases 
G15---5Qm if Un4i/Un is a rational function of g7,...,q%,, and qi,---,;Qm are 
independent. Multibasic series are sometimes called polybasic series. 

Since a multibasic series in bases qi,...,@m may contain products and 
quotients of q-shifted factorials (a;q), with q replaced by qr ...gkm where 
ki,...,km are arbitrary integers, the form of such a series could be quite 
complicated. Therefore, in working with multibasic series either the series 
are displayed explicitly or notations are employed which apply only to the 
series under consideration. For example, to shorten the displays of many of 
the formulas derived in 83.8 we employ the notation 


a1, a Ar i C1,1; ee ey C1 T1 a aad Cm,1; ee ey Cm,r ; : 
® b b.:d As. . -d d 395 Q15+++5Am}j 2 (3.9.1) 
Lose 94s © W115 +++) 41,87 2 222 + Um13+ + +> %N, 8m 


to represent the (m+ 1)-basic hypergeometric series 


57 teri Dan ay) ees 


n=0 (q, Dj, eae bs;q)n 


. Ih c aes Cirgi I )n (ard? . (3.9.2) 


(dj.1,---,4j,8;34j)n 


The notation in ae may be abbreviated by using the vector notations: 
a = (a1, ges Op) b = (b1, 2.3 , bs), C; = one Pe Ch) d; = (dj1, are ,d3,s,) 
and letting 


Ai? sda Oi; 
Jee Cer (3.9.3) 


denote the series in (3.9.2). 
If in (2.2.2) we set 


m 


Cho + ++ Cjr55 Uj )k - 
Ape eae Le (ejay ++ +9 Ching Gi) (ord | | (3.9.4) 


pr (dj1,---5j,953 95) k 


then we obtain the expansion 


4515-2 


GOO Cl sss Cie Set Crt y shed Cny aes 
G0) 0,00 (CPE) doiwiyigy ¢ tas? Om iyeity die 


“. (aq/be; q)n(a;q)2n __bcz . 2) 
= 2a (q, ag/b, ag/c;q)n ( 4 : 


n—0 
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' (City +++ 5 Cjrj3 QG)n (5) li 
NG TI AIT Vg 2 


Lh ji djai Gin 
oe age”: 1,191 » See Chri M1 aan 
: 1191 ,---, 41,8, 44 sees 
Cm,1%m3 re) Cards. 2 ; bez —n—-lp 
didi ovaedesd | n 
(3.9.5) 
where a 
en Rc (3.9.6) 


provided at least one c;,,, is a negative integer power of q; so that the series 

terminate. Note that this formula is valid even if a = g~*, k = 0,1,..., in 

which case the upper limit of the sum on the right side can be replaced by 
[k/2], where [k/2] denotes the greatest integer less than or equal to k/2. 
Similarly, use of the expansion formula (2.8.2) leads to the formula 

O08C20. CO) fiw hea Ciae = ik SiC hei Gale | 

ri) pia Me, yl eVLTi oe) ’ Tm 15+ ++ 2 

a GU COG) A dundee Bees dyed 

(1 — Ag?”)(A, Ab/a, Ac/a, Ad/a;q)n (a3 q)2n ay 

“ (1—A)(q,aq/b,aq/c,aq/d;q)n (Adi d)an \ A 


xT] ietarsialn [ayngl oe 
— qd; 
(dp yang Opies 5 0) . 


j=l 
2n Qa, n n. ; n n 
aq, / C1191 5-+ +5 Cri 91 tee) + Cm1Ims-++>Cm,rmIm 
x® 2n+1 n n n 4 My = 3 Im; Zn ’ 
Aq ‘ d11Q4 aera d1.5,94 a ieee Grin i Qs os ey den, sm Im 
(3.9.7) 


where \ = ga*/bcd. In (3.9.7) the series on both sides need not terminate as 
long as they converge absolutely. Formulas (3.9.5) and (3.9.7) are multibasic 
extensions of formulas 4.3(1) and 4.3(6), respectively, in Bailey [1935]. 


3.10 Transformations of series with 
base g to series with base q? 


Following Nassrallah and Rahman [1981], we shall derive some quadratic trans- 
formation formulas for basic hypergeometric series by using the following spe- 


cial cases of (3.9.5) and (3.9.7): 
a”. 097 , 0730 2 Oye Gag” 


2 
17 5G, 
—a, aq? /b*, a? gq? /c? : bi, aay by, Op 41 


3.10 Transformations of series 97 


= ST ee Te Jaa) 
j= a, arg 2/b?, aq PLC VG) a Dipion Ong 0s) 4 
a*g, —ag*?*? : aig?,...,arg?, gi” p22 
Spot ae 
x ® QS 
—aq?) : b1q),...,brq?, brig! 
(3.10.1) 


and 
—nN 


2 2 3D oD 3D... 
a“, —aq", 6", c“,d > A1,---,4r,q ares sg 
57 59,4 


—a, aq? /b?, ara e, a*q? /d? : bi, mah Or, bp 41 


7 hye 1 se (A, Ab? /a?, Ac? /a”, Ad? /a?, —aq?; q?); (a?; q7)2; 
(GF, ag /, Pa? /e?, aa? /eP, —05 g)3 (9s) 


YX (Gipsveganug- eq); (2) 
(Dissiong Op Oran @) A 
a*q’, —aq7t?, a*/X : aq’, 8 Arq, gi” 
x ® -q?.g3z|, (3.10.2) 
—aq’s , Aq *? : by q?,...,brq?, br+1q/ 


respectively, where A = (qa?/ bed)”. 

Let us first consider the r = 1 case of (3.10.1). If we set ay = —aq/w, 
b, = w, be = —aq""!, z = awq"*?/b?c? and apply (1.2.40), the series on the 
right side of (3.10.1) reduces to a VWP-balanced ¢¢5 series in base g, and 
hence can be summed by (2.4.2). This gives the transformation formula 


a*, —aq’, b?,c 2s — q —n , pea 


—a, a2q2/b?, a2q2/c2 : aqnti?# ds 49 2 
_ (w/a, —ag5 an 5 a,aq,a°q°/w",a°q?/b’c’,g ‘ 
~— (w,—Gd)n | | a2q?/b?, a2q2/c2, ag!" /w, aq?" /w?* 


(3.10.3) 


Note that the above 5¢,4 series is balanced and that the ® series on the 
left side of (3.10.3) can be written as 
10 W9(—a; a, b, =; Cc, —C, —aq/w, Cae qd; awg”t*/b*c”). 


Formula (3.10.3) is a g-analogue of Bailey [1935, 4.5(1)]. By reversing the series 
on both sides of (3.10.3) and relabelling the parameters, this formula can be 
written, as in Jain and Verma [1980], in the form 


1009 a, qa? ’ —qa? ’ b, L,—2L,Y,—Y; =—q ", q” -g, — | 
a?, —a?, aq/b, aq/x, —aq/zx,aq/y,—ag/y,—ag"**,aght}' bx? y? 
z (a2q", a*q? /x*y?; q?)n go ie y”, —aq/b, —aq’ /b . 2 7 
— 7 9 97.9 .9.97.9..9, 94 = ) . 
(a2q?/x?, a*q? /y?; q7)n 7 2y7q an har. aq? /b-, —aq, —aq? : 
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For a nonterminating extension of (3.10.4) see Jain and Verma [1982]. 

Since the 5¢4 series on the right side of (3.10.3) is balanced, it can be 
summed by (1.7.2) whenever it reduces to a 3¢2 series. Thus, we obtain the 
summation formulas: 


. wer —aq?:—aq/w,q "4 | 
a,—a:w,—ag"t! 


ae 2 ; 
x (AOR UGG A) (3.10.5) 


(—q, aq/w, W,; d)n 


[« jae ag ag @ ae 
—a,a 27 /b? : bq 1— =P = G aoe : 


(aq”/b?, —G; q)n(q/b?, a2q?/b?; Gq?) n 
a? , aq? , aq’, b? : —aq” /b*,q7 . 
2 2/12. p2,1—n re 69,4 
a, —a,a*q*/b? : b?q'—", —aq 
_ (aq, 4/673 q)n(1/075 9? )n F 
(—q, 1/b?; ¢)n(a2q?/b?; q?)n 


e a”, aq”, —aq?, b? : — gq? Ph? ag n 
a, wa ag?/t? Pe . —n _qgntl TT 


_ (=a, a/ qb"; g)n(ag/b?,1/b°a3 Tm in 

~ (=4, 1/96? g)n(a/qb?, aq? /b?; q?)n 
These are g-analogues of formulas 4.5(1.1) - 4.5(1.4) in Bailey [1935]. Since 
the series on the left sides of (3.10.5) and (3.10.6) can also be written as VWP- 
balanced g@7 series in base qg, which are transformable to balanced 4¢3 series 
by Watson’s formula (2.5.1), formulas (3.10.5) and (3.10.6) are equivalent to 
the summation formulas 


a 9a? ~w/ 9a? ,g" 
403 nn 1 
a2 , Ww, —qiq) 


(3.10.6) 


(3.10.7) 


and 


(3.10.8) 


(w/aq, —a? » ad 2 /w; d)n 


oe ar hes mca ies EL (3.10.9) 
(w,—a”2,aq/W;q)n 
and 
a,b, —bq'-",q-” 
403 a b2gi-”  —bg-” di | 
_ +114 aba" /(a/'?,4a4/bA/ 94 46.40) 


(1 + g"/b)(1 + a2 /b)(aq/b, a? /b, 1/07; q)n 
respectively, which are closer to what one would expect g-analogues of formulas 
4.5(1.1) and 4.5(1.2) in Bailey [1935] to look like. 
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It is also of interest to note that if we set c? = aq in (3.10.3), rewrite the ® 
series on the left side as an g¢7 series in base gq and transform it to a balanced 
43 series, we obtain 


d ° b, —w/b,q-” | | 
4¥Y3 aq/b, —bq-”, i 59,9 
= (w/a, —aq/b; Q)n ‘ae | a, a?q? /w?, aq/b*, Ge . g? | (3 10 11) 
(w,—q/b;q)n ~~ a2q?/b?, aq!" /w,ag?-"/w?* 7° |? 


which is a g-analogue of the c = (1+ a)/2 case of Bailey [1935, 4.5(1)]. Using 
(2.10.4), the left side of Saha: can be transformed to give 


,a, aq/b?, —aq/w | 
aq/b, —aq/b, aq'—"/w?* 


q- #0 0g) 0° <a" q?/w? ne ; 
a2q?/b?, ag! /w, aq?" /w?* ** 
This formula was first proved by Singh [1959] and more recently by Askey and 
Wilson [1985]. The latter authors also wrote it in the form 


a’, b*, c,d | 
abg? , —abq?, egret? 
48 | a Deas ; 
~ AS | oa2b2, —cd, pete ? 
provided that both series terminate. 

Now that we have the summation formulas (3.10.5)—(3.10.8), we can use 
them to produce additional transformation formulas. Set r = 3 and a; = 
—ay = qa?,a3 = —aq/w,b, = —bo = a2, bs = —ag”*t! in (3.10.1). The ® 
series on the right side can now be ised by (8.10.5) and this leads to the 
following g-analogue of Bailey [1935, 4.5(2)| 


a”, aq*, —aq’, b?,c* : —aq/w,q-” 9 sow? 
® n+1 57 4; Be 


43 ba 


= 403 | (3.10.12) 


403 | 


(3.10.13) 


a, —a, a*q?/b?, a*q?/c? : w, —aq 


_ (-aq, aq" /w,w/aq;q)n 
(—q, aq/w, W, Q)n 


aq, aq’, aq? /b?c?, a*q?/w?, q-?” 


a*q’/b°, a*q°/c°,aq°—" /w, aq?” /w 

Let us now turn to applications of (3.10.2). If we set r = 1, a, = 
—)\q"*" /a, by = a2q7"/A, bg = —aq”"*1, z = q in (3.10.2), where \ = (qa*/bcd)?, 
then the ® series on the right side reduces to a balanced very-well-poised g¢@7 
series in base q which can be summed by Jackson’s formula (2.6.2). Thus, we 
obtain the transformation formula 

a*, —aq’, b*, c?,d* : —Aq™*1/a,q-” 
® O59 
—a, a*q?/b°,a°q?/c*,a*q?/d° : a*q-"/d, —aqr™* 


x 504 | ee . (3.10.14) 


100 Additional summation, transformation, and expansion formulas 


_ (=aq, Ag/45 Q)n(Ag?/0*5 7) n 
(—q, Aq/a?; q)n(A@?3 97) n 
Nb? Ac? Ad? et ee 


ae pe 
A, Gg A2,—-| A2 , a, aq, a) i) y) a2 
a a a a _2 
X 1099 9 


This is a g-analogue of Bailey [1935, 4.5(3)]. 

Similarly, setting r = 3 and choosing the parameters so that the ® series 
on the right side of (3.10.2) can be summed by (3.10.7), we get the following 
q-analogue of Bailey [1935, 4.5(4)| 


ar aq’, —aq’, b?, cme d? : —Aq" /a, q” 


a, —a, a2? /b*, a2q?/c2, a2q2/d2 : a2q'-"/2r, —aq 


(A/a?, —G3 @)n (Aq? G7) n 
4 no db? Ne? dd? 2 2n _ 
A, PA2, GP A2, ag, 09q?, r, “SO, Sg ik 2 qa" 


9° 209 -2-o 9). Don 7 ; ; 
Raa 8 A aq aq aq —t, Agee? A 


yee ad 


(3.10.16) 
where A = (qa? /bcd)?. 


Exercises 


3.1 Deduce from (3.10.13) that 
‘ ab | a. pet . ; 
3Y2 abq?, —abq? 197,4d| = 302 a2b2q, 0 57 5d |; 


provided that both series terminate. Show that this formula is a 
q-analogue of Gauss’ quadratic transformation formula (3.1.7) when the 
series terminate. 


3.2 Using the sum 
soi ld "3@ “yb 50 5a) = 
prove that 


21 (a, aq; qb*; 9°, 2"), |2z| <1. 


62 | sg. -2] = B= 


b? az” (825 q) 0 


3.3 


3.4 
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Use this formula to prove that 


. a*, ab, —ab 
(ii) 392 a2b?, ayger | 
— Kar 2°30" yes a’, b? Jo 29-9 
= CAPs as 22 a?b2q, jected go eas Jz;<1. 
Show that 
(iii) 21(b, —b; 6°; q, 2) 


= (—2} 9) co 261(0, 0; gb*; q°, 2”) 


1 
= GaE obi (—; 9b*; q, gb?2”). 
Formulas (i) and (ii), due to Jain [1981], are g-analogues of (3.1.5) and 
(3.1.6), respectively. T. Koornwinder in a letter (1990) suggested part 


(iii). 


Show that 
a,q/a, z 
32 | a] 
C, —q 
= (=i; —qz/c; as ob c/a, ac/q, Ze oe. @? 
(—q/c, —23 qd) o0 3Y2 20 ) ) ’ 


when the series terminate. This is a g-analogue of 
oF, (a,1—a;¢;2) = (1—2)°* oF, ((c—a)/2, (ce +a — 1)/2;¢;42(1 — z)), 
when the series terminate. 


Show that 
k 


> ar b, =); Q)k grk- (a) 


2. 
k—0 q, 6 Qk 


vanishes if n is an odd integer. Evaluate the sum when n is even. Hence, 
or otherwise, show that 


ee _y\m yn 
We G W)n(4; aon ) 


a, ad, C, Cd 2 2 
= SO ee eee 
43 | d, dq, qb? q | Iz 


Deduce that 


d a,9d)n n q ",4, b, —b 
P= ( / a 4P | 2 1—n 4-4] 
b*,aq-—"/d d 


(Jain [1981]) 
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3.5 By using Sears’ summation formula (2.10.12) show that 


S- (a, aq/e; qQ)r 


“— (q, abg/e, acq/e; q)r 


_ (ag/e, bg/e, eg/e, abcg/e; 4) co 
(q/e, abq/e, acq/e, beg/€; 1) oo 
= (a, b, C; q)ng* — (aq*; q)r 
x) oe ) | A 
d (q, e, abcq/e; q)x d (q, abeg**1/e; q)r 
__ (a,b,c, abeg"/e*;q)oo 
(e/q, abq/e, acq/e, bcq/€; 4) 0 


= b k+1 /,. 
i ecaaieat 2a 
k—0 (4,4 /e, abcq /e Qk r=0 (q, abcq fer Q)r 
where a, b,c,e are arbitrary parameters such that e 4 q, and {A,} is an 
arbitrary sequence such that the infinite series on both sides converge 
absolutely. 
3.6 Prove that 
) b, C e, a, b, c,d C5 
3p2 | +, ql + {ales sb, er da/ei doo _ 
d, e (e/q, aq/e, bq/e, cq/e, d; q) oo 
apse ee 
3¥2 59,9 
q?/e, dq/e 
_ {a/e, aba/e, acg/e, 4/45 Q)oo . 4 poner d 
—— (d,agq/e, bq/e, cq/€; 1) x abq/e, acq/e ue a 
where e # q and |d/a| < 1. 
3.7 Prove that 


y 


pant =a 
3P a 
abq/e, acq/e e 
_ __ (aq, age, bg/e,cg/e, G3 q)oo 
(q/e, abq/e, acq/e, ~ —bcq/e€;q)oo 
b, hoe 
.: y (a,b,c; q)x (ab ae ng" es q*, 
— — (q,.49, €) 2) k(ag**?; 9?) oo 
provided |bcq/e| < 1. 
3.8 Assuming that |z| <1 and a/b 4 qq, 7 =0,+1,+2,..., prove that 
291 (a, b; Cy q, Z) 
(b, C/A, AZ; q) x a,c/b,0 . 
(b/a,¢,2;Q)o0 * soa 


4 (4, ¢/b, b&; doo 4 hapsest | 
(a/b,¢,23q)oo bq/a, ba’? * 
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Show that this is a g-analogue of the formula 


2F i (a, 6; c; x) 

_ P(e) (o- a) i_2)-4 a re eee 

= Ore say Yoh (a ea) l=) ) 
+ ree pana? oF, (b,c —a;b-—a+1;(1—2)7'). 


3.9 Show that 


a, Aq, b r 
302 2 1G) 
d, qr2/b 


1—A+A/b(1 — A/a) (A?2/b?, gdA?/ad; g) 00 


Se On A? fad? | <1. 
(1 aa A)(1 + d/b) (qA2/b, 2 /ab2:q)oo’ | /a | <i 
3.10 Show that 
3W7 (—a; gd? —gX?,4, b, —b: gq, d/ab* ) 
A/a, Aq, —Aq, A/b7, Aq/ab, —Aq/ab: q) x 
( /a, q; qd, / ) q/ab, q/ab; q) |A/ab?| < 1. 


~ (A, Aq/a, —Aq/a, Xq/b, —Aq/d, X/ ab; q) 00 
Show that this is a q-analogue of the formula 
, 14+/2, b 
3f2 i ee ; 1 
dy 2, 1+A-—b 
T(A/2)0 (1 + 452) (1 +A — bP (A — a — 28) 


— Ta +P OS2) P(A Ta — P(A 2b)’ Re (A — a — 2b) > 0. 


3.11 Derive Jackson’s [1941] product formula 
abi(a", Diigo’ sa", 2) 2h1(a", b°; qa°b*; q”, gz) 
a”, b*, ab, —ab 

= 493 


2 abq?, —abq a 
and show that it has Clausen’s [1828] formula 
1 . 2a,2b,a+b 
ah (a.dja+b+ 52) | = 3h ener » [zl <I, 


as a limit case. Additional g-analogues of Clausen’s formula are given in 


a2], lz] <1, |q| <1, 


$8.8. 
3.12 Prove that 
qo. =G b7,¢ : d, a ” Iw wa?” 
eens ni Jo2, —gl-n fg yids » 9) 0 2d aq 
(—d, W; Q)n 
x 50a | : Ee TE | 
q MDH Ge Ie dg ” /w, dq? "Iw 
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3.13 If \ = atq?/b*c2d?, show that 
a | a*, —qa, b?, c?, d? : —Aq” /a,q~” saa | 
~a, a2q2/b*, a2¢2/c2, a2q2/a2 : a2q'-™/A, —agntt’? 2? 
_ (aq, A/45 g)n(A/a*, Aq*/a3.q")n 
(—q, A/a?; q)n(Aq?, A/a; 9?) n 
x 19Wo(A; a, ag, Ab*/a?, Ac? /a?, Ad? /a?, 7q?"/a*,q- 7"; g?, aq? /d) 
and 
| a”, q°a, —q’a, b?, oat d? : —\g"—* /a, q” ; q? q: | 
a, —a, a?q?/b?,a7q?/c?,a7q?/d? : aq?" /A, —aghth’* °” 
_ (aq, A/aq; g)n(A/07q73 9" )n(l — AG?™*/a) 
(—q, A/qa?; q)n(Aq?; q7)n(1 — Aq71/a) 
x 19Wo(A; ag, aq”, Ab*/a*, Ac? /a?, Ad*/a*, 7g?" */a*,q- 7"; g°,.a°q?/d). 
(Nassrallah and Rahman [1981]) 


3.14 Using (3.4.7) show that the q-Bessel function defined in Ex. 1.24 can be 
expressed as 


v+l1. 
q’t";@) a\Y 
J (qeq) PI Deo (2 
peel (@ —a2g’t1 1459), ( ) 
(—2x ee a n(l + 227q2"t¥ /4)(—2?/45q¢)n —x?q2¥ “gn. 
3 \n(1 + 22g” /4)(q’*"; d)n 4 
3.15 Prove that 


J2)(a; q) = (12/2, -129" 230) ( x )’ 
" C(v +1) 2(1 — q) 
v+1/2 gy lle 
X 3h2 | grt ,—iag’t1/2 5 Q, -ie/2| 


»—q ‘ 1/2 
v+5 an, 


_ (4/25 gq"? ) oe ay 6 git 
oy +1) (sa =p) ag | 

for |x| < 2. 

(Rahman [1987]) 


3.16 Show that 


1 
a, —qa?,b,c axq 
43 | | 


—a?,aq/b, adie’ bc. 
_ (1 = xa?) (axg; q) co [*" —qa?, (aq)?, —(aq)?,aq/be ql 
(fd )es aq/b,aq/c,q/x,axq a 
(1 — a2) (aq, aq/be, axq/b, atq/C; q)o0 
(aq/b, ag/c, axg/be, 1/2; q) cx 
1 1 1 1 
La? ,—LqGa?, z(aq)? ’ —2(aq)? ) axq/be 
X 504 : 5454 - 
axq/b, axq/c, qx, aqx 
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(cz/ab; 9”) oo 
(23.07 Jeo 


show that 


3.17 If 21(a, b; c; q, cz/abq) = ae 


2bs(c/ a, c/b; cq; YZ) 291(a, b; cq; q*, cz/abq) 
= ies (c; q (GE )n | 
(cq; q Ba? 
(Singh [1959], Nassrallah [1982]) 


b; G7) = 
ees 261(a, b;c;q, cz/ab) = ) Anz”, show that 
Bs 
’ oe) n=0 
261 (ca/ a - b; “< q°, 2) 291(a, b; ¢; q*, cz/ab) 


es (cq; q een, m2”: 


(cq?;q 


3.18 If 


(Singh [1959], Nassrallah [1982]) 


hea a Soa 
aa ae 261(a/q, b;¢/q;4,cz/ab) = ) an2”, show that 
’ oo n=0 


261 (cq/a, c/bq; ¢; g”, z) 261(a, b; c; g?, cz/ab) 


3.19 If 


(Singh [1959], Nassrallah [1982]) 


3.20 Prove that a 
S 1 — ap*q* (a;p)n(b~*3.q)k sk 


<< 1-a (qq)e(abp;p)e 


when max(|p], |q|,|b|]) < 1, and extend this to the bibasic transformation 
formulas 


1 — apkgt (a;p)u(c/b54)e 5 

di Ta (Ga)n(abpsp)n 

_ La 65 (api p)ale/b5 Mt Gg 
1 — b 4 (gq; 4)x(abp; P) x 


l-e¢ 5 (api) a(ca/bs ar pp 


~ 1—abp (q; q)x(abp?; p) x 


k=0 
_ (= ©) (PD) 00 ~ (bP) R(CaP*s g) 00 °° (ayy) 
(1 — b)(abp; P)oo —* (pi P)e(baP*; G) 00 


when max(|p|, |q|, |ap|, |b|) < 1. 
(Gasper [1989a]) 
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3.21 Derive the quadbasic transformation formula 


nr 


- (1 — ap*q*)(1 — bp*q*) — (a,b; p)k(c, a/bc; a) 
(1 —a)(1 —}) (q, aq/b; q)%(ap/c, bep; p) x 
: (CP—"/A, P~"/BC; P)k(Q-", BQ-"/A; Q)x (i 
(Q-"/C, BCQ-"/A; Q)x(P-"/A, P-"/B; P)x 
_ (ap, bp; p)n(cq, ag/be; gn (Q, AQ/B; Q)n(AP/C, BCP; P)n 
(q, aq/b; q)n(ap/c, bep;p)n (AP, BP; P)n(CQ, AQ/BC;Q)n 
: 3 (1- APPQ*)(1— BPFQ™*) (A, Bi P)e(C, A/BC; Q)e 
(P= A}(L=B) (Q, AQ/B; Q)x(AP/C, BCP; P)x 


k=0 


k=0 
(cp-"/a,p—"/be; pp) (q-”, bg" /a; Qk vr 
(q-"/c, beq—" /a; q)n(p—"/a, p—”/B; DP) k 
for n = 0,1,... . Use it to derive the mixed bibasic and hypergeometric 
transformation formula 


nr 


\ (1 —ap*q*)(1—bp*q-*) (a,b; p)k(c, a/be; a) x 

aa (1 — a)(1 — 6) (q,aq/b; q)x(ap/c, bcp; p) 
AE = A=) (“B- C — na (HB — HA — D)e(—n)e Bs 

(—pC — n)k(uB + uC — pA —n)k(—A—1)k(-—B-1)x 

_ (ap, bp; p)n(cq, ag/bes dn mi(HA + 1 — MB)n(A+1—C)n 
(q,aq/b;q)n(ap/c, bep;p)n (A+ 1)n(B+1)n(uC + 1)n 

__ (B+C+1)n 
(UA +1—pB-pUC)n 


a0 AB kA +1—pB)(A+1—C)(B+C+ 1)x 
, (e/ap”, 1/bep”; p)e(q_”s b/aq” Wk 
(1/eq™, be/aq”; q)e(1/ap”, 1/bp”; p) x’ 


and the following transformation formula for a “split-poised” 19@9 series 


a, qv/a, —qv/a, b,c, a/be, C/Ag”,1/BCq", B/Aq”,q” 
Va, —Va, aq/b, aq/c,beq, 1/Cq", BC/Aq”, 1/Bq”,1/Aqr?” ; 
_ (aq, bq, cq, ag/be, Aq/B, Aq/C, BCG; g)n 
(Aq, Bg, Cq, Aq/BC, aq/b, aq/c, beg; 4)n 
A, qv A, —qv A, B,C, A/ BC, c/aq™, 1/bceq”, b/aq”, q~” . 
VA, —VA, Aq/B, Aq/C, BCq, 1/cq”, bc/aq”, 1/bq”, 1/aq”’ a 


10P9 | 


X 1099 | 


(Gasper [1989a]) 
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3.22 Using the observation that, for arbitrary (fixed) positive integers m1,..., Mr, 
CO 
S- A(ky, kp) zi zie 
ky1,...,kp=0 


x 
I 


0 kim, +--tk,pm;,=M 
k1,...,kr>0 


show that (3.7.14) implies the multivariable bibasic expansion formula 
S- A(k1,..-, Br) Queymy4e--them, (2 w™ Zz )*t (ar z,) Pr 
ki y...;br=0 
a\5 (apq”, bpq-"; P)n—1 (—)rqrt(3) 
 (apg”, bp?” D) 
x So) 
d (q,aq?"*1 /b; 4), 
> (1 — ap“ q™) (1 — bp q"™)(q-", aq” /b; q) Mm 
(apq”, bpq—"; Pp) m 


(ne q? 
j=0 


xX 


kymi+::-+kpm,=M<n 
ki,...,k->0 


x A(ky,. ++; kp)(w™ 21)" ++ (wr zp)*r, 


which is equivalent to (3.7.14) and extends Srivastava [1984, (10)]. 
(Gasper [1989a]) 


3.23 Prove the following g-Lagrange inversion theorem: 
If 


Gilt) = ye bind, 
j=n 
where b;,, is as defined in (3.6.20), and if 


f(z) = ye = ae CnGn (x), 
j=0 n=0 
then . 
j 
rie = De DjnCn 
n=0 
and, vice versa, 


n 
Cn = ) Gait 
j=9 


where an; is as defined in (3.6.19). 
(Gasper [1989a]) 


3.24 Derive (3.8.19)—(3.8.22). 
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3.25 Prove Gosper’s formula 
= Ta ee ee 1 abcd; q)n(b2c2q, c2a*q, a2b2q; q2)n 
_ (a?b*c*q, a7q, bq, c*q, dq/abe, bedq/a, cdaq/b, dabq/c; q”) 00 
— (q, b?c2q, c2.a2q, a2b2q, abcdq, adq/bc, bdq/ac, cdq/ab; q?) o. 
_ (a?, b”, C7; d)c0(a*b7e7q; 9") 
(a d) 00 (b2c2q, c2.a7q, a2b?q, abedg, abcd~1q; q?) o 
x xt 6 pr) (bedq/a, cdaq/b, dabq/c; qQ?)n a 7 grt 
Vena dbq/ac, cdq/ab; q?) n+1 abc 
(Rahman [1993]) 
3.26 Show that 
s (abcg; q)x(1 — abeg****)(d, g/d; q)x(abg, beq, cag; 9°) x F 
= (439? )e(1 — abcq)(abceq?/d, abedq?; q)x (cq, ag, bg; @) 
—? ie ,g°/abcq, —q7/abcq, d, q/d, abq, bcq, caq fai 
/abcq, —/abcq, abcq? /d, abedq?, cq”, aq”, bq?’ * ’ 
(abcq®, abq, bcq, caq, d, g/d; q)oo q 
(q?, aq?, bq?, cq”, abcg? /d, abcdq?; gq?) oo (1 — aq)(1 — bq)(1 — cq) 
2 2 2 
q°, abcq*, dq, q*/d 
x 10s | 3 3 £ } 2a). 
aq”, bq”, cq 


3.27 Prove 


Tm 


ae Se bd bea; 48)n 


n=0 


go. ge he bedq?” 
X 403 


bg’, cq”, dq? 
_ (bedq, bq, cq, dq; 9°) oo 
(q, cdg, bdq, beg; goo 
(Rahman [1993]) 
3.28 Show that 


-q° | 


(bedq~*; q°)n(1 — bedg*”~*)(b, c,d; q)n gnitn 
(G5 Mn(1 — bedg~*)(cdq*, bdq?, beq?; q*)n 
—n—1 ,—n ,l1-n 3n 
qq” ,¢g ",q",bedqr" 3 3 
ats | bq, cq, dq meas 
_ (bedq*, bg”, cq", dq"; 7") oo 
(q?, cdq?, bdq?, beq?; goo | 
(Rahman [1993]) 
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3.29 Derive the summation formulas: 
(i) 
— (1 — a) (gq, ag? /B; g°) (9? /0?; G7) (ab, abg?; q*)k : 
_ (aq?, qa? /0; 97) oo (ab*, ¢?/b°; °) 00 
(ab, q°/b?; gq?) o0(q?, aq®/0; q®)oo 


3 (1 — acg’*) (a, q*/a; q?)n(q? /ac; q*)k(ac/q?; @)k 
<~ (1 = ae) (eq, a?c/q; 9° )a(a?e?/9°; 9?) 
, ae? /a5.9° (—26) "o('8 
(Cig mare a ¢? 
eae Fe (q°,a seals ac? qa 2c? /q,aq*,4 whe q 2 


> (= aca") (a, g?/a5 4? )e(g/acs a) (acs ae (a*e*as a) _aeykg(*$") 
d (1 — ac)(cq?, a2cq; gq?) (a2c7q; q7)k(q?, G4; 94) ( )"q 


_ (acq?, acq; q”)oo(q®, a2c?q?, ac*q?, ac?q, aq”, g*/a; 9°) oo 


(q?, a2c7q; q7) oo (cg?, cq®, a2cq*, a? cq, acq?, acg?; g®)oo 
(Rahman [1989b]) 


3.30 Derive the quartic summation formula 


l—a_ (q*,aq*/b; q*),(abq, ab, ab/q; q7)x(q3/ab?; ¢)x 


ab? (aq, bq, 1/0; q)00(a7b7q?; q*) oo 
q’ (ab, een "00 (q*, ab? /q?, aq*/b; G*) ox 
a2b2 q’ 4 
«101 |" a2b2q 2 bar, ab°q 
= (aq, ab*/q"; 4) oc 
(ab; q)o0(ab/9; 97) oo (agq* /b, ab? /9q?; q*) 00 


(Gasper [1989a]) 


k=0 


3.31 Derive the cubic transformation formulas 


(i) 
<~ 1—ac (cq?,acq*/b; q°)k (ab; q)2n(q* 9" /ab, acg?"**; g)k 


_ (1 —acq*)(1 — ab/q*)(1 — abg*”) (1 — acq*”) 
(1 — acq?"*2)(1 — abg?”—2)(1 — ab) (1 — ac) 
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‘. > 1—acg®**? _(aq’, bq”, cq?/b, cq?/b, abeg?”,q-°"5 9" )k ak 
i acq? (cq?, acq? /b, abq®?, abq?, q°?—3” /ab, acgq3?"+>; q?)k qos 


= (1 — aq**)(1—bq~?*) (a, 1/ab; q)n(abq; q)on(c,a/bc;9°)k 3% 
MH — (1-a)(1—6) (gq, 76g; q°) (a/b; @)2n(ag/c, beg; 2) x 
_ (aq, bg; g)n(cq?, aq? /be; gq”) n 
(aq/c, beg; g)n(q?, aq?/b; Gq?) n 
x 19 Wo(a/b; g/ab?, c,a/be, aq”**, ag"*?, aqg”**, g-°"; @°, @°), 
where n= 0,1,.... 


(Gasper and Rahman [1990]) 


3.32 Derive the cubic summation formula 
— 1—a?gq**  (b, q?/b; q)n(a?/q; q)on(c3, a7q?/c?3q? Jeg 
MH 1a? (a?q3/b,a7bq; q°)K (975 2) 2n(a7q/c?, c3/q; Dk 
_ (bg? g /bnbe aC a/bye'/a°,€ a" a" a5, 0°O 3a") os 
(q?, q*, c8q, bc? /a?, a?q? /b, a*bq, c¥q?/a?b; Gq?) 
_ __(b, bg, bg”, g*/b, g°/b, g*/b, a*/q, a*g, 079°, c?/a°; g*)o0 
(q?, g*, c8/q, cP, a?/c8, a?q/c8, c8q? /a?, cq? /a7b, aq? /; g* )oo 
, (c°q/a*; q?)oo ie be area (G70 4 ‘| 
(a2bq, bc3 /a?; q?) 4 c°q/a? bce 
and show that it has the q— 17 limit case 
a — 1/2,a,b,2 — b,c, (2a + 2 — 3c)/3,a/2+1 | 
3/2, (2a — b+ 3)/3, (2a + 6+ 1)/3, 3c — 1,2a+ 1 — 3c, a,/2’ 
ag) Peas Piet ea) 
Rea) ae) en a ee) 
fp (4st +b+ +1)T (22g) ia (49-3e4") 


7 (gag) p (a=SEabD) p (2aSeLLL) 


(Gasper and Rahman [1990]) 

3.33 Derive the quartic transformation formula 
y = ache (a, b; q)x(ab/q, ab, abq; q°)n(a*b*/q?; q*)k 
1 — a?b?/q? (ab*q?, a*bq?; q*)x(abg, ab, ab/q; 97) «(4 =a 
_ (2g, 0; G)00(a*b"q"; 9") 00 a | er | 
(95 2) 00 (bq; 9) oo (0, ab7q?, a7bq?; g*)oo age | 

(Gasper and Rahman [1990]) 

3.34 Show that 


76 


k=0 


—2n 


a cq 


(—q, qa/c; Q)n 
(—aq,q/¢59)n 


,C7,4 se 
—n 
,cq" 


493 GE. ?| = 
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3.30 For k= 1,2,..., show that 


(ahi ida a $ thal ay 
dasa (Cs alin’ (6; Q)oo(t} g") o0 Qo nae oP b” 


(Andrews [1966c]) 


3.36 For the g-exponential function defined in (1.3.33) prove Suslov’s addition 


formula 
Cagle: Y; a) = Cate: ayEg(y; a), 
where 
(OP reo, 28 ; ti, Bad 
E,(x,y;a) = —--—— ae? (-° Fe +, —q° 7 e'?-¥?; @) 
eee (Gas ac 2 (aida J ‘ 


with x = cos@, y=cos¢,0<@0<7and0<@<7. 
(Suslov [1997, 2003]) 
3.37 Derive the quadratic transformation formula 


(—a; gi/2) g'/4e9, q'/4_e—1 gl? 9 


E(x3;a) = 
(#50) ‘ 
(Ismail and Stanton [2002]) 


Notes 


§3.4 Bressoud [1987] contains some transformation formulas for terminating 
r+1Pr(@1,@2,---,@r41;01,...,b,3q; Zz) series that are almost poised in the sense 
that bhax41 = a,q°* with 6, = 0,1 or 2 for 1 <k <r. Transformations for 
level basic series, that is -410, series in which a,b, = gag41 for 1 <k <r, are 
considered in Gasper [1985]. 

$3.5 For a comprehensive list of g-analogues of the quadratic transfor- 
mation formulas in §2.11 of Erdélyi [1953], see Rahman and Verma [1993]. 

§3.6 Agarwal and Verma [1967a,b] derived transformation formulas for 
certain sums of bibasic series by applying the theorem of residues to contour 
integrals of the form (4.9.2) considered in Chapter 4. Inversion formulas are 
also considered in Carlitz [1973] and W. Chu [1994b, 1995] and, in connection 
with the Bailey lattice, in A.K. Agarwal, Andrews and Bressoud [1987]. 

§3.7 Jackson [1928] applied his g-analogue of the Euler’s transformation 
formula (the p = q case of (3.7.11)) to the derivation of transformation for- 
mulas and theta function series. Jackson [1942, 1944] and Jain [1980a] also 
derived g-analogues of some of the double hypergeometric function expansions 
in Burchnall and Chaundy [1940, 1941]. 

§3.8 Gosper [1988a] stated a strange q-series transformation formula con- 
taining bases q?,q°, and q°. Krattenthaler [1989b] independently derived the 
terminating case of (3.8.18) and terminating special cases of some of the other 
summation formulas in this section. For further results on cubic and quintic 
summation and transformation formulas, see Rahman [1989d, 1992b, 1997]. 


112 Additional summation, transformation, and expansion formulas 


$3.9 For multibasic series containing bibasic shifted factorials of the form 
Ca a [ao tl —ap)q*) and connections with Schur functions and 
permutation statistics, see Désarménien and Foata [1985-1988]. 

§3.10 Jain and Verma [1986] contains nonterminating versions of some 
of Nassrallah and Rahman’s [1981] transformation formulas. 

Ex.3.11  q-Differential equations for certain products of basic hypergeo- 
metric series are considered in Jackson [1911]. 

Exercises 3.17-3.19 These exercises are g-analogues of the Cayley [1858] 
and Orr [1899] theorems (also see Bailey [1935, Chapter X], Burchnall and 
Chaundy [1949], Edwards [1923], Watson [1924], and Whipple [1927, 1929]). 
Other g-analogues are given in N. Agarwal [1959], and Jain and Verma [1987]. 

Ex. 3.20 The formula obtained by writing the last series as a multiple of 
the series with argument bp is equivalent to the bibasic identity (21.9) in Fine 
[1988], and it is a special case of the Fundamental Lemma in Andrews [1966a, 
p. 65]. Applications of the Fundamental Lemma to mock theta functions and 
partitions are contained in Andrews [1966a,b]. Agarwal [1969a] extended An- 
drews’ Fundamental Lemma and pointed out some expansion formulas that 
follow from his extension. 

Ex. 3.23 For additional material on Lagrange inversion, see Andrews 
[1975b, 1979a], Bressoud [1983b], Cigler [1980], Fiirlinger and Hofbauer [1985], 
Garsia [1981], Garsia and Remmel [1986], Gessel [1980], Gessel and Stanton 
[1983, 1986], Hofbauer [1982, 1984], Krattenthaler [1984, 1988, 1989a], Paule 
[1985b], and Stanton [1988]. 
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BASIC CONTOUR INTEGRALS 


4.1 Introduction 
Our first objective in this chapter is to give q-analogues of Barnes’ [1908] 
contour integral representation for the hypergeometric function 


[(c) 1 [- T'(a+s)I'(b+s8)I(—s) 
T(a)I(b) 277i J_ 550 [(c+s) 


where |arg(—z)| < 7, Barnes’ [1908] first lemma 


oF (a, b;c; z) = (—z)* ds, (4.1.1) 


- ~ T(a+s)0(b +s)I'(c—s)P(d—s) ds 
— Tiat+e)(at+ d)l(b+c)l(b+d) 
= — oecea, ea 
and Barnes’ [1910] second lemma 
1 f°? T(a+s)0(b+s)P(c+s)I(1 —d—s)I(—s) 
mi. re+s) 7 
_ P@rO)rord—d+a)ld—d+b)rd —d+e) (4.1.3) 


[T'(e — a)I'(e — b)T'(e —c) 
wheree =~a+6+c—d+l. 


In (4.1.1) the contour of integration is the imaginary axis directed upward 
with indentations, if necessary, to ensure that the poles of I'(—s), i.e. s = 
0,1,2,..., lie to the right of the contour and the poles of [(a+ s)['(b+ 8), 
ie. s = —a—n,—b—n, with n = 0,1,2,..., lie to the left of the contour (as 
shown in Fig. 4.1 at the end of this section). The assumption that there exists 
such a contour excludes the possibility that a or 6 is zero or a negative integer. 
Similarly, in (4.1.2), (4.1.3) and the other contour integrals in this book it is 
assumed that the parameters are such that the contour of integration can be 
drawn separating the increasing and decreasing sequences of poles. 

Barnes’ first and second lemmas are integral analogues of Gauss’ 2 F, sum- 
mation formula (1.2.11) and Saalschiitz’s formula (1.7.1), respectively. In 
Askey and Roy [1986] it was pointed out that Barnes’ first lemma is an exten- 
sion of the beta integral (1.11.8). To see this, replace b by b — iw, d by d+ ww 
and then set s = wa in (4.1.2). Then let w — oo and use Stirling’s formula to 
obtain the beta integral in the form 


/ eote—h(1 — 2) t4-lde = Bla+c,b+4), (4.1.4) 
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where Re(a +c) > 0, Re(b+d) > 0 and 


x ifx>Q0, 
a : if 2 <0. oo) 
It is for this reason that Askey and Roy call (4.1.2) Barnes’ beta integral. 
Following Watson [1910], we shall give a qg-analogue of (4.1.1) in §4.2, that is, 
a Barnes-type integral representation for 2¢1(a,b;c;q,z). It will be used in 
$4.3 to derive an analytic continuation formula for the 2@, series. We shall 
give q-analogues of (4.1.2) and (4.1.3) in §4.4. The rest of the chapter will 
be devoted to generalizations of these integral representations, other types 
of basic contour integrals, and to the use of these integrals to derive general 
transformation formulas for basic hypergeometric series. 


Fig. 4.1 


4.2 Watson’s contour integral 115 
4.2 Watson’s contour integral representation 
for 2¢1(a, b;c;q, Z) series 


For the sake of simplicity we shall assume in this and the following five sections 
that 0 < gq < 1 and write 


q=e", ‘a>, (4.2.1) 


This is not a severe restriction for most applications because the results derived 
for 0 < q < 1 can usually be extended to complex q in the unit disc by 
using analytic continuation. The restriction 0 < q < 1 has the advantage of 
simplifying the proofs by enabling one to use contours parallel to the imaginary 
axis. Extensions to complex q in the unit disc will be considered in 84.8. 


For 0 < q < 1 Watson [1910] showed that Barnes’ contour integral in 
(4.1.1) has a q-analogue of the form 


291 (a, b; C,q; Z) 


= (4, 6 doo (=) [- (g'**,€9° 1) 00 Tz)? ds, (4.2.2) 


(G,6Q)co \2mt] J icc (aq*, bq*; q),. sin 7s 


where |z| < 1,|arg(—z)| < a. The contour of integration (denote it by C) 
runs from —ioo to ioo (in Watson’s paper the contour is taken in the opposite 
direction) so that the poles of (ar 50). /sin7s lie to the right of the con- 
tour and the poles of 1/(aq*, bq°;q)oo, i.e. 8 =w tloga—n-+ 2rimwt,s = 
w tlogb — n+ 27imw! with n = 0,1,2,..., and m = 0,+1,+2,..., when a 
and 6 are not zero, lie to the left of the contour and are at least some e > 0 
distance away from the contour. 


To prove (4.2.2) first observe that by the triangle inequality, 


fd — ale RC] < [1 — ag’| <1 + [ale RO 


and so 
(q't*, cq*;@) 
(ag®, 69°; @) x 
Solem Gi | —(n+1+ Re(s))w 1 —(n+ Re(s))w 
< Il ka aia 2D Aa 2 (4.2.3) 
Ea, (1 — |ale n e(s ~) (1 — |dle n e(s a) 
which is bounded on C. Hence the integral in (4.2.2) converges if 


Re[s log(—z) — log(sin 7s)] < 0 on C for large |s|, i.e. if Jarg(—z)| < 7. 

Now consider the integral in (4.2.2) with C replaced by a contour Cr 
consisting of a large clockwise-oriented semicircle of radius R with center at 
the origin that lies to the right of C’, is terminated by C’ and is bounded away 
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from the poles (as shown in Fig. 4.2). 
y 


Fig. 4.2 


Setting s = Re’’, we have for |z| < 1 that 


te fog =" 


sin 7S 
= R{cos@ log |z| — sin @ arg(—z) — z| sin 6|| + O(1) 
< —R|sin 0 arg(—z) + z|sin |] + O(1). 

Hence, when |z| < 1 and |arg(—z)| < 7-6, 0<6 <7, we have 
(—z)° 
sin 7s 

on Cr as R — ov, and it follows that the integral in (4.2.2) with C replaced 

by Cr tends to zero as R — ovo, under the above restrictions. Therefore, 


by applying Cauchy’s theorem to the closed contour consisting of C‘r and 
that part of C’ terminated above and below by CR and letting R — oo, we 


= O |exp(—dR| sin 6|)| (4.2.4) 


obtain that sh i en ...ds equals the sum of the residues of the integrand at 
n=0,1,2,.... Since 
Bs? @ - __4\s uN 6 Ms 
lim (¢ — n) FD oo M=2)* _ (009) co on 


cme (aq, bq*; D) 0 sin 78 (aq”, bq”, Veo 
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this completes the proof of Watson’s formula (4.2.2). 

It should be noted that the contour of integration in (4.2.2) can be replaced 
by other suitably indented contours parallel to the imaginary axis. To see that 
(4.2.2) is a q-analogue of (4.1.1) it suffices to use (1.10.1) and the reflection 
formula 

T(2)l-2) = (4.2.5) 


to rewrite (4.2.2) in the form 
adr (¢°,9°34°s 9 2) 


Dae): [ [g(a +s) g(b+s)l(—s)T(1 + 8) 
Dy (a)Pg(b) 27% Jing Ij(c+s)0,(1+s8) 


(—z)* ds. 


(4.2.6) 


4.3 Analytic continuation of 2¢;(a, ); c; q, z) 


Since the integral in (4.2.2) defines an analytic function of z which is single- 
valued when |arg(—z)| < 7, the right side of (4.2.2) gives the analytic continu- 
ation of the function represented by the series 2¢1(a, b;c;q, z) when |z| < 1. As 
in the ordinary hypergeometric case, we shall denote this analytic continuation 
of 2¢1(a, b; c;q, z) to the domain |arg(—z)| < m again by 2¢1(a, b;c;4q, z). 

Barnes [1908] used (4.1.1) to show that if |arg(—z)| < a and a,b,c,a — 6 
are not integers, then the analytic continuation for |z| > 1 of the series which 
defines 2F\ (a, b;c; z) for |z| < 1 is given by the equation 


(ce) (6b — 
oF (a, b;c;z) = Trey 2Fi(a,l1t+a—c; 1+a—b;2z7*) 
I'(c)I'(a — b) 4 = 
——___—__— (— F,(b,1+b-—c; 1+b-a; 
+ Tayr(e—5) | z) 2 1(8, = Cc; l+ a, % ); 
(4.3.1) 
where, as elsewhere in this section, the symbol “=” is used in the sense “is the 


analytic continuation of”. ‘To illustrate the extension of Barnes’ method to 2¢, 
series we shall now give Watson’s [1910] derivation of the following g-analogue 
of (4.3.1): 


291 (a, b; C,q, z) 
b, C/A; I) 00 (2, g/ AZ; q) co 
a Oe ae 291 (a, aq/c; aq/b; q, cq/abz) 
(a, ¢/B; q)oo (bz, g/b25 9) 0 
(c,a/B;Q)oo (2,9/23 Q)cx 
provided that |arg(—z)| < 7,c and a/b are not integer powers of q, and a,b, z # 
0. 


21 (0, bq/c; bg/a;q,cq/abz), (4.3.2) 


First consider the integral 


a 1 (q't*,cq*;q)., m(—z)° 
; es EG ON 


= — d 4.3.3 
Pye) (aq, bq*;q),, sins ( ) 
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along three line-segments A,, A2,.B, whose equations are: 
Ai : Im(s) = mM}, Ao : Im(s) = —mda2, B: Re(s) = —M, (4.3.4) 


where ™1,™M2,M are large positive constants chosen so that A, Ao, B are at 
least a distance € > 0 away from each pole and zero of 


jane iq. 5g). 
(ag*, 69°; 4) x 
and it is assumed that A,,A2,B are terminated by each other and by the 
contour of the integral in (4.2.2), i.e. Re(s) = 0 with suitable indentations. 

From an asymptotic formula for (a;q)o. with gq = e“,w > 0, due to 
Littlewood [1907, §12], it follows that if Re(s) — —oo with |s — so| > e for 
some fixed € > 0 and any zero Sq of (q°;q)oo, then 


Rellog(q°; q)oo] = = (Re(s))? ae - Re(s) + O(1). (4.3.6) 


This implies that 
Re(s) 
g(s) =O ; (4.3.7) 


when Re(s) — —oo with s bounded away from the zeros and poles of g(s). 
By using this asymptotic expansion and the method of 84.2 it can be shown 
that if |z| > |cq/ab|, then the value of the integral J; in (4.3.3) taken along the 
contours A,, Az, B tends to zero as ™1,M2, M — oo. 

Hence, by Cauchy’s theorem, the value of J;, taken along the contour C of 
§4.2, equals the sum of the residues of the integrand at its poles to the left of C 
when |z| > |eq/ab|. Set a = —w7!loga, @ = —w—! logb so that a = q%,b = q’. 
Since the residue of the integrand at —a —n+ 2rimw~? is 

(a7*g'", cag", "*15.4) 5, 
(q, 9, ba~*q7—"5 G) 4 


xX EXP {2mriw~* log(—z) } ese (2m7*iw— 


(4.3.5) 


ab 
cq 


au) aaa had 
a 


we have 
OO 


I, = esc (2m7*iw~* — am) exp {2mmiw* log(—z) } 
mw '(c/a,q/0;q)oo 
xX a (— 2) 91 (a, ag/c; ag/d; g, cq/abz 
(b/a, q; q)oo ( ) 2 i( i / / ) 
+ idem (a; b). (4.3.8) 


Thus it remains to evaluate the above sums over m when |arg(—z)| < 7. 
Letting c = b in (4.3.8) and using (4.2.2), we find that the analytic continuation 
of 261(a, b; 6; q, z) is 


CO 
»; esc (am — 2mn*iw~*) exp {2mmiw” * log(—z) } 
m=—oo 
\ Tw *(4, 4/43 Woo 


(9; 93 1) co (—z)* 261(a, ag/b; ag/b; g, q/az). 
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Since, by the g-binomial theorem, 
(425 J) 00 


2h1(a, b; b; q; z) = (z; q) 


and the products converge for all values of z, it follows that 


S- esc (am — 2mn*iw—*) exp {2mmiw* log(—z)} (—z)~* 
m=—oo (4.3.9) 
_ WG, 9; 42, G/ 025 Goo 
m(a,q/4,2,4/25Q)oo 
Using (4.3.9) in (4.3.8) we finally obtain (4.3.2). 


4.4 qg-analogues of Barnes’ first and second lemmas 


Assume, as before, that 0 < q < 1, and consider the integral 


1 100 Chagas as mq° Ae 

ri [. (q¢ts,q’t8:q) sin (c — s) sina (d — s)’ 
where, as usual, the contour of integration runs from —i0o to ioo so that the 
increasing sequences of poles of the integrand (i.e. c+n,d+n with n = 
0,1,2,...) lie to the right and the decreasing sequences of poles (i.e. the zeros 
hay aaa waa q) 50) lie to the left of the contour. By using Cauchy’s theorem 
as in §4.2 to evaluate this integral as the sum of the residues at the poles 
ct+tn,d+n with n=0,1,2,..., we find that 


Lb (4.4.1) 


1+c—d. 
mg = (@ ;q) ae ee 
—_— ee) a+c Cy pie C— Os 
= ene) Ga) gO agg" 5G5g) 
+ idem (c; d). (4.4.2) 
Applying the formula (2.10.13) to (4.4.2), we get 
1 4100 Cpe mma) ee mgs ds 
271 J_iogo (G98, g?+95q),,  sina(c — s) sina(d — s) 
Cc 1l+c—d ,d-—c ,a+b+c+d. 
_ 4 (4,9 amare Doo, (4.4.3) 


sin t(c _ d) (gore, got, gote, gtd; Doo 
which is Watson’s [1910] g-analogue of Barnes’ first lemma (4.1.2), as can be 


seen by rewriting it in terms of g-gamma functions. 


A q-analogue of Barnes’ second lemma (4.1.3) can be derived by proceeding 
as in Agarwal [1953b]. Set c= n and d=c—a-— 6 in (4.4.3) to obtain 


a lr Cow tar a a I) x mgs ds 
744 (GO?) sin 7s sina(c —a—b-—s) 
Qe ge oe Gs 


= CSC 7T(C—- a b a ae a 
( ) GoGo Go = 50). 
a ob 
Cae eC) re -»)-() 
(1) 2 4.4.4 
oy (qa) s a) 
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for n = 0,1,2,.... Next, replace c by d in (4.4.4), multiply both sides by 
n 

(—1)"gre-9)+ (a) (a°3 Qn / (4;9°} Qn» Sum over n and change the order of inte- 

gration and summation (which is easily justified if |g°~°T*| < 1) to obtain 


ge GG gd). 


egg Ge a 
Meee aoa a ag 
1 Hore) (qits, gidtatbts. q) 


csc t(d — a — b) 


8 
_ 00 mq 


i a (q2ts,gots:q) = sinassina(d—a—b-—s) 
x ob1 (q *, 9% 9° 4,9" “T*) ds 
e—c. 400 1l+s ,et+s ,1—d+a+b-+s. 
_ (q | Ca ae a). 
PQ es, 20d res OPS age og) 
Tq” ds (4.4.5) 
sinassina(d—a—b+s)’ a 


by the g-Gauss formula (1.5.1). Now take c = d. Then the series on the left of 
(4.4.5) can be summed by the q-Gauss formula to give, after an obvious change 
in parameters, 


zo [ Cas qr, ger: Q) TQ? ds 
2mt J ico (q*t8, q°t*, g°**; ¢),, sins sin m(d + s) 


a@ a a a0 Sa)... 
(g% 0" q°.q) te 4 gure? gire ag). 


e—a 


= csc md (4.4.6) 


where d+e =1+a+6+¢, which is Agarwal’s g-analogue of Barnes’ second 
lemma. This integral converges if qg is so small that 
Re [s log q — log(sin 7s sin 7(d + s))| < 0 (4.4.7) 


on the contour for large |s|. 


4.5 Analytic continuation of ,,,¢, series 


By employing Cauchy’s theorem as in 84.2, we find that if |z| < 1 and 
jarg(—z)| < 7, then 


ey oe 3 
o (Ca pmaraeera 2 ret hy bs) pe 
x (=) [ AGT bigs br G5 G00 T(=2)9 ds (4.5.1) 
271 —ioo (a1g*, a2q5,.--, @r41955 9), sin7s ” as 


where, as before, only the poles of the integrand at 0,1,2,..., lie to the right 
of the contour. As in the r = 1 case, the right side of (4.5.1) gives the analytic 
continuation of the ,41¢, series on the left side to the domain |arg(—z)| < 7. 
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Also, as in §4.3, it can be shown that if |z| > |b. ---b-q/a1---a,+4i|, then 
the integral I; = x med ...ds is equal to the sum of the residues of the 
integrand at those poles of the integrand which lie on the left of the contour. 
Set a; = —w~' log a,. Since the residue of the integrand at —a,; —n+2rimw! 
is 

Cae ag Obie @: areas Oe0y Gg) 

(q, q; aga; qu”, ees Gr414,°q7-; I) x 
1 


oO TW (7) 


x esc(2mm7 iw * — ay) exp {2mmiw* log(—z)}, 


by proceeding as in the proof of (4.3.2) and using (4.3.9) and (4.5.1) we obtain 
the expansion 


Q1,02,---,Qr41 
r+19r 59,2 
bi, sits Op 
= (Go, ae -, Or41,61/a1, cee ,b,/a1, 012, 9/012; 4) 5, 


(B15 5:494 Op) @2/ Cin 2% Qp41/ 01, 24/250) = 
a1,019/b1,...,a1q/b, bi. - ++ Or 
a1q/Q2,---,019/Qr41?~? 201 +++ Ar+1 
+ idem (a1; @2,..-,@r41), 


Xr41Pr (4.5.2) 


where the equality holds in the “is the analytic continuation of” sense. The 
symbol “idem (a1; a2,...,@r41)” after an expression stands for the sum of the 
r expressions obtained from the preceding expression by interchanging a, with 
each az, k = 2,3,...,r4+1. 


4.6 Contour integrals representing well-poised series 


Let us replace a, b,c,d and e in (4.4.6) by a+n,b+n,c+n,d+n and e+ 2n, 
respectively, where 

e=l+a+b+c-d, (4.6.1) 
and transform the integration variable s to s — n, where n is a non-negative 
integer. ‘Then we get 


a [~ (ore Gor ge erm D) wc mgs” ds 
2ni In—ioo —«s(g2F#, g° +*, q°t*3q),, sinassina(d+s) 
(q, gore. Gee Geer. eam "am D) 


= csc 7d (4.6.2) 


(qotr gotn gcetn ge—a—b ge—a—¢ ge Sg) ‘ 

’ ’ ’ ’ ’ IY] a0 
The limits of integration n +100 can be replaced by tioo because we always 
indent the contour of integration to separate the increasing and decreasing 
sequences of poles. Thus, it follows from (4.6.2) that 


(Gag ne a a. (Cea) gi-an 


(9G. Gog Ge ogee 0). (Ge ge). 
_ 4. Kove (g*, git, ae D) x mgt1)s(q-s: qQ)n ds 
27% Jing (Q2**, g’t*, got; gq), sin mssin a(d + 8)(q°t*;q)n 


csc(7d) 


(4.6.3) 
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and hence, by termwise integration, we obtain Agarwal’s [1953b] formula 


(a0 a ed) 


RO? 0? 0° Ge Ger ge 9G) 


A a boc 
’ ’ ’ »41,-.--,4 —d 
x rads | ae ee ‘ 5, 2q | 
-9Ur 


csc(7d) 


qd O° ar ©, Oi, os 
wk PO ae ed) mq° 
Ort Jing (qtt*, g'+8, g°+*;q),. sin tssin m(d + 8) 


A 8 
b] a 9 ese , a 9 — 
x r+2Pr41 |! b1 ‘ ., bp ote 1; zq° ; ds, (4.6.4) 


where e=1+a+b+c—d,|z| < |q*| and it is assumed that (4.4.7) holds. 

Therefore, if we can sum the series on the right of (4.6.4), then we can find 
a simpler contour integral representing the series on the left. In particular, if 
we let 


r=f4.e= 1+ A,a, = (Gtr? = —Q2, 43 = q",a4 =, 
hq bs ag pag ere 


then we get a VWP-balanced ¢¢s5 series which can be summed by (2.7.1). This 
yields Agarwal’s [1953b] contour integral representation for a VWP-balanced 
go7 series: 


i | Cr Ae ea a ag ag 
8 = = es _ -_ 
gAl?,—gA/2 gitA-a gltA-b gltA-c gitA-d git+A—e)f 


q q 


= sint7(a+b+c-— A) 


(gets 1+A—d—e., 


: 97,9°,9°.49 q q q 4) 5 
(q, gatbte—A, gitA—a—b—ec gitA-a, gitA—6. gitA-e. gitA-d. gitA—e. Doo 


1+A-—a—b ,14+A-—b-—c ,1+A-—c—a 
9 y] y] 
1 100 Cea Gunes. 


Qi 


1+A—e+s ,a+b+c—A-+s. 
’ ) 


q q q) 5 


~ico (Gere gre gore ger. ae) 3 

mq°* ds 

Wet oe a and ae a 
sinassinn(a+b+c—A+s) 


where B= 2+4+2A—a—b—c—d-e, provided Re(B) > 0 and 


(4.6.5) 


Re [s log q — log(sin7s sinn(a+b+c—A+s))| <0. 


If we evaluate the integral in (4.6.5) by considering the residues at the 
poles of 1/{sin ws sin 7(a+b+c—A+s)] lying to the right of the contour, then 
we obtain the transformation (2.10.10) of a VWP-balanced g¢7 series in terms 
of the sum of two balanced 4¢3 series. In addition, if we replace A, d,e and a by 
A, A+d—A,A+e—A and A+a—A, respectively, and take A+a+d+te=1+2A 
in (4.6.5), then the integral in (4.6.5) remains unchanged. This gives Bailey’s 
transformation formula (2.10.1) between two VWP-balanced g¢@7 series. 
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4.7 A contour integral analogue of 
Bailey’s summation formula 


By replacing A, a, b,c, d, e in (4.6.5) by a, d, e, f, b,c, respectively, we obtain the 
formula 


sW7 (q°; q’, G. q’, q, q’; q; q) = sin 7(d oe or i, aa a) 
(ag Gg dag ro ag We tg hd) x 
(q, gita—b. gita—c, gita—d, gita—e, gita-f, qita—d—e-f. q) 


CO 
1 i Chae gure-oTs grencre. q) x mq° As 
aes (GO? Qoo? gr 10)... sinassinn(d+e+f—a+s)’ 


(4.7.1) 


, 
272 


provided the series is VWP-balanced, i.e., 
1+2a=b+ct+d+etf. (4.7.2) 


Since 1+ 2(2b—a) = b+ (b+c—a)+(b+d-—a)+(b+e-—a)+(b+f —a) by 
(4.7.2), it follows that (4.7.2) remains unchanged if we replace a,c,d,e, f by 
2b—a,b+c—a,b+d—a,b+e-—a,b+ f—a, respectively, and keep b unaltered. 
Then (4.7.1) gives 


3W, tq q’, gene = ie grrene got f-e. q, q) ey epaee 


: (qe, 


b+d—a ,b+e-a ,b+f-—a ,l+a—d-—e ,l+a-—d—f ,l+a-e-f. 
) ’ ) ) ) ) 


qd qd qd qd qd qd 
(q, qitb—a, gitb—e, qitb—d qitb—e. gitb—f q°; Doo 


V) o0 


1 100 (gute o gr beers. qi ts: a). mgs ds 


27k Jing (Got4-418, ghte—ats ghtf—ats:q)  sinmssina(c— 8) 


Cee b+d—a ,b+e-a ,b+f-a 
; ’ ) 


q q q 1) oc 


Oger F = 5 ge 5g). 
: (qrrern quieted, gireress. D) x a [ Cane 1) 5 
Geer Sehr Sgro Oe eg).c. DMJ. ae (Go). 
: Cele ais gabe) ae mq° ds 
(gore ge Teg). sinz(a —b+s)sinn(c+b—a-—s) 


= sin 7c 


, (4.7.3) 


where the second integral in (4.7.3) follows from the first by a change of the in- 
tegration variable s — a—b+s. Combining (4.7.1) and (4.7.3) and simplifying, 
we obtain 


(ene gi tee. gut ee grees, gita-f. D) 


(qh ?..g°0".0°) 0! 5d). 


x sWz (973 ¢°, 0°, 97, 9°, 4/59, 9) 


1+b— 1+b— 1+b-—d .1+b-— 1+b-—f. 
(Goes gro gner Gag ag eg) 


b—a q q q Co 
=i 1+2b—a ,b+c—a ,b+d—a ,b+e-—a ,b+f-a. 
(q 1g 1g q q ra) 
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KaWal a gg og gg gg) 


(gases, Geers. Git eo: q) 


= CO 
(Gq? ,g "gx. 


1 400 Ciene grea Gre, gran ese: 1) 5 he sin 1 (a = b) ae 


Ori ee (ge! ge" gi 3g). sin7ssin7(a—b+ 8)’ 
(4.7.4) 


when (4.7.2) holds. 

Evaluating the above integral via (4.4.6), we obtain Bailey’s summation 
formula (2.11.7). 

Agarwal’s [1953b] formula 


t 1 
pe Cage gQatts. =g2e', gira Ure. Greets: a) 


1 
amt J ico Come Get Bere ag 2a gh gone a) 7 
: Comes Gara ere! quran es 1) 5 mgs ds 
(Got? gq? 8 i ql? .@) = sin7ssin7(a—b+s) 
(q, gees. qu: i grees Dis 


= csc 7(a — b 
a8) (9°, 9°, 97, 9°, 975 Doo 
(Come i ee gita-e-f, q) 


x 0 (4.7.5) 


(go re==. gotd—a, ghte—a, got fa, Dx 


where 1+ 2a=b+c+d-+e+ f, follows directly from (2.11.7) by considering 
the residues of the integrand of the above integral at the poles to the right of 
the contour, i.e. at s = n,b—a+n with n = 0,1,2,.... Thus (4.7.5) gives 
an integral analogue of Bailey’s summation formula (2.11.7). The integral in 
(4.7.5) converges if g is so small that 

Re [s log q — log(sin 7s sin 7(a — b+ s))| <0 (4.7.6) 


on the contour for large |s]. 
4.8 Extensions to complex gq inside the unit disc 


The previous basic contour integrals can be extended to complex q inside the 
unit disc by using suitable contours. For 0 < |q| < 1, let 


log g = — (w, + iwe), (4.8.1) 


where w; = — log |q| > 0 and wp = —Arg q. 
Thus g = e (“1+2), Then a modification of the proof in §4.2 (see Watson 
[1910]) shows that if 0 < |q| < 1 and |z| < 1, then formula (4.2.2) extends to 


291 (a, b; C, q, z) 


— (485 doo (=) [ (g**, 05 Noo ™(=2)* gy (4.8.2) 


(dG Q)es \ 2m (ag®, bq*;q),, sinms 
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where C is an upward directed contour parallel to the line Re(s(w, +iw2)) = 0 
with indentations, to ensure that the increasing sequence of poles 0,1,2,..., of 
the integrand lie to the right, and the decreasing sequences of poles lie to the 
left of C. 

Since the above integral converges if Re[s log(—z) — log(sinzs)] < 0 on C 

for large |s|, i-e., if 

jarg(—z) — wewj * log |z|| < 7, (4.8.3) 
it is required that z satisfies (4.8.3) in order for (4.8.2) to hold. This restriction 
means that the z-plane has a cut in the form of the spiral whose equation in 
polar coordinates is r = e@19/¥2, 

Analogously, when 0 < |q| < 1, the contours in the g-analogues of Barnes’ 
first and second lemmas given in 84.4 and the contours in the other integrals 
in $84.4-4.7 must be replaced by upward directed contours parallel to the 
line Re(s(w; + iw2)) = O with indentations to separate the increasing and 
decreasing sequences of poles. 


4.9 Other types of basic contour integrals 


Let g=e “ with w > 0 and suppose that 
(Ui Zein GA2,. Di) 2eoi05 0B / 2) 
(CieiesseGe; G1) 2 isa) 2: q),.. 


has only simple poles. During the 1950’s Slater [1952c,d, 1955] considered 
contour integrals of the form 


P(z)= (4.9.1) 


e im /w 
i= aoe pe : P(q*)q*ds (4.9.2) 
271 —in /w 

with m = 0 or 1. However, here we shall let m be an arbitrary integer. It 
is assumed that none of the poles of P(q*) lie on the lines Ims = +7/w and 
that the contour of integration runs from —iz/w to ia/w and separates the 
increasing sequences of poles in |Im s| < 7/w from those that are decreasing. 
By setting 206 = —sw the integral [,, can also be written in the “exponen- 
tial” form oft 


1 ar 
QTE fz. 


P (e’”) e'™? do (4.9.3) 


with suitable indentations, if necessary, in the contour of integration. Similarly, 
setting z = q° we obtain that 


1 m—1 

i= Oni ee dz, (4.9.4) 
where the contour K is a deformation of the (positively oriented) unit circle 
so that the poles of 1/ (c1z,...,cc¢z}q),, lie outside the contour and the origin 
and poles of 1/(d1/z,...,dp/z;¢q),,. lie inside the contour. Special cases of 

(4.9.3) and (4.9.4) have been considered by Askey and Roy [1986]. 
Although each of the above three types of integrals can be used to derive 
transformation formulas for basic hypergeometric series, we shall prefer to 
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use mainly the contour integrals of the type in (4.9.4) since they are easier 
to work with, especially when the assumption in Slater [1952c,d, 1966] that 
0 <q <1 is replaced by only assuming that |q| < 1, which is the case we wish 
to consider in the remainder of this chapter. 


4.10 General basic contour integral formulas 


Our main objective in this section is to see what formulas can be derived by 
applying Cauchy’s theorem to the integrals I,,, in (4.9.4). 

Let |q| < 1 and let 6 be a positive number such that 6 4 |d;q"| for 7 = 
Le Pewee a, and 6 # |c>" q_”| for 7 = 1,2,...,C when n = 0,1,2,.... Also let 


Cn be the circle |z| = 6 al , where N isa positive integer. Then Cr does not 
pass through any of the poles of P(z) and we have that 


is 6,...,@,40, b1/6,...,6B/6;¢@) 
Dil saN \ [RANE | 2 (16, .. +1449, 01/9). -- 108/95 Doo 
| (5g ) 6a") | (C10 ue (C00; 01/0, cia 05) 


x, | herds +++ 609, 98/1, «+ ,99/bB; I) (nto) 
(a16,...,446,95/di,---,98/doia)y \ di+++dp 
4 


D-B m—1|N 
~0 ( 
(4.10.1) 


Since Cy is of length O(|gq|"’) it follows from (4.10.1) that if D > Borif D=B 
and 


b, ---bpBq 


x 6 1 
d,---dp 


5Nq Ga: 


og ("2") 


b, ---bpq 
1 4.10.2 
eee hn (4.10.2) 
then 
lim P(z)z™ *dz =0. (4.10.3) 
N—-oo Cn 


Hence, by applying Cauchy’s residue theorem to the region between K and C'y 
for sufficiently large N and letting N — oo, we find that if D> Borif D=B 
and (4.10.2) holds, then J,, equals the sum of the residues of P(z)z™~+ at the 
poles of 1/ (di /z,...,dp/z}q),,. Therefore, since 


SiC eae 
oe ig bia q)x )- (59) n(G5 Q)oo Sienna eae) 


it follows that 
(a1d1,...,aady,b1/d1,...,bB/di;q),, am 
CHSC ERCET Tr »dD/01; dQ) 4 
(cydy,...,¢cd1, qdi/bi,...,qd1/bB; q),, 
 (g,a1di,.-. ,a4d1,qd1/d2,...,q¢di/dp; 4), 
x (-aygnt9/2)"" B) (% — ) 
4+ idem (di;do,...,dp) (4.10.5) 


La = 
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if D > B, or if D = B and (4.10.2) holds. 
In addition, by considering the residues of P(z)z™—' outside of K or by 
just using the inversion z — z~! and renaming the parameters, we obtain 
(bic1,...,bBc1,4a1/c1,---,@4/C13 4), —m 
(Osis cay np Ciy0o/ Ci, COT CRO) ; 
— (dici,...,dpc1,qce1/a1,...,9C1/@A34), 
= (q, bic1,...,0BC1, q9C1/C2,.--,9C1/CO3 4) n 


x (—ergrrr2) (* Sat” | 
C1°*'CO 


n= 


x 


+ idem (c1; C2,-+. ,Cc) (4.10.6) 
if C > A, or if C = A and 
Q\ ---aagq ”™ 
Ci1°°°Co 


a1. (4.10.7) 


In the special case when C' = A we can use the ,¢, notation to write (4.10.5) 
in the form 


(aid1,...,@4d1,b1/di,...,6B/d1;q),. qm 
(q,¢1d1,...,¢ad,d2/di,...,dp/disq),, * 


c1dy,...,cady, qd;/b1,...,qd,/bp D-B 
Sea PA+D-1 ftom eee aad), qd, /do, as te ,qdi/dp oe t(qd1) 


+ idem (di; d2,...,dp) (4.10.8) 
where t = bjb2---bgpq™/d,---dp, if D > B, or if D = B and (4.10.2) holds. 
Similarly, from the D = B case of (4.10.6) we have 


Im(A, B; A, D) = 


bic1,..-.,0BC1, Lena @Ay Ci. - 
Im(A, B; C, B) _ ( 1C1 BCl ay /cy Ay 1 Dec o™ 
(Gi Cisnriy A BCLs Ca] C15 se VCO Cyd). 
dyc1,...,dBc1,qcei1/a1,...,9C1/GA . C—A 
SALE OB+C-1 b1¢1, cee ,oBci, qci /Ca, coe ,qc1/Co me ucaey 
+ idem (c1;C2,...,C¢c) (4.10.9) 


if C > A, or if C = A and (4.10.7) holds, where u = a1 ---a4q7™/c1-+- Cc. 
Evaluations of J,, which follow from these formulas will be considered in 
$4.11. 
From (4.10.8) and (4.10.9) it follows that if C = A and D = B, then we 
have the transformation formula 
(@1di,.--, Gadi, b1/di,---,6B/d13V)oo am 
(cidi,...,CAdi,d2/d1,...,dB/disq),, ° 
a eee c1dj,...,c4dy, qd; /by,...,qd;/bp 7 b, ---bpBq”™ 
rT?" | aidi,...@4di, qdi/do,...,qdi/dp’” d,-+-dg 
+ idem (di; do,... , dp) 
_ (brea, --- ber, 41/¢1)--- 14/615 Doo .—m 
(Citiias A eCig Co) Cissus CA Cig) ; 
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x d dic1,...,dBC1,qc1/@1,...,qcC1/Ga - ay-*aaq 
A+B PA+B-1 bic1,...,0B¢1,9C1/C2,...,qC1/CA’?*”? Cy 
+ idem (c1;C2,...,CA) (4.10.10) 


provided that |b; ---bgq™| < |d,---dgpl,|a1---aaq ™| < |c1---ca| and m = 
Os asl ga ey eee 

In some applications it is useful to have a variable z in the argument of 
the series which is independent of the parameters in the series. This can be 
accomplished by replacing A by A+1,B by B+1 and setting bg. = z and 
aat1 = q/z in (4.10.10). More generally, doing this to the m = 0 case of 
(4.10.5) and of (4.10.6) gives the rather general transformation formula 


(ajdj,...,@4d1,61/di,...,bB/d1, z/di, qdi/z3¢),, 
(cid1, ve ,ccd,, d2/d1, a ,dp/d13¢) 


(cid1, » Sis ,ccd1, qd; /b1, ae gq, /bB3 4) n 
— (q,a1d1,--.,@ad1, qdi/d2,..-,9d1/dD; 9), 


n(D—B-1) =e! . 
x (—aig"+2)/? ) (4 “2 | 


disses 
+ idem (d,;d2,...,dp) 
— (b1e1,...,bB¢1,41/¢1,.--, 04/1, 12, 49/C123 F) 5 
7 (Cit sosey ONE 1569/- CiaveaCC (Cis @) <: 


i (dicj,... ,ApC1, 9C1/01,.--,9C1/4A5; Qn 
(q,b1c1,...,bBc1, gce1/C2,---,9C1/CC3 My 


x (egennynoe> (2 =: — 
C1°°'' COZ 


+ idem (c1;¢2,...,C¢c), (4.10.11) 
where, for convergence, 
b,---b 
(i) D>B+1, or D=B+1 and ee ie 
diated 
and 
(ii) C>A+1, orC=A+t and |2 “49 | <1. 
C1°** COZ 


This is formula (5.2.20) in Slater [1966]. Observe that by replacing z in 
(4.10.11) by zq™ and using the identity 


(qd/zq™, 2q™/d; q) 5, = (—1)™(d/z)™q- ©) (qd/z, 24; q) 00 (4.10.12) 


we obtain from (4.10.11) the formula that would have been derived by using 
(4.10.5) and (4.10.6) with m an arbitrary integer. 
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4.11 Some additional extensions of the beta integral 


Askey and Roy [1986] used Ramanujan’s summation formula (2.10.17) to show 
that 

1 [7 (ce*?/G, get? /ca, cae”, qBe~** /c; q) Pr 

Qn —T (ae’?, be, ae~*?, Be-*, Doo 
= (aba, C, q/c, 004/18 4B 1003 Qo, (4.11.1) 
(aa, a8, ba, BB, g3F) oo 

where max ((q|, |a|, |b], |a|,|G|) < 1 and ca@ ¥ 0; and they extended it to the 

contour integral form 


Lf (cz/B,qz/ca, co/z,qB/c2z; 9). dz 
271 I. (az, bz, a/z, 3/2; D) o z 
_ (abaB, ¢, q/c, ca/B, 98/03 Qo (4.11.2) 
(aq, af, ba, bB, q; Hs 

where aa,af,ba,b3 ~£ q-",n = 0,1,2,...,caZ? ~ 0, and K is a deformation 
of the unit circle as described in 84.9. These formulas can also be derived 
from the A = B = D = 2,m = 0 case of (4.10.8) by setting a1 = c/B,a2 = 
q/ca, by = ca, bg = qB/c, c, = a, Cg = b,d, = a and dz = G and then using the 
summation formula (2.10.13) for the sum of the two 2¢, series resulting on the 
right side. In Askey and Roy [1986] it is also shown how Barnes’ beta integral 
(4.1.2) can be obtained as a limit case of (4.11.1). 

Analogously, application of the summation formula (2.10.11) to the A = 
3,B = D=2,m= 0 case of (4.10.8) gives 

Lf (62,92/7, 72/08, 1/2, 908/725 Qoo az 


ami Sx (a2, bz, €2,0/2,B/2%34)o0 
a LULOMOL TS NIB SEAL THO1 O10 UO) C0) (4.11.3) 
- (aa, af, ba, 6G, ca, cB, q; ayes ’ Lt. 


where 6 = abcaZi, abcaBby # 0, and 
aa, a,ba,bB,ca,cB~#q”, M0 led. ase 


Note that (4.11.2) follows from the c — 0 case of (4.11.3). 
In addition, application of Bailey’s summation formula (2.11.7) gives the 
more general formula 


1p (2a, -2a3, qaz/b, gaz/c, qaz/d, qaz/f;2) 
I. 


271 (qzat, —qzat, bz, cz, dz, fz; a) 
CO 


(qz/7,72/aB, ¥/2,908/7%5 Doo dz 
(y/a, qa/y,7/8,98/y, aq/ed, aq/bd, aq/be, aq/bf,aq/cf, aq/df;q) oo 
(aaZ, ba, ca, da, fa, bB,cB,dB, fB, 4d; q) 


(4.11.4) 
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where aq = bcdfa, bcdfaBby £ 0, 


aaZB, ba, ca,da, fa,bB,cB,db,fBAq”, n=0,1,2,..., 
and K is as described in §4.9; see Gasper [1989c]. 


4.12 Sears’ transformations of well-poised series 


Sears [1951d, (7.2)] used series manipulations of well-poised series to derive 
the transformation formula 


ng al Ae uy 
(gai /amy2,---,901/a2m, g/ams2,.--,4/aam,af,—a?,q/a?,—a/az;q) _ 
(a1,...,@M41,42/@1,.-.,@41/4139), 
a,,42,.--,42M 
x es Fe 0 ea 
2M 02M 1 Pe apatite | 
_ (qa2/Am42,---,9G2/d2mM,qa1/a24y42,---,9a1/A202M; ihe 
= a9 —_— [los 
(a1 /a2, a2, ag/d2,...,Am41/2, 03/01, d2G3/a1,...,420M41/415 9), 


1 it 1 1 
x (a7 /a2,—az /a2, qa2/az, —ga2/aj;q) 


x om oom ; a2 /a1, A2,0203/01,...,a202y/a1 | = 
7 qa2/G1,qG2/d3,...,qa2/dam °~’ 
+ idem (@2}a3,...,@41), (4.12.1) 


where x = (qa,)™ /aja2---agy. Slater [1952c] observed that this formula 
could also be derived from (4.10.10) by taking A = B = M+1,m = 1, 
choosing the parameters such that P(z) in (4.9.1) becomes 
i 1 
(qaz/ams2, -++59Q12/A2M, QzQj , —9z4; ; a) 
(€12,--+;@M4123 Vo 
1 i 
(q/zam+2, .+,q/z02M,1/zaz ,—1/zay; a) 
(1/z,@2/za1,---,4m+1/2413 4) 
and then using the fact that 


x (4.12.2) 


(a, —a, q/4, —4/4; q)o0 — a” (qa, —a, 1/a, —1/4; q) oo 
= 2(a, —a, q/a, —q/a; q) oo (4.12.3) 
to combine the terms with the same 2;¢¢21_1 Series. 
Similarly, taking A = B = M+2 and m = 1 in (4.10.10) and choosing the 
parameters such that P(z) in (4.9.1) becomes 
i 1 
(qaz/amss, vee ,qa,z/A2M,qza; »— za; , z(qa1)?, ~2(qa1)*, q) 
————————————— eae ee 
(€12Z,---,4M 42239) o6 
i 1 1 1 
(q/zam+s, ...,q/2a2u, 1/20} , 1/20} , q2 /za? , —q? /za2 ; a) 
a °°) 


x 
(1/z,a2/za1,...,€+42/201;9) 5, 


y) 


(4.12.4) 
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we obtain 
(qa1/ami3,---,901/aom,q/am43,---,4/d2M, 4/01; %) x 
(Go,.-.,@m42,42/@1,...,4m+42/013; 9), 
cc a 
= (dae /am+s, «++ 19a2/d2m, 901 /A24M+3»--- 1901 /4202M Doo 
(a1 /a2,a3/a2,...,Am+42/A2, A203/01,...,420m4+2/0134)., 
(a1 /a3, ga3/013; q)co a3 /a1,02,0203/01,...,0202M/a1 - 
(a2, 2/013.) c 2M P2M—1 | gag /a1, 9a2/a3,...,qa2/de2m ae 
+ idem (a2; a3,...,@.42), (4.12.5) 


where x = (qa,)™ /a, «++ a2y7, which is formula (7.3) in Sears [1951d]. 
Finally, if we take A = B = M +2 and m = 1 in (4.10.10) and choose the 
parameters such that P(z) in (4.9.1) becomes 


(qaiz/amss, -++,9012/A2M41; qza?, —qza? tq} zajsq) 
(@1Z,...,€M 42239), 
(q/zamrs, ...,Q/202M41; 1/za?, —1/za} , tq /za} 4) 
* (1/2, a2/za1,...,4 42/201; q) 4 ee 
we obtain 
(qa1/Am43,---,901/A2m41,9/AM43,--+,9/A2M413 Vo 
(Q1,...,@m42, G2/d1,.--,Am+42/015 Q)oo 


i i i a 1 1 
« (af, —a?, a/a} ,—a/a} (ag)? +(g/a1)*3@) 


Q1,42,---,A2M41 
x : 
2M+192M Pi oo qa /d2m41 »q, | 
_ (qao/am+3; nee ,qa2/A2M+1; qa; /a2au43, ny qa; /a202M41; ) 00 
(a1 /a2, a3/d2,...,m42/G2, a2, a5/a1, G2a3/a1,...,a24u+2/015;49),, 
1 1 A. i 1 1 
x (a? /a2, a7 /a2, ga2/a} ,—ga2/a} ,+a2(q/a1)?, +(ga1)? /a2;4) 
OO 
a3 /a1, 02, 0203/a1,...,d2d2M441/a1 
X 9M@+192M 59, +Y 
qa2/a1, qa2/a3, rey qa2/a2M+1 
+ idem (a2; a3,...,@.2+42), (4.12.7) 


where y = (qa,)!@+2 /ay -+-@2m41, Which are formulas (7.4) and (7.5) in Sears 
[1951d). 
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Exercises 


4.1 Let Rec > 0, Red > 0, and Re(a+ y) > 1. Show that Cauchy’s [1825] 
beta integral 


1 [ ds _P@+y-)Atd/e)h*(1+ e/a)? 
Qni J_ioo (1+ ces)*(1 —ds)¥ (c+ d)T'(x)T'(y) 


has a g-analogue of the form 


1 / '° (—esq”, dsq"; 9) x, 

——= ————__—_"° ds 

ant —1400 (—cs, ds; Q) oo 

_Tge+y-1) (-cq*/d, —dq"/c; 9) 
Ty(x)q(y) (e+ d)(—cq/d, —dq/c;q)oo' 


where 0 <q <1. 
(Wilson [1985]) 


4.2 Prove that 


1 sis (qits, _gits ga-btlts _ga-btl+s getdte—ats. q) 
i a (qcts, gts, gets, —gatlts, —ga-2b+s: 9) 
™q° ds 

sintssina(c+d+e—a+s) 
(q, gctdte—a gita—c—d—e gl+a—b, q) 

(qite, —qite, —ga-2b, ge:q) 
(=qe* _g%, qita-e gita-d glta-e, a). 
(q4, q°, qite-e-4, gi+a—c—e gita—d—e.q) 


= cscm(c+d+e-—a) 


CO 


X10 Wo (euagr2 igi t 4/2 g, —q°, g°, q*, g°:¢ aye ee) 
where 1+ 2a—2b>c+d+e. 


4.3 Show that 


ac, bc, ad 
ae ioe acdh oh 
(q, ac, bc, ag, bg, ch; Q)oo 
(f,4/f,¢f/9,99/cf, abceg, acdh; q) 
1 [ ( fe’? /g, qe’” /cf, dhe’’, age" /f,cfe~”*: 


y) 


ea ; oc dé. 
Qn J_, (ae??, be? , he*?, ce, ge—; q) 
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4.4 Prove that 


1. 7 (fet, ke’ /d, qde~’ /k, cke~"”, qe"” /ck, abcdghe"’/f;) .. uy 
Die pts (ae? be*? ce—*?, de—*?, ge*”, he*®; q) 
(k, q/k, ck/d, qd/ck, cf, df, acdg, bedg, cdgh, abcdh/ f; q) oo 
(q, ac, ad, bc, bd, cg, dg, ch, dh, cdf. 9; q) x 
x sW7(cdfg/q;cg, dg, f/a, f/b, f/h;q, abedh/f). 


4.5 Prove that 


a" abcdq”—", ae’, ae~” | 
we ab, ac, ad 454 
2 
(q? q2 , ab, ac, bc; q) ox (q2e%9; a) 
CO 
ie (qt ei#¥/o, ager ogres, gre?! a, abce’? /a; a) 
on = 9 
7) a (ae’? /o, be*#/a, ce’*/a, ce 1%, ge—19-19; g) 
—idh p 
OEE Dn (2 ib" ap 
(abcei# /o, ad; a) o 
n 
and, more generally, 


(q, az, a/z, bz, b/z,cz,C/Z3q) x 
(kK, q/K, K27, q/K2z7, ab, ac, BC; Q) x 
1 [* (Kze'?/o,qoe*?/Kz, Koze~"®, ge’? /Kaz, abce’®/o;q) .. 
(ae’? /o, be’? /a, ce’? /o, aze—*?, ae"? / 23 Q) cx 
(doe~‘®, be; q),, (<e'# 


* (aioe Ja,adsg), a“) 


O 


for n = 0,1,2,..., where z = e” and « is an arbitrary parameter. 


4.6 Prove that 


el (aq/e, aq/f,aq/g, aq/h, q/ae, q/af,¢/ag,q/ah; qd) 
(qa?, ab, ac, ad, b/a, c/a, d/a; q) oo 


x 19Wo (a°; ab, ac, ad, ae, af, ag, ah; q, q° /abcde f gh) 
+ idem (a; b, c,d) = 0, 


where |q°| < |abcdef ghl. 
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4.7 Prove that 


qn (an9/b1 1g / bay...» 014 /br, g/ Qrb1,-- +1 4/41br; Doo 


1 9 : 
(qaz,@102,...,@1@r,a2/a1,...,ar/a1;q),, 
2. . r—1 
X or+2Wor+1 (@{j34142,...,414r,a1b1,...,a1br39,q" -/a1+ ++ Grbi +++ by) 
+ idem (a1; a2,...,a,) = 0, 
where r = 1,2,..., and |q”~?| < Ja, --- a,b, ---b,|. 


4.8 Show that 


Lf’ (esq"*?, bds, a8; 9)00 4, 
271 J_ioo (—es, ds, basq”—1; q) oo 
_ (—a/c, —bd/c; FQ) oo (0, a/d; Q)n 


~ (e+ d)(—dq/e, —ba/cq; q)oo (q, -€9/4; Q)n’ 


where Re(c,d,ba) > 0 and n = 0,1,... . Show that the g-Cauchy beta 


integral in Ex. 4.1 follows from this formula by letting n — oo and then 


setting b = q¥, a = —cq”. 


4.9 Extend the integral in Ex. 4.8 to 


1 ; °° (—aes, ac*s/a, ac?s/8, ac?s/y, ac?s/6, ac?s/d; 4) oo 
Lae (—cs, as, BS, 78,68, AS; q) oo 


22.2 
«(1- =) as 
qd 


(a/q, —ac/a, —ac/3, —ac/y, —ac/6, —ac/X; q) cx 
c(q, =O C, =0/¢: =A 6; 0/6, —A/c; DQ) 0 
(q*/a, ac* /aB, ac* /ary, ac? /BY34)n 
(—eq/a, —cq/B, —cq/y, —07c3 /aBYG; q)n’ 


where Re(c, a, 8,7, 0, X) > 0, se —ahy6q°, ac = Nar, and n = 
i ee 


4.10 Show that 


1 / (q?z/aay, q?z/bay, q?z/cay, ¥/Z3q)oo 1 — qz*/ay Bs 
Q2ni Ix (az, bz,cz,a/Z3q)oo 
_ (a7, 67, 67%; 24/75 D0 

(aa, ba,ca,g;q)oo ” 


where q? = abcagq’, |y/a| < 1, and the contour K is as defined in §4.9. 
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4.11 Show that 


Lf (092,42/7,9/25 Vx 
2ni Je (az, bz,a/2Z5q)oo 


dz 
x (qz/¥q""3 Pm (4125 9)m, +++ (r23 G)m,. = 
(y/a, ag/7, 6q/a; q) co 
(aa, g/aa, ba; q) co 
KG / Pa" 0) wl Gi/ 0a) ass * Geb) aba 


provided |y/a| < 1, where m,m,...,m, are nonnegative integers, q = 
ayg7tmir+™Mr and K is as defined in §4.9. 


4.12 Show that 
1 [ (—acs, dqs;q) oo 


9.; -d)m1°**(Qr839)m d 
271 Jog (—€8, 483 q)c0 (418; d)mi (a-8;q)m, ds 


(—ac/d; q) 00 
= Gacaane q)m, +++ (@r/d; Q)m, 
provided |ag~(™1+""+™r)| < 1, Re (c,d,a1,--:,@r) > 0, and m,...,m, 


are nonnegative integers. 


4.13 Show that 
1 [ (—acs, —ac’s/f, ac*s/a, ac’ s/(; Q)oo 


oni —ioco (—cs, — fs, as, 88; q) co 
(ac?s/y, ac?s/6;q) oo 2 9 
x += (1 — ac’s*/q) ds 
(78, 083) oo ( /D) 


_ (a/q, ac/f, —ac/a, —ac/B, —ac/7y, —ac/53 q)x 
7 c(q, ipes —a/e, —B/c, =H): —6/c; Q)oo 
(q*/a, ac? /aB, ac*/ay, ac? /BY34)n 
(—cq/a, —ceq/8, —cq/7y, —0*c? /aBYG; d)n 
(ac?/f?q,ac/f, —ac*/ fa, —ac*/fB,—ac*/ fy, —ac*/f5;q) x 
HRC ey Wi ita 7 ey os i eee 7B reek Oe) ee 
fa? /ac*, ac*/oB, ac* ary, ac*/B-Y; @)n 
(—fq/a, —fa/B, -—fa/y, —a2c*/faBbya;q)n 


provided ac = fq"*1,a°c°? = faBydq", Re (c, f,a,3,7,6) > 0, the inte- 
grand has only simple poles, andn=0,1,... . 


+ 


(For the formulas in Exercises 4.8 — 4.13, and related formulas, see Gasper 
[1989c].) 


Notes 


§4.4 Kalnins and Miller |[1988, 1989] exploited symmetry (recurrence relation) 
techniques similar to those used by Nikiforov and Suslov [1986], Nikiforov, 
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Suslov and Uvarov [1991], and Nikiforov and Uvarov [1988] to give another 
proof of (4.4.3) and of (4.11.1). 

$4.6 Contour integrals of the types considered in this section were used 
by Agarwal [1953c] to give simple proofs of the two-term and three-term trans- 
formation formulas for g@7 series. 

§4.12 Sears [1951b] also derived the hypergeometric limit cases of the 
transformation formulas in this section. Applications of (4.12.1) to some for- 
mulas in partition theory are given in M. Jackson [1949]. 

Exercises 4.1-4.5 For additional g-beta integrals, see Askey [1988a,b, 
1989e], Gasper [1989c], and Rahman and Suslov [1994a,b, 1996a, 1998]. 


O 


BILATERAL BASIC HYPERGEOMETRIC SERIES 


5.1 Notations and definitions 


The general bilateral basic hypergeometric series in base q with r numerator 
and s denominator parameters is defined by 


Q1,02,.--,Qar 
ale) = oe | RR ON says 


z | (5.1.1) 
_ > (a1, 02, a8 , ar, q)n (—1)-7)ng(e-")(2) ym 
(b1, bo, sey bs; Q)n 


In (5.1.1) it is assumed that qg, z and the parameters are such that each term 
of the series is well-defined (i.e., the denominator factors are never zero, gq ~ 0 
ifs <r, and z ~ 0 if negative powers of z occur). Note that a bilateral basic 
hypergeometric series is a series Ne se oo Un Such that vp = 1 and vp+41/Un is a 
rational function of q”. By applying (1.2.28) to the terms with negative n, we 
obtain that 


2 (Qi GoycretOp dy ( = ) ( i. )(5) 
re = Aenea (ey Ve San) (5) 30 
v 2) a (b1, b2,...,0s3d)n \ : ; 

n= (5.1.2) 


+ (q/b1,q/b2,---q/bs3Q)n (ae) 


(q/a1,q/a2,---,4/@Qri3d)n \Q1°++ Or 


Let R = |b, -- a 3/a,:--a,|. If s < r and |q| < 1, then the first series 
on the right side of (5.1.2) diverges for z # 0; ifs <r and lq| > 1, then the 
first series converges for |z| < R and the second series converges for all z 4 0. 
When r < s and |q| < 1 the first series converges for all z, but the second series 
converges only when |z| > R. If r < s and |q| > 1, the second series diverges 
for all z 4 0. If r = s, which is the most important case, and |q| < 1, the first 
series converges when |z| < 1 and the second when |z| > R; on the other hand, 
if |g| > 1 the second series converges when |z| > 1 and the first when |z| < R. 

We shall assume throughout this chapter that |q| < 1, so that the region 
of convergence of the bilateral series 


7 Sd (iss ian Qed) a nr 
rWr(z) = ye (Digs g 0 Qn : 


CO 
[Ciscoe Qa. 
a, (b1, ean 03 Qi 


 (q/b1,---,Q/brig)n ( bi-++br \" 
+o a -) (5.1.3) 


TU= — CO 
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is the annulus 
bu esehe 


1. 9.1.4 
| < al < (65.1.4) 


When b; = q for some 7, the second series on the right sides of (5.1.2) and 
(5.1.3) vanish and the first series become basic hypergeometric series. If we 
replace the index of summation n in (5.1.1) by k +n, where k is an integer, 
then it follows that 


Q1,---,ar 
59,2 
be es | 


— (01+ -1Or5 Dee [(_ayeg(’)] 
a ot |(_ayhg(@) 


k k 

a1q y Bt aided » Ard wait 

X Ws e035 2G ; (5.1.5) 
| big*,...,bsq" 


When r and s are small we shall frequently use the single-line notation 


M2). = (Oise 5 0s 3 0EO)2) 


An ,w, series will be called well-poised if a,b, = agbg = --- =a,b,, and very- 
well-poised if it is well-poised and aj = —ag = qb, = —qbg. Corresponding 
to the definition of a VWP-balanced ,110, series in §2.1, we call a very-well- 
poised ,w, series very-well-poised-balanced (VWP-balanced) if 


(a3a4---G,)qz = (-tayq7?)"~? (5.1.6) 
with either the plus or minus sign. The very-well-poised bilateral basic hyper- 
geometric series in (5.3.1), (5.5.2), (5.5.3), and in §5.6 are VWP-balanced. Note 


that if in (5.1.6) we replace r by r+1, a; by ga?, and then ag by ay, then (5.1.6) 
reduces to the condition (2.1.12) for a ,,,W,. series to be VWP-balanced. A 
well-poised ,~, series will be called well-poised-balanced (WP-balanced) if 


(Q1a2°++A,)z = —((a1b1)?)” (5.1.7) 


with either the plus or minus sign. The well-poised bilateral basic hypergeo- 
metric series in (5.3.3), (5.3.4), (5.5.1), (5.5.4), and in (5.5.5) are WP-balanced. 


5.2 Ramanujan’s sum for ;71(a;);q, z) 


The bilateral summation formula 


Se _ (q,b/a, az, q/a25 qd) 00 
V1 (a; b; q, z) — (b, g/a, 2,6/a2;qQ)o0 ” 
which is an extension of the q-binomial formula (1.3.2), was first given by 
Ramanujan (see Hardy [1940]). In Chapter 2 we saw that this formula follows 
as a special case of Sears’ 3¢2 summation formula (2.10.12). Andrews [1969, 
1970a], Hahn [1949b], M. Jackson [1950b], Ismail [1977] and Andrews and 
Askey [1978] published different proofs of (5.2.1). The proof given here is due 
to Andrews and Askey [1978]. 


lb/a| < |z| <1, (5.2.1) 
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The first step is to regard 171(a; 6; q, z) as a function of b, say, f(b). Then 
f(0) = 1¥1(4; 6; q, z) 


_ yes a; ; nom acre (q/03@)n q)n (bJaz)” (5.2.2) 
mE 


(q/a;q)n 


so that, by (5.1.4), the two series are convergent when |b/a| < |z| <1. Asa 
function of b, f(b) is clearly analytic for |b] < min(1, |az|) when |z| < 1. Since 


11 (a; b; g, z) — a 141 (a; b; g, gz) 


a,9)n+1 on 
7 a. : (0; = : 
= z-'(1—b/q) 2» oe Bo 
= 27*(1—6/q) 141 (a; b/g; 4, 2), 
we get 
f (bq) — 2~*(1 — b) f(b) = a 11 (a; bg; 4, 92). (5.2.3) 
However, 


a 1W1(a; bq; q, gz) 
ee, OE i ea 
7 ey (baia)n 2” 


=-ab (4; gn (1 — 69" — 1) on 


pene (bq; 4)n 
= —ab—1(1— b) f(b) + ab~' f (bq). 


(5.2.4) 


Combining (5.2.3) and (5.2.4) gives the functional equation 


(1 — ab") f (bq) = (1 — b)(z~* — ab") f (0), 
that is, 
1—b/a 

(1 — b)(1 — b/az) 
Iterating (5.2.5) n — 1 times we get 

(6/45 Q)n 
(b, b/az;q)n 
Since f(b) is analytic for |b] < min(1, |az|), by letting n — co we obtain 

(b/a; q) 0 
(b, b/az; 4) 0 


f() = f (bq). (5.2.5) 


f(b) = f(bq"). (5.2.6) 


f(b) = f(0). (5.2.7) 
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However, since 


_ 2 Gn jn _ (025 Goo 
f= dU (q3d)n (2 @)oo 


n=0 
by (1.3.2), on setting b = q in (5.2.7) we find that 


_ (4,9/825 q) 0 _ (4,4/02, 42; 4) 
= Ce (q) = (q/0,23)o0o | 


Substituting this in (5.2.7) we obtain formula (5.2.1). 
Jacobi’s triple-product identity (1.6.1) is a limit case of Ramanujan’s sum. 
First replace a and z in (5.2.1) by a! and az, respectively, to obtain 


s (QO) (gyyn = (G0bs 29/2 9) oe (5.2.8) 


(0; q)n (b, aq, az, b/2;q) 00’ 


n=— Co 


when |b| < |z| < |ja~'|. Now set b = 0, replace q by q?, z by zq, and then take 
a — 0 to get (1.6.1). 


5.3 Bailey’s sum of a very-well-poised gwWg series 


Bailey [1936] proved that 


i i 
qa2,—qa2,b,c,d,e : qa? 


ate a? , —a2,aq/b, aq/c, aq/d, aq/e ) bode 


(5.3.1) 
_ (aq, aq/be, aq/bd, aq/be, aq/cd, aq/ce, aq/de, q, q/ 4; 4) oo 
(aq/b, aq/c, aq/d, aq/e, q/b, q/c, g/d, q/e, ga? /bcde; q)oo’ 


provided |ga?/bcde| < 1. Since this VWP-balanced gg reduces to a VWP- 
balanced g¢; series when one of the parameters b, c, d, e equals a, (5.3.1) can 
be regarded as an extension of the g¢5 summation formula (2.7.1). 

There are several known proofs of (5.3.1). Bailey’s proof depends crucially 
on the identity 


(ag/d, ag/e, aq/f,q/ad, q/ae, q/af; q) x 
a(qa*, ab, ac, b/a, c/a; q)oo (5.3.2) 
x gW7(a’; ab, ac, ad, ae, af;q,q°/abcdef) + idem (a; b,c) = 0, 


when |q?/abcdef| < 1, which is easily proved by using the q-integral represen- 
tation (2.10.19) of an g@7 series (see Exercise 2.15). If we set c = q/a, the first 
and third series in (5.3.2) combine to give, via (5.1.3), 


(aq/d, aq/e,aq/f,q/ad, q/ae, q/af;)oo 
a(gqa?, q/a?,q, ab, b/d; q)oo 
qa, —qa, ab, ad, ae, af q 


x 1! ae 
ve a, —a,aq/b,aq/d, aq/e,aq/f ” bdef 
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while, by (2.7.1), the second series reduces to 


b*, bg, —bq, bd, be, bf q 
b, —b, bq/d, bq/e, bq/f’ + bdef 


_ _(qb*,q/de, a/df, ¢/€f; Doo _ 
(bq/d, bq/e, bq/f,q/bdef; qd) oo 


65 


This gives (5.3.1) after we replace a’, ab, ad, ae, af by a, b, c, d, e, respectively, 
and use the same square root of a everywhere. 

Slater and Lakin [1956] gave a proof of (5.3.1) via a Barnes type integral 
and a second proof via a q-difference operator. Andrews [1974a] gave a simpler 
proof and Askey [1984c] showed that it can be obtained from a simple difference 
equation. The simplest proof was given by Askey and Ismail [1979] who only 
used the g¢5 sum (2.7.1) and an argument based on the properties of analytic 
functions. 


Setting e = a2 in (5.3.1), we obtain 


1 3 
—qa?2, b, C, d qa2 
4W4 i [re 
—a?2, aq/b, aq/c, aq/d ~~ bcd 


_ (29, aq/be, ag/bd, ag/ed, qa /b, qa? /e, ga? /d,4,9/4: 90 (5. 4 3) 


(aq/b, aq/c, aq/d, q/b, q/¢, q/d, qa? , ga~ 2, qa? /bcd; q) ox 


provided |qa? /bcd| < 1. This is an extension of the g-Dixon formula (2.7.2). 


If we set d = a2, e = —a? in (5.3.1) and simplify, we get the sum of a 
WP-balanced 272 series 


2%2(b, c; aq/b, aq/c; q, —aq/bc) 
— (aq/be; q)oo(aq?/b?, aq?/c*, g?, aq, q/a; 4") 


(5.3.4) 
7 (aq/b, aq/c, q/b, q/c, —aq/bC; q) x =, le <1 


5.4 A general transformation formula for an ,1w, series 


In this section we shall derive a transformation formula for an ,~, series from 
those for ;11¢, series in Chapter 4. First observe that (5.1.3) gives 


rWr(@1, A2,.--, 4p; 51, be, .. Org, z) 


G, G1,--+, Gr =a b, — 
ip 1Pr 59,2| +2 
- | 61,005 505 | i er ak — q 


, g2/b1,...,q7/dr ona Be 
q, O° /b1,---, 9° [br | by “ (5.4.1) 


q’/ay,...,Q7/ap 9” G1-++Arz 


x TOr | 
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In (4.10.11) let us now make the following specialization of the parameters 


C=A41% D={P41i, A=P=r 


cid, = Codg = --- = C441d441 = 4, 
qd; /by = a1, qd, /bg = a2,..., qd, /ba = aa, (5.4.2) 
aid, = (1, agd) = fo,...,aadi = Ba, 
by-+-baz 
dy---dasi mio 


Then, combining the pairs of the resulting ,,1¢, series in (4.10.11) via (5.4.1), 

simplifying the coefficients and relabelling the parameters, we obtain Slater’s 

[1952b, (4)] transformation formula 

(b1, ba, wes, ,b,, q/a1, q/a2, ae ,q/ar, dz, q/ dz; D)oo i A2,-++,Ar “9,2 
(Cis CF paces Cog G) Cis C0355 G/ C56 mes bj, bo,..., 0, — 


_4@ (c1/a1,¢1/a2,...,¢1/ar, qb1/c1, gb2/c1,..-, qbr/e1, de1z/q, 9° /dc1 2; q)oo 


Cj (ci, q/Cc1, c1/C2, oe c1/Cr, qco/c1, re | qc, /C13 doo 
qa; /C1,qa2/C1,...,qar/C1 
X Wr 1; 
qb; /c1, gbo/c1,... , qb, / C1 
+ idem (c1;C2,...,Cr), (5.4.3) 


bi «++ Dp 
a eee 


Tr 


where d = a1@9---a,/C1C2°** Cr, < |z| <1. 


Note that the c’s are absent in the ,2, series on the left side of (5.4.3). 
This gives us the freedom to choose the c’s in any convenient way. For example, 
if we set c; = qa;, where j is an integer between 1 and r, then the 7*® series 
on the right becomes an ,@,_1 series. So if we set c; = qa;, 7 = 1,2,...,7, in 
(5.4.3), then we get an expansion of an ,w,. series in terms of r ,@,_1 series: 

(61, 62,..., bp, @/a1, q/G2,---,4/Or, 2, 4/25 Goo up parent 4,2 

(qa1, qa2,...,qar,1/a1,1/a2,...,1/a7; Q)oo a bi, bg,..., 5, — 
_ at *(q,qa1/a2,.--,qa1/ar,b1/a1, be/a1,...,bp/A1, 012, G/A123 Q)oo 

(qa1,1/a1,41/a2,...,01/a,,qa2/01,...,qGAr/A1; q)oo 


a igus Se a - b1---d, | 
qa; /a2,...,qa,/ar Ay +++ AZ 
+ idem (a1; a@2,...,@,), 
(5.4.4) 
provided |— = < hz). 
eos 


On the other hand, if we set c; = b;, 7 = 1,2,...,r in (5.4.3), then we 
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obtain the expansion formula 


(q/ai, q/a2,...,q/ar, dz, q/dz; Q)oo Q1, Q2,...,Qr 


rr | 5q, 2 
(q/b1, q/ba,---5¢/br3 Goo b1, bg,..., 6, 
— @q (q,01/a1, b1/a2,...,61/ar, db1z/q, q?/db1 2; Q) oo 


_ Gap 127 GW 101s W)o8 5.4.5 
by (by, q/b1, bi /ba,...,b1/br3 Q) co ( ) 


pastas 
qa, / 1 qa / 1 -q, | + idem (bi; bo,...,0,), 
qbz/bi,.--, br /bi 


with d = ai,ag:: - a, [by be “ Dp. 


x KORA 


5.5 A general transformation formula 
for a very-well-poised 9,2, series 


Using (4.12.1) and (5.4.1) as in §5.4, we obtain Slater’s [1952b] expansion of a 
WP-balanced 2,72, series in terms of r other WP-balanced 2,72, series: 


i 1 _i = Jak 
(q/b1,...,q/ber, aq/bi1,...,aq/ber,a?, —a?, ga 2,—qa 2d) ss 


(a, @1,.-.,@r,aq/a1,...,aq/ar,q/a,q/a1,...,¢/Ar,41/4,...,Ar/A;)oo 
bi, bo,..., bar a” . 
X or Wer | 9; -T 
aq/b1, aq/bo,...,aq/ber by +++ bay 
= ai(a1q/b1,...,a1q/ber, aq/aib1,...,aq/a1bar; q) co 
(a1, q/a1,a/a1, qa1/a, a2/a1,...,A,/A1,qa1/A2,.-.,901/Ar; Q)oo 
(a2 /ax, —a? /a,,qa,a~2, —9a,0~*; q)o0 
(at/a, qa/ay, Q12/a,...,A1a,/a,qa/a1a2,...,qa/a1Ar; J) 
a,b; /a, a ,bo/a,...,a,b2,/a a’ q’ 
x ar War ) i a 
aiq/b1, aiq/be,. ..,01q/ ber by »+ + Dor 
+ idem(a1;a@2,...,@,r). (5.5.1) 
For the very-well-poised case when a; = 6b; = ga2, ag = by = —ga?, the first 
two terms on the right side vanish and we get 
(q/bs, to ,Q/ bar, aq/bs, see ,aq/ bor; Oss 


(ag, q/a,a3,...,4r,q/a3,---,4/Ar Q)oo 
x (a3/a,...,a,/a,aq/a3,...,aq/ar;q)x, 
a2,—a2,aq/b3,...,aq/bar b3 +++ bor 
_ (a3q/b3,...,a3q/bar, aq/asbs, ..- , aq/a3b2r; Y)oo 
(a3, q/a3, a3/a, ag/a3, qa3/a,aq/A3; J) oo 
x (a4/a3,...,@r/a3,qa3/4,...,903/Ar3q) oo 
x (aza4/a,...,a3a,/a, aq/agza4,...,aq/a3ar;q). 
— —gqa3a~ 2, a3b3/a,..., agbo,/a | 
X ar Wor ; 


qd ——————————— 
a3a~ 2, —a3a~ 2, qa3/b3,...,qa3/ber bg +++ bor 
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+ idem (a3; @4,..., Gr). (5.5.2) 


In particular, for r = 3 we have the following transformation formula for VWP- 
balanced wg series 
(q/bs,-.-,4/b6, aq/bs,--- »4q/B63 4) cx 
(aq, q/a, a3, ¢/a3, a3/a, aq/3; q)oo 
a2, —a2,aq/b3, ag/ba, aqg/bs, aq/bg 53046506 
(a3q/bs,..-,a3q/be, aq/asbs, ...,4q/a3b6; q)oo 
(a3, q/a3,a3/a,aq/a3, qa3/a,aq/a3; J) oo 
ga3a~ 2, —ga3a~? ,a3b3/a, a3zb4/a, agbs /a, abe /a . a*q | 


x 1 1 1! a ae ae oe 
eve | a3a~ 2, —a3a~ 2, ga3/b3, ga3/b4, qa3/b5, qa3/be b3babsb¢ 
(5.5.3) 


If we now set a3 = bg, then the gw. series on the right side becomes a g¢5 with 


sum . 
(qbg/a, aq/b3b4, ag/b3bs, aq/b4bs3 q) oo 


(qbe/bs, be /ba, qbe/bs, qa? /b3b4b5b6; q) 00 
This provides another derivation of the gW¢ sum (5.3.1); see M. Jackson [1950al. 
As in Slater [1952b], Sears’ formulas (4.12.5) and (4.12.7) can be used to obtain 
the transformation formulas 
(q/b1, one ,Q/ber, aq/by, soe , ag/ ber; Q)oo 


(a1, ees Or415 4/1, ee .»Q/Gr41,41/a,. oe ,Or41/a,aq/ar, ethic , 09 /Ar+13Q)oo 
bi,..., 09 a’ q’ 
X ar Wer | " oe 
aq/b,,...,aq/ber bi bg +++ bo, 


(a1q/b1, ee ,a1q/bar, aq/ayby, ae ,aq/A1b27; Doo 
(a2/a1, wae ,Or41/Q1, qa; /az, wee 5 9Q1 /Ar+1, aq/a1a2, wae ,aq/A1Gr+13 Vo 


x (a1, q/ai, aq/a1, a; /a, a1a2/a, i<- AA 41/0; Doo 
ab /a,a1b2/a,...,A1ber/a_ qa" | 


x r r y) an. as a ee 
ee oe b1 be ++ bay 


—+- idem (a1; A2;,---. Ohi) 
(5.5.4) 


and 
(q/b1,...,q/ber—1, aq/b1,...,q/b2r—13 1) c 
(a, a1,.-.,@r,q/a,q/a1,---,4/Ar; J) o0 
(a2, =a, g/a2, —4/a2 , +(ag)?, (4/4)? g)o0 
(a,/a,...,@,/a,aq/a1,.-.,aq/Ar;q)oo 
biye-sBar-1 = Q” Bad 
ee aq/by,...,aq/ber—1 ne psa 
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— ay(arg/bi,...,@19/bar—1, aq/aib1, ..., aq/A1b2r—13 Woo 


(aq/a%, aq/a1a2,...,aq/a1Ap, A2/01,...,Ar/A13q)c 
(a /ay, —a2 /ay, aiq/a?, —aq/a? ) Q)oo 
(a/a1,q/a1, a2 /a,a,a2/a,..., 0107/0; qQ)oo 


. (+(aq)? /a1, a1(q/a)?3q)oo 
(qa1/a, a1, qa /a2, ee qa; /G,r; Doo 


y wb a,b; /a,...,a,ber_1/a rq" 2a"-2 
ee 7 ec ee 
Tr r ga; /b1,..., qa, /bep—1 ’ b1b2 +++ bap_4 
+ idem (a1; @2,...,@,). 


(5.5.5) 


5.6 Transformation formulas for very-well-poised 
gWg and j9%19 series 


In this section we consider two special cases of (5.5.2) that may be regarded 
as extensions of the transformation formulas for very-well-poised g¢7 and ig9¢9 
series derived in Chapter 2. First, set r = 4 in (5.5.2) and replace b3, b4, bs, 
bg, b7, bg by 6, c, d, e, f, g, respectively, choose a3 = f, a4 = g and simplify to 
get 
(aq/b, ag/c, aq/d, aq/e, q/b, 4/¢, 4/4, 4/€; Yoo 
(f,9,f/a,9/a, aq, q/@; q)oo 
qa? , —qa?, b, C, d, €, 19 a°q? 

xX gVe | 4 1 59; oe 

a?, —a?,aq/b,aq/c,aq/d,aq/e,aq/f,aq/g  bcedefg 
(q,aq/bf, aq/cf, aq/df,aq/ef, fa/b, fa/c, fa/4, £4/€3 9) <0 

(f,a/f,09/f; f/a,9/f; 9/4, 4f?/4; 9) 00 


eae a oe a a3? | 
fa-2,—fa~?, fq/b, fa/e, fa/d, fa/e, fa/g bode fg 
+ idem (f;4g), (5.6.1) 
a°q? 
where bedefg <dks 


Replacing a, b, c, d, e, f, g by a’, ba, ca, da, ea, fa, ga, respectively, we 
may rewrite (5.6.1) as 


(aq/b, aq/c, aq/d, aq/e, q/ab, q/ac, q/ad, q/ae; q) ox 
(fa, ga, f/a,g/a, qa, q/a*;q)o 

Sail | qa, —qa, ba, ca, da, ea, fa, ga . q? | 

"5 | a, —a, aq/b, aq/c,aq/d, aq/e,aq/f,aq/g”’ bedefg 
(q,q/bf,a/cf,a/df,a/ef, af/b,af/c, af /d,4af/€; Qo 
(fa,q/fa,aq/f, f/a,9/f, £9, 9F75 Qo 

f*,af,—af, fb, fc, fd, fe, fg -q q? | 
f,-f, fa/b, fa/c, fa/d, fa/e, fa/g ~~ bedefg 


x a6 | 
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+ idem (f; 9), (5.6.2) 


provided |q?/bcdefg| < 1. Note that no a’s appear in the g@7 series on the 
right side of (5.6.2). This is essentially the same as eq. (2.2) in M. Jackson 
[1950a]. 


For the next special case of (5.5.2) we take r = 5 and replace b3,..., bio 
by 6, c, d, e, f, g, h, k, respectively, choose a3 = g, a4 = h, as = k, and finally, 
replace a,b,...,k by a?,ba,...,ka and simplify. This gives 

(aq/b, aq/c, aq/d, aq/e, aq/f, q/ab, q/ac, q/ad, q/ae, q/af; Q)oo 
(ag, ah, ak, g/a,h/a, k/a, qa”, q/a?; q)oo 
, | qa, —qa, ba, ca, da, ea, fa, ga, ha, ka q° | 
x -g, + 
iia a, —a, aq/b, aq/c, aq/d, aq/e, aq/f,aq/g,aq/h, aq/k 7 bcde f ghk 


_ (4,4/b9, 4/c9, 4/49, 9/e9, 4/F9,.99/, 99/¢, 99/4, 99/¢, 99/ Fs I) 
(gh, gk, k/g,h/g, ag, q/ag, 9/a, 09/9, 997; Yo 
9”, 49, —49, 9b, g¢, gd, ge, gf, gh, gk | q° 
9,-9,99/b, 99/¢, 99/4, 99/e,99/ f.49/h, 99/k ee 
+ idem (g;h,k), 


X 1099 | 


(5.6.3) 
where |q?/bcdef ghk| < 1. Notice that all of the very-well-poised series in this 
section are VWP-balanced. 


Exercises 
5.1 Show that 


: (-1)"q" = jst aS, 


aa 4) x 


5.2 Letting c — oo in (5.3.4) and setting a = 1, b = —1, show that 


er —G3 Qc 


5.3 In (5.3.1) set b= a, c=d =e = —1 and then let a — 1 to show that 
CHE | 
148 7 = | pate 
Bier. (1 Fr q”) (—G; ¥) c0 
See section 8.11 for applications of Exercises 5.1-5.3 to Number Theory. 
5.4 Set b=c=d=e=-—1 and then let a > 1 in (5.3.1) to obtain 
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5.5 Show that 


= 2 
So gf Pr(1t 2g!) = (7-24, -G/2z3P)oo. 2 #0. 


n=— CoO 


5.6 Prove the quintuple product identity 


OO 


Ss" G21) tgt ee iA 7 ee”) 


n=—0o 
= (q, 4, —q/2%3 q)co(q2z7, 4/2739) oo; ys a 0. 
See the Notes for this exercise. 


5.7 Show that 


0° 10n+4 

feaos 

— q(1—4q*) Ge Oy Oy Ge Gi. Oe 
—G-o-e@ Cy “8s Oy ay a, tia 


Deduce that 


; la} <1. 


See Andrews [1974a] for the above formulas. 


5.8 Deduce (5.4.4) directly from (4.5.2). 
5.9 Deduce (5.3.1) from (5.4.5) by using (2.7.1). 


5.10 Show that 
Ger aeibse/abiaciem (esa Tih Day «4 | 
e (e,q/e,e/f,af/€;Q) Tea 
(e, f,q/e, 4/f,¢/ab; q) ox 


e/c,e/q. . . 
et + idem (e; f) 


5.11 Show that 
ga? , —qa2,c,d,e, f,ag~",q-” | atgent? 
“ at ~at,aq/c,aq/d,aq/e,aq/f,q"*, agrtt’ a 
_ (a9, 9/4, ag/ed, ag/ef;)n 
(q/c,q/d, aq/e, aq/f3q)n 
e, f,aq”t*/cd,q-” 
xX 4W | 


: =O 152 
aq/c,aq/d, q+, ef Jagr’ 4 } 3 y] y] 


148 Bilateral basic hypergeometric series 


and deduce the limit cases 
ef aq 
22 ies aq/a?” “4 
_ (a/c, g/d, aq/e, aq/f; 4) 
(aq, q/a, aq/cd, aq/ef; 4) 


= (1 — aq?")(c, d,e, f3¢)n qa® \" 2 
tS ee a ee) 


n=— CO 


and 


—% (Ga)n (493 9) << (qid)n 1l-a 


eS 2 ore ; 9) 
3 aq” 1 (a; Q)n ihsee ad i‘ (si gt gree te 
n 
(aq”, aq’, a*q°: aq ye a/q, a, aq 5 5 
=e BD) | 8 9-3 05 Od || 
(Aq; 9) cx a“q”,a"q 
which reduces to the first and second Rogers-Ramanujan identities when 


a=1anda=g, respectively. 
(Bailey [1950a] and Garrett, Ismail and Stanton [1999]) 


5.12 Using (5.6.2) and (2.11.7), show that 


qa, —qa, ab, ac, ad, ae, af,ag 
sVs 5454 


a, —a, aq/b, aq/c, aq/d, aq/e, aq/f, aq/g 

(q, qa", q/a”, ag, g/a, q/bc, g/bd, q/be, g/bf, g/cd, g/ce, a/cf;Q) 0 
(bg, cg, dg, eg, fg, aq/b, aq/c, aq/d, aq/e, aq/f,q/ab, g/ac; q) ox 

. (q/de, q/df,a/ef;@)c 

(q/ad, q/ae, q/af;q) oo’ 


provided bcdefg = q and 


(bf, a/bf, cf, a/cf, af, a/df, ef, g/ef, a9, 4/49, 9/4, 49/93 4)oo _ 
(bg, a/bg, cg, a/cg, dg, q/dg, eg, ¢/e9, af, q/af, f/a,aq/f; 4) 


Following Gosper [1988b], we may call this the bilateral Jackson formula. 


5.13 Deduce from Ex. 5.12 the bilateral g-Saalschtitz formula 


—  (a,0,659)n mn 
2») (d,e,f;Q)n- 
(d,e,aq/f,ba/f,ca/f,a/a,q/b,4/C3Q)oo’ 


provided def = abcq? and 


(e/a, aq/e, e/b, bg/e, e/c, cq/e, f,4/f3) co 
= (f/a,aq/f, f/b, bq/f, f/c,ca/f,e, 4/63 Qoo- 
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5.14 Show that 


at/c, bt/d;q)oo * 


= CD sy (q/a;bq;4,~ad/o) 


Cc d(1 _ q)(4; ab, —c/d, —d/c; Ds 


~~ (e+ d)(a,b, —be/d, —ad/c; q) x 


in: gt/¢,qt/d; q)0 5 , 
‘e 
d( 


when |ab| < |ad/c| < 1. 
(Andrews and Askey [1981]) 


5.15 Show that 
/ (ct, —dt; Ges dat 
69 (at, —bt; q)oo 
_ 2(1 — q)(c/a, d/b, —c/b, —d/a, ab, g/ab; q)00(97; 97) 5 
7 (cd/abq, 4; Q)o0(a?, q2/a2, b2, q2/b2; G2) x 
(Askey [1981]) 


5.16 Show that 
[ (aat, a/t, abt, b/t, act, c/t, adt, d/t;q)oo 
0 (agt?, q/at?; qd) 
(1 — q)(aa, a, ab, b, ac, c, ad, d; q) 
7 (aq, ¢/03 9) 00 
ent basse —qvVa, q/a, q/b, q/¢, oe a abcd 
Ja,—VJa,aa,abac,ad >” @Q 
(1 — q)(q, aab/q, aac/q, aad/q, abc/q, abd/q, acd/q; J) 0 
oO (Rabed/PQo0 SS 


dgt 
t 


when |a7abcd/q?| < 1. 
5.17 Show that 
r (Oil, oss pOpl, Did teenage tl Doo yy q 4 
0 (Cit snasGpl yay) tyissg g/t Gg) & 
_ (VQ) (Gis caus sOey Dins2s De Gas 
(py iee gp aca) os 


_ Cinna issses dl by ---bs 
nee intel Cismaxg/ a. °dz---+ds 
when : 
1° q? ‘Cr 
<1< |——aq’ |. 
onde | 1 < [DG 


5.18 Derive Bailey’s |1950b] summation formulas: 


Gi) at | Be ee 4 _ (4,4/b¢, g/bd, q/ cd; 9) 
* Lg/b,q/e,q/d’’ bed} (q/b, q/¢, 4/4, q/bed Q) 00. 
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(ii) w | b, c,d -¢g “| = (q, q?/be, q? /bd, q? /cd; Doo 
°"* | @?/b,q2/c,q2/d’~’ bed} — (q2/b, g2/c, q2/d, g2/bcd; Q)oo’ 
b, C, d, €, Ga 
(iii) ots | a4 
q/b, q/c, g/d, q/e,q"** 


MEG DCG DE ALOE, so gs ca 


(q/b, g/c, g/d, q/bed; q)n 
é b, C, d, €, 7 
OU Se ie q’?/c,q°/d,q7/e,q"*? a | 
(1 — q)(q?, 9g? /be, q?/bd, q?/cd; q)n 


(q2/b, q7/c, q7/d, q*/bced; q)n 
n+3 


when bcde = q”*’, wheren = 0,1,.... 


5.19 Show that 


n 3 

2n (G3 d)an 

i _4)k | | qi(3k+1)/2 = 

" 2 |  |n+k : (4,9,934)n 
and 

n 3 

+s 2n+1 (9; Q)3n+1 

il —1)* | | gh(Bk+))/2 — 

| >» | n+k+ 1 qd (q, q, 9; Q)n 


forn =0,1,.... (Bailey [1950b]) 
5.20 Derive the 2%2 transformation formulas 
a,b _ (az,d/a, c/b, dq/abz; q) 
0) chi or a| —— (z,d,q/b, ed/abz; 4) 00 
a,abz/d d 
x 22 | / ) | ) 


y] y] 
az,Cc a 


oes | _ (az, bz, cq/abz, dq/abz; q) «x 
ea (q/a,q/b, ¢, d; q) 
abz/c, abz/d cd 
x ate [Healt a) 
az, bz abz 
(Bailey [1950al]) 
5.21 Verify that Ex. 2.16 is equivalent to 


(6/a, aq/b, df /a, aq/df, ef /a, aq/ef, bde/a, ag/bde; 4). 
= (f/a,aq/f, bd/a, aq/bd, be/a, aq/be, def /a,aq/def; q)o 
— °(d,a/d, ¢,4/¢, f/b,qb/ f,bdef [a?, a?a/bdef;4).0 


(See Bailey [1936]) 
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5.22 Extend the above identity to 
0b (ee eg Oa) 


OC Gdn a ek a th ab a Gg ba 
ag (09. 24 a9 99 eg ag fg ag & ag h ag b hg. 
g fo aes 
q 6 ha g =! g bq 
Bee ee Pe Pe ee 
(24,4, ooh a h’ b?’ h’ oi Zia) 
where a°q? = bcdefgh. (See Slater age 


5.23 More generally, show that it follows from the general formula for sigma 
functions in Whittaker and Watson [1965, p. 451, Example 3] and Tannery 
and Molk [1898, 8400], and also from (5.4.3) that 


(ax/b1, ax /be, tee ,aK/bn; Q)oo 
 (ay/01,A%/A2,--.,A¢/Ak—-1, k/Ak41, +++, Ak/An} Q)oo 
’ (qb; /ax, gb2/ax,---, Qon/ Ak; q) co 
(qa1/Gp, qQG2/Az,---,QAk—1/Ak, QAk+1/Ak,--+;QAn/Ak} Q)co 


where 0102°*:an = b1 be eos bn. 
(See Slater 1954a]) 


Ms 


= 0, 


5.24 Extend the summation formula (1.9.6) to 


m1 
r+2Wr42 wr Pc — ae go 
_ (4,9, bg/a, d/B5 1) oo (1/05 ama = (6/05 a) me pn 
(bg, 4/0,4/b,4;Q)oo (B13 Q)my + (Or3Q)m, 
where m1,...,™M, are nonnegative integers, n is an integer, and |q/a| < 
lg”| < |gmarr™ fd]. 
(W. Chu [1994a]) 


5.25 More generally, extend the transformation formula in Ex. 1.34(ii) to 
a,b, 64g", ..., b-q™” —1_1-n 
r+2Vr+2 | d,bceq,bi,...,b, ?2" 4 


_ (4,4, bg/a, db; doo (61/5 Qn +++ (br /B5 dmx pn 
(beg, q/a,9/0,43¢)oo (613) mz +++ (Or Dm, 


=I 
c_~,bq/d, bq/b1,.. ne tl = es 
where m1,...,™M, are nonnegative integers, n is an integer, and |q/a| < 


lar lg cal, 
(W. Chu [1994a]) 
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5.26 Extend the summation formula in Ex. 2.33(i) to 


sche eee eg 
GOO 0d ore ea eld ageRd cd 
_ _(4,9,49, g/a, ag/be, agq/bd, bg/c, ba/d; q) 0 
(aq/b, aq/c, aq/d, bq, bq/a, ¢/b, a/c, 4/4; 4) co 
: 1 (aq/bej, bales; dns 
jy (aa/ej,.4/€53 Dn, 
where n1,..., x are nonnegative integers, N = n,+---+ng, and jag! /ed| < 


1 when the series does not terminate. 
(W. Chu [1998a]) 
5.27 Prove that 
S(a~?, bc, bd, cd) 
S(b/a, c/a, d/a, abcd) 
where S' is defined in Ex. 2.16. See Askey and Wilson [1985, pp. 10, 11], 
where it is used to evaluate the integral in (6.1.1). 


+ idem (a;b,c,d) = 2, 


Notes 


§5.2 Andrews [1979c] used Ramanujan’s sum (5.2.1) to prove a continued 
fraction identity that appeared in Ramanujan’s [1988] “lost” notebook. For- 
mal Laurent series and Ramanujan’s sum are considered in Askey [1987]. A 
probabilistic proof of (5.2.1) can be found in Kadell [1987b]. Milne [1986, 
1988a, 1989] derived multidimensional U(n) generalizations of (5.2.1). 

§5.3 Gustafson [1987b, 1989, 1990] derived a multilateral generalization 
of (5.2.1), (5.3.1) and related formulas by employing contour integration and 
Milne’s [1985d, 1987, 1993, 1994a,b, 1997] work on U(n) generalizations of the 
q-Gauss, g-Saalschutz, and very-well-poised g¢5 summation formulas. 

§5.4 M. Jackson [1954] employed (5.4.3) to derive transformation formu- 
las for 33 series. 

$5.6 A transformation formula between certain 4¢3 and gwg series was 
found by Jain [1980b], along with transformation formulas for particular 77 
series, and then used to deduce identities of Rogers-Ramanujan type with 
moduli 5, 6, 8, 12, 16, 20 and 24. Some recent results on bilateral basic 
hypergeometric series are given in Schlosser [2003a,b,c]. 

Ex.5.6 Watson [1929b] derived this identity in an equivalent form. For 
various proofs of the quintuple product identity (and of its equivalent forms) 
and applications to number theory, Lie algebras, etc., see Adiga, Berndt, Bhar- 
gava and Watson [1985], Andrews [1974a], Atkin and Swinnerton-Dyer [1954], 
Bailey [1951], Carlitz and Subbarao [1972], Gordon [1961], Hirschhorn [1988), 
Kac [1978, 1985], Sears [1952], and Subbarao and Vidyasagar [1970]. 

Exercises 5.12 and 5.13 See Rahman and Suslov [1994a, 1998] for more 
general formulas. 
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Exercises 5.15 and 5.16 For integrals of Ramanujan-type that corre- 
spond to the summation formulas of basic bilateral series, see Rahman and 
Suslov [1994b, 1998] and Ismail and Rahman [1995]. 

Ex. 5.18 Using (i) and (ii) one can show that the formula in Ex. 2.31 
holds even when aj, a2, a3 are not nonnegative integers, provided that |q| < 1 
and |qaitaatastt| Pala 

Exercises 5.21—5.23 Additional identities connecting sums of infinite prod- 
ucts are given in Slater [1951, 1954b, 1966] and Watson [1929b]. 
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THE ASKEY-WILSON q-BETA INTEGRAL 
AND SOME ASSOCIATED FORMULAS 


6.1 The Askey-Wilson g-extension of the beta integral 


It should be clear by now that the beta integral and extensions of it that can be 
evaluated compactly are important. A significant extension of the beta integral 
was found by Askey and Wilson [1985]. Since it has five degrees of freedom, 
four free parameters and the parameter qg from basic hypergeometric functions, 
it has enough flexibility to be useful in many situations. This integral is 


[ h(a;1,-1,q?,-q2) dx 
= h(x; a, b, c, d) af | ae 
21 (abcd; q)oo 


eS ea 6.1.1 
(q, ab, ac, ad, be, bd, cd; q) oo ’ ( ) 
where 
DBO 8095 36-0 Oey) = Gs Gi 093s kd) 
= h(x; a1)h(x; a2)---h(x;am), 
h(x; a) = h(#;a;q) = |] (1 — 2aaq” + a?q””) 
n=0 
=(de" sue Door v= cosd, (6.1.2) 
and 
max (a, |b], |c|, |, |a|) <1. (6.1.3) 


As in (6.1.1), we shall use the h notation without the base q displayed when 
the base is q. 
Askey and Wilson deduced (6.1.1) from the contour integral 


1 (2.2 Os dz 
dnt. J ¢ (az, dz-*,.bz;be-*, ez; ec", dz, dz—*g) 6. 2 
2( abcd; 
ae = AS (6.1.4) 
(q, ab, ac, ad, bc, bd, cd; q)x 

where the contour K is as defined in 84.9 and the parameters a, b,c,d are no 
longer restricted by (6.1.3), but by the milder restriction that their pairwise 
products are not of the form q-4, 7 = 0,1,2,.... Askey and Wilson’s original 
proof of (6.1.4) required a number of interim assumptions that had to be 
removed by continuity and analytic continuation arguments. In their paper 


154 
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they also provided a direct evaluation of the reduced integral 


[ h(z31,-1) da 

= h(x; a, b) v1 — x? 
_2a(mabgidjoo 

(q, —q, aq? ’ —aq? ’ bq? ’ —bq? ) ab; FQ) oo 

by using summation formulas for ;y~, and 474 series. Simpler proofs of (6.1.1) 

were subsequently found by Rahman [1984] and Ismail and Stanton [1988]. In 

the following section we shall give Rahman’s proof since it only uses formu- 

las that we have already proved, whereas the Ismail and Stanton proof uses 

some results for certain orthogonal polynomials which will not be covered until 

Chapter 7. 

We shall conclude this section by showing that the beta integral 


[a -2n0 + aya = 2 eres (6.1.6) 


is a limit case of (6.1.5). 
Let 0<q <1, a=q%t2, b= —q@*2 and use the notation 


(6.1.5) 


(Qa = a EE (6.1.7) 


20°) cs 


and the definition (1.10.1) of the g-gamma function to express the right side 
of (6.1.5) in the form 


i i 
peoraesata(@t UP y(B+1) 2 (GDate(T i Daryl“ ory 
[g(a+f8+2) 12(%) Q2a+28+1 
am 


By (1.10.3) this tends to 227¢+?9*! T(q@+1)I'(6+1)/[(at+ 6+2) asq—1-, 
since (5) = V7. 
For the integrand in (6.1.5) we have 
h(x; 1, —1) io ~i0 iO ~i0 
Sp le sea Me a le 10) pa ae 5) pa 
h(x; a, b) 2 2 2 


2 


and hence 
h(a;1,—-1 
lim ED = ) 7 
q1~ h(a; q°t2, —g°*2) 
, : a : | Z 
= [(1-e) (1-27 #)]°"? [1 +e”) Qte#)™ 
= 2°tPT!(1 — cos g)o+3 (1 + cos g)b+3 
which shows that (6.1.6) is a limit of (6.1.5). 
Formula (6.1.1) is substantially more general than (6.1.5) since it contains 
two more parameters. It is the freedom provided by these extra parameters 


which will enable us to prove a number of important results in this and the 
subsequent chapters. 
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6.2 Proof of formula (6.1.1) 


Denote the integral in (6.1.1) by I(a, b, c,d). Since x = cos @ is an even function 
of 6, one can write 


I(a,b,¢,d) = sf eee (6.2.1) 


Let us assume, for the moment, that a,b,c,d and their pairwise products and 
quotients are not of the form q-4, 7 = 0,1,2,.... It is easy to check that, by 
(2.10.18), 


h(x; 1)/A(a5 a, 6) (6.2.2) 
b(1—q)(q,a/b,bg/a,ab;q)oo Ja (u/absq)oo (au) ’ 


h(x; —1)/h(a;c¢, d) 


(—c1, -—d7!; qa [ (qu/c,qu/d,—v;Q)oo dq (6.2.3) 
d(1 — q)(q, ¢/d,dq/c,cd;q)oo Je (—v/cd3q)oo A(x; v) ’ 


and 
h(a; —q?)/h(x;u v) = q? (—q2u- =q2u*;4) 
a v(1 — q)(q, u/v, vg/U, UV; q)c 


ug”? (—gt/Uv; 1) o0 h(x; tq?) 


—_i 
2 


(6.2.4) 


Also, 


(saat de (494)! gth-Oeag 
—™ k=0 &€=0 CHOTACHCDY: 


LO (OT De (ET De (,.2\*** [* noe 


k=0 ¢=0 (95 @)K(@5 @)e 


— (Et aia. Sona (qt, qt; Q)oo 
anes a 6.2.5 
2B (4,93 Q)k qt") (q, qt?; q)co Ce 


rm 
Me 
vs 


k= 
for |tq2| < 1, by (1.5.1). Since 


al i 
(qt?s Q)oo = (qt?, 97175; G7 )oo = (tq? —tq?, qt, —t; Q)oo, (6.2.6) 


we have ; 
1 [" h(a;q@2 tO)es 
>| (x; q ) do = : ™(q 4) ; (6.2.7) 
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Thus 


I(a, b, c, d) 
7 aq? (a1, 6-1, —e1, —d1; q) oo 
~ bd(1 — q)3(q; 9)4,(a/b, bg/a, ab, e/d, dq/c, cd; q) x 
[ (qu/a, qu/b, U; Q) oo r (qu/c, qu/d, —v, —q? /u, —q2/V;q) c 
x | dgus—L 2 ce I ye al Ra aL 
P (u/ab; q) oo P v(—v/ed, vg/u, u/V, UV; q) co 
xf ; (tq? /u, tq? /v, qt; q) oo 
cs a (tq2, —tq? , —qt/Uv3 q) co 
_ na, ae =C: —d7'; Dee 
~ bd(1 — q)?(q; 9)3,(a/b, bg/a, ab, e/d, dq/c, cd; q) x 
| > (qu/a, qu/d; Q) oo | 4 (qu/e, qu/d, —uv; q)oo 
x dgu—————_—_—— dg @ SO 
a (—u, u/ab; Qe Cc (u, Uv, —vu/cd; Q) oo 
m(a7*, 671, 2, -4?, 13 d)oo [ Ly (eel 2 qs] bs CM; Q) 0 
b(1 — q)(q; ¢)2,(a/b, bq/a,ab,c,d,cd;Q)oo Ja * (cu, du, u/ab; q)co 
m1, q?, —q? ’ abcd; q) co 


Se a ee ele ae Se 6.2.8 
(q, ab, ac, ad, be, bd, cd; q) oo’ ( ) 


by repeated applications of (2.10.18). 

Since (—1, 42, —G23q)o0 = 2(q?, -q?, 9; d)oo = 2, which follows from 
(6.2.6) by setting t = 1, we get (6.1.1). By analytic continuation, the restric- 
tions on a,b, c,d mentioned above may be removed. 


6.3 Integral representations for very-well-poised g¢7 series 


Formulas (2.10.18) and (2.10.19) enable us to use the Askey-Wilson q-beta 
integral (6.1.1) to derive Riemann integral representations for very-well-poised 
gb7 series. 

Let us first set 


—i h(x; 1, =, q?, ~q?) 
. ee i (ee bie aan ir Sb AM Red 
w(x; a,b, c,d) = (1 — x“) Hata bea) (6.3.1) 
and 
; h(x; 9) 
J(a, b,c, d, f, -| w(x;a,b,c,d —-~ dz, 6.3.2 
( f,9) > ( lia f/) (6.3.2) 
where max(|a|, |}], |cl, |d|, ||, |¢|) < 1 and g is arbitrary. Since, by (2.10.18), 
h(asg) _ (9/4, 9/ fF; dx 
h(z;d,f) fl—a)(ad/f,af/d, fd; q)o0 
t  (qu/d,qu/f, gu; q) 
x dau", 6.3.3 
I * (gu/df; Qooh(x; u) Coy 
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we have 
(9/d, 9/34) 
J(a, b,c, d, f,g) = ———_—_——- 
( 19) = Fa—g@4/f.af/d, daa 
f ( : 1 
qu/d, qu/f, 9U5; 1) cc / 
x dgu-— w(x;a,b,c,u) dz. 6.3.4 
fp Galen Membow) de. 634 
By (6.1.1), 
: 27 (abcu; q) 
: ee .. 
[, eae (q, ab, ac, bc; q) oo (au, bu, CU; G)oo oe) 
Substituting this into (6.3.4), we obtain 
= 2m (g/d, 9/ £34) co 
H(a,b¢,4, f,9) = fd —-a(a;9)2.(d/f, af/d, df, ab, ac, bc; q)o0 
f ( ; 
qu/d, qu/f, gu, abcu; q) oo 


The parameters in this q-integral are such that (2.10.19) can be applied to 


obtain 
27(9/f, fg, abcf, bedf, cdaf, dabf;q)o0 
d 5 NE titted Bd Pe ee Fh ACO 
F(a, b,c, f,9) (q, ad, bd, cd, af, bf, cf, df, ab, ac, bc, abcdf?; q) 


x gWr(abedf*q~*;af, bf, cf, df, abedfg~"; 4, 9/f), (6.3.7) 
provided |g/f| < 1, if the series does not terminate. By virtue of the transfor- 
mation formula (2.10.1) many different forms of (6.3.7) can be written down. 
Two particularly useful ones are 

2 (ag, bg, cg, abcd, abcf; q) oo 
(q, ab, ac, ad, af, bc, bd, bf, cd, cf, abcg; q) oo 
x gsW7(abegq”*; ab, ac, be, g/d, 9/f34, df), (6.3.8) 
which was derived in Nassrallah and Rahman [1985], and 
2n (ag, bg, cg, dg, fg, abcdf /9; q) x 
b,c, d = eee aD 
Ae . I 9) (q, ab, ac, ad, af, bc, bd, bf, cd, cf, df, Ge: Q)oo 
x sWr(g°q *3.9/a,9/b,9/c, 9/4, 9/f; 9, abedfg”*). 
(6.3.9) 


If the series in (6.3.9) does not terminate, then we must impose the condition 
labcdf g~*| < 1 so that it converges. 

Note that, if in (6.3.8) we let 0 <q < 1, a = —b = q?, c = q*"*?, 
as — gh +2, g = zq”’ with Re(a, GB) > —4 and then take the limit 
q — 17, we obtain, after some simplification, 


Tr 2 : 
oFi(7,0+ lia +6 +2:2) = aor f pea ams aes 
(6.3.10) 


This shows that (6.3.8) is a g-analogue of Euler’s integral representation 
(1.11.10). 


J (a, b, C, d, f,g9) es 
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Another limiting case of (6.3.8) was pointed out in Rahman [1986b]. To 
derive it, replace a,b,c,d, f,g in (6.3.8) by q%,q°,q°,q%,q/,q9, respectively. 
Also, replace x in the integral (6.3.2) by cos(tlogq), which corresponds to 
replacing e”? by q**. Now let g — 1~ and use (1.10.1) and (1.10.3) to get the 
formula 


1s? Tat ita — it) (b + #00 — t)T(c + it) (c — it) 
At J_ ox T\(2it)T'(—2it) 
7 [(d+it)C(d —it)T(f +2t)T(f — it) 
I'(g + it)I'(g — it) 
T(a+b)(a+c)(a+ da) (a+ f)l(b+c)l(b+4+d) 
T(at+g)l(b+ 9) (c+4Q) 
: T(o+ f)l(e+dadl(ct+ fyl(at+b+cet+g) 
T(at+b+c+d)[(a+b+c+ f) 
a+b+c+g-l, s(atb+c+g4+1),a+b, ate, b+e 
g(atb+c+g—1),ctg,bt+g,a+g, 
g —d, g—f, 
1 o.11 
atb+et+datb+ct+f’ |’ aa) 
where Re (a,b,c, d, f) > 0. 


dt 


x 7f6 
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If we set g = abcdf in (6.3.7), then the gW7 series collapses to one term with 
value 1 and so we have the formula 


[ h(x; 1,-1,q2, —q?, abcdf) dx 
—l h(x; a,b, c,d, f) V1 — x? 
2m (abcd, abcf, bcdf, abdf, acdf; q)oo 
(q, ao, ac, ad, af, bc, bd, bf, cd, cf, df ; Q)oo 
= go(a,b,c,d,f), say, (6.4.1) 
where (max |a|, |b], |c|, |d|, |f|, |q|) < 1. This is a g-analogue of the formula 
1 
2 2 6 (a)T(0) 
a—l c= b—1 1—t a—b dr = 
[ aa tayo de = 
Replace f by fq” in (6.4.1), where n is a nonnegative integer, to get 
1 10 ¢,-i0 
Fee. On 
‘ b d ea. a. Pe wa sia on —— <a 4 
I u(x; a,b, ed, f) (abcdf e—*8 , abcdf e*”; q) n 


_ (af, of,cf, dfsq)n 
= 904, 4s I) oa caf, abdf, abefiqa’ 


(6.4.2) 


where 
—Z h(x; dL; sae q?, —q? ’ abcdf ) 


v(x;a,b,c,d, f) = (1 — 27) h(x; a, b,c, d, f) 


(6.4.3) 
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Let o = abcdf. If |z| < 1, then (6.4.2) gives the formula 


1 
/ u(z; a, b, C, d, f) r+5Wrsa(ofq ”3 Q1,---,4r, fer, fe; qd; z) dx 


=a 
= go(a,b, c,d, f) rr7Wrae(o fq ';a1,.-.,ar, af, bf,cf,df;q,z). (6.4.4) 


In particular, for r = 3 and z = 07/a,a2a3, we have the formula 


1 
/ v(x; a,b, c,d, f) sWr(ofq '; a1, a2, a3, fe’, fe’; g, 07 /a,agaz) dx 
= 


= go(a, b,c, d, f) i0Wol(ofq-*; a1, 42,43, af, bf, Cy, df; q; o* /a1a2a3), 
(6.4.5) 
where |o?/a,a2a3| < 1, if the series do not terminate. 
Let us assume that 


a1a2a3q = 07 (6.4.6) 


which ensures that the very-well-poised series on either side of (6.4.5) are bal- 
anced. Then, by (2.11.7) 


sW7(ofq ';a1, 42,43, fe”, fe”; 4,4) 
ie (of, qai/of, a2, qa1/a2, 43, 901/43; 4) h(a; f,qai/f) 
(of /qa1,0f /a2,0f /a3,qa1a2/of,qa1a3/0f, q2at/of;q) h(x; 0, qa1/c) 
x gWr(qaj/of;a1,qa102/0f, qa1a3/of, gare” /o, gare” /o; 4,9) 
_ (of, of /a2a3, q01/0f, 0/3 1ooh(&; 0/a2, 0/43) 
(af /az, of /a3,qa102/0f,qa103/0f;q)ooh(x;0,0/a2a3)’ 


and hence 


[ h(x;1,-1,q?2, -q?,0/a2,0/as) dx 
4 h(x; a,b,c, d, f,o/agaz) /1 — x2 
(of /a2,0f/a3,0/fa2,0/fa3; 4) 
Saati) (of, of /azaz,0/f,0/fa203; 4) 
x 10Wo(o fg *; a1, a2, a3, af, bf, cf, df, 9) 
(af, bf, cf, df, a2, a3, qa1/a2, qa1/A3; J) oo 
(0 /a,a/b,a/c,o0/d, qaa1/o, gba; /o, qca1/o, dai /0;q) 0 
(qai/af,qai/bf,qai1/cf,qa1/df,qa1/of; 4) 0 
(o/f, of /aa1,0f Jaza3,0/ fazas, 202 /of; qx 


x 10W9(qai/of;a1,0/faz,o/ faz, qaai/o, qba1/o, qca1/o, qda1/0;q, 7) \ 
(6.4.8) 


(6.4.7) 


where o = abcdf and a,a2a3q = 07. 


Since the integrand on the left side of (6.4.8) is symmetric in a, b, c,d and 
f, the expression on the right side must have the same property. This provides 
an alternate proof of Bailey’s four-term transformation formula (2.12.9) for 
VWP-balanced j9¢9 series which are balanced and nonterminating. 
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If we set ag = gq ", n=0,1,2,..., then the coefficient of the second 19Wo 
on the right side of (6.4.8) vanishes and we obtain 


* h(z;1,—1,q2, -G?2,0) (ce? /g,ce-/g:q)n dx 
I h(x; a, b,c, d, f) (ce? , ces q)n = =V/1 — x2 
(of/9,0/f9;9)n 
(of,o/f;@)n 
v,q/v,—-q/v, g, af, bf, cf, df, o7q"*/g, a” . 
Vv, —Jv, of /9,0/a, o/b, 0/¢, 0/d, fag'-"/o, of gr’ |’ 
(6.4.9) 


where v = of/q. By applying the iteration of the transformation formula 
(2.9.1) given in Exercise 2.19, this can be written in the more symmetric form 


: h(x; 1, —1,q2, -q2,0q",T) dx 
I h(x;a,b,c,d,f,Tq") VW1—2? 

(ra, Tb, Tc, Td, Tf,0/T3¢)n 
(a/a,o/b,a/c,0/d,a/f,T?3q)n 


= go(a, b, C, d, f) 


X 10P9 | 


_ go(a, b, C, d, iz) 


7q-t,7q2,—7q7,7/4,7/b,t/¢,7/d,7/ fora .g” 
X 10P9 pot i: 1— 2 5954] ; 
Tq 2,—-TQ 2,7a,7Tb,TCc, Td, Tf, Tq ~"/0, Tq” 
(6.4.10) 


where o = abcdf and 7 is arbitrary. Similarly, by applying (2.12.9) twice one 
can rewrite (6.4.8) in the form 


[ h(x;1,—1,q?,—q?,A, u) ax 
—1 h(x; a, b, C, d, f, g) /1 — 72 
2n(Ap/af, Au/bf, Au/cf, Au/df, Ag, U9, A/G, H/G5 Doo 
(q, ab, ac, ad, ag, be, bd, bg, cd, cg, dg, f9, f/9, AL9/ Ff; @)oo 
eae ie qJ%1,-q/"1, a9, bg, cg, dg, A/f,u/f, Se 4 
V1, —Jr, An/af, Au/of, Au/cf, Au/df, wg, Ag, ga/f > ~ 
2m (Ap/ag, Au/bg, Au/cg, Au /dg, AF, ME A/F H/F Doo 
(q, ab, ac, ad, af, bc, bd, bf, cd, cf, df, of, 9/f, AMF/93 @) co 
xainod laos —qr/V2, af, bf, cf, df, A/9, L/g, AOE | 
JV¥2, —/V2, An/a9, Au/bg, Au/cg, Au/dg, uf, Af, fa/g ~ 
(6.4.11) 
where 4) = Aug/ fq, 2S Auf / 94: Ay = abcdfg and max(|a|, |b], |e, |d], 
lf\, |g], |a|) < 1. For these and other results see Rahman [1986b]. 

If A or p equals a,b,c or d, then the right side of (6.4.11) is summable 
by (2.11.7), while the integral on the left side gives the sum by (6.4.1). For 
this reason the integral in (6.4.1) may be considered as an integral analogue 
of Bailey’s formula (2.11.7) for the sum of two balanced very-well-poised g¢7 
series. Likewise, the integral in (6.4.2) is an integral analogue of Jackson’s sum 


(2.6.2). Indeed, a basic integral may be called well-poised if it can be written 
in the form 
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/ er, |) (6.4.12) 
The integrals in (6.1.1), (6.3.2), (6.4.1) and (6.4.2) are all well-poised. 


6.5 A quadratic transformation formula for 
very-well-poised balanced j9¢9 series 


In (6.4.11) let us set pw = —A, g = —f and b = —a so that A? = —a?cdf?. Then 
the expression on the right side of (6.4.11) becomes 


Qn (A? /cf, dr? / df; Dest" fart, Da ia bab ieee Te 
(q, = —a’, =f", oe desl ae, a*d?, any Q” ) oo (cd, cf, df ; Doo 
x 10W9(A2q7*; —\?q7', af, —af, A/f, —A/f, cf, df ; qd; q) 
2m =A (ef; AF (di DeA (at XL XN |S ae 
(q, =o —a’, —f?, ) ae G)cearc*, a*d?, ed fase Q” )oo (ed, —cf, —df; Doo 
x 10Wo(A7q7*; —\?q7", af, —af, A/f, —A/f, —cf, —df; qd; q): 


+ 


(6.5.1) 

We now turn to the integral on the left side of (6.4.11). Observing that 
h(x;a,—a) = (a7e7#", a2e—7"*. 9”). = A(E; a; gq’), (6.5.2) 

where x = cos6 and € = cos 26 = 2x? — 1, it follows from (2.10.18) that 


h(w;A-A)_— _ AE A*5 4") 
A(x; a, —a, f, =) 7 A(g; a’, ie q”) 
PAH PNG 07 /f?, Pf? /0?, 0? F759") 20 
ba ee Py ee ee ey 
/ (qru/at, qru/f*, A“u; 4 J 4 ou, (6.5.3) 
a2 (A*u/a? f?; Gg?) ooh(§ us 9”) 
Hence the integral on the left side of (6.4.11) can be expressed as 
fd _ q’)(q?, a a a q° f? /a*, ari; q” oo 


PO iia e Oph t2, NO ee? 1 
: / APE EU Ne Ts, / er en ee 


2 (A?2u/a* 2; G7) 00 4 
2m (A? /a?, A?/f?5 goo 
F201 — @)(@, a2/f?, PF? /a”, a2 f?; G?)00(4, Cd; Doo 
Pr ( 2 \2 
(q7u/a?, q7u/f?, Au, —cdu, —cdqu; q7) ox 
A de 5.4 
. [ (A2u/a? f2, cu, d*u, —U, —UqG; q oe ~ dq e ie ? ) 


by (6.1.1). Since A? = —a*cdf*, the q-integral on the right side of (6.5.4) 
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reduces to 
2 
[ (q?u/a?, q?u/f?, —cdqu, —a?cdf?u; Os d 
2,, J2 AD qe 
a? (c U, d U, —U, —Uq; q Jes 


PI @)(g",07/f?, 9° f?/075 a") co 
(a2c*, a?d?, CT, dfs; q*) 00 
(—a*c? f*, —a*d? f?, a*c*d? f?, —cdqf?, —a? cdf*,; Ness 
x sW7(—a7c7d? f*q-?; a ia aye a ee cd, cda* f?q7*; q’, —qa”), 
(6.5.5) 


by (2.10.19). 
Using this in (6.5.4) and equating with (6.5.1) we obtain the desired 
quadratic transformation formula 


sag oa 
ae 10W9(A°q7*; -A"q* af, —af,A/f,—A/f,cf, 5G) 


(a?cf,a7df;q)oo 
(—df, SC): Doo 


_ (=, —cdf?, —cda? f?; Q)oo 


10Wo(A2q"*; —A*q* af, —af, A/f, —A/f, —cf, —df3. 9,9) 


(—ga’, —a*c? f?, —a*d? f?; eee 
ae Pat ae a ae ia! 
x gWr(—-a7e*d* f*q-*; 0° f?, d° f?, —f*, cd, eda” f*q~*; q’, —qa’), (6.5.6) 
with A? = —cda? f?. This gives a nonterminating extension of the transfor- 
mation formula (3.10.3) when the bibasic ® series is a balanced 19¢9 . For 


an extension of (3.10.3) when the ® series is not balanced, see Nassrallah and 
Rahman [1986]. 


6.6 The Askey-Wilson integral when max ({a], |b], |c|, |d|) > 1 


Our aim in this section is to extend the Askey-Wilson formula (6.1.1) to cases 
in which |q| < 1 and the absolute value of at least one of the parameters is 
greater than or equal to 1. Since the integral in (6.1.1), which we have already 
denoted by I(a, b,c, d), is symmetric in a, b,c,d, without loss of generality we 
may assume that |a| > 1. 

Let us first consider 


la| > 1 > max(|b], |cl, |dl). (6.6.1) 


If a = +1, then the functions h(z;+1) and h(z;a) in the integrand in 
(6.1.1) cancel and by continuity it follows that 
2m (bcd; q)oo 
(q, +b, tc, +d, bc, bd, cd; q) oo 
However, if ja] = 1 and a # +1, then h(x;a) = 0 for some z in the interval 


(—1,1) and so the integral in (6.1.1) does not converge. Similarly, this integral 
does not converge if |aq”| = 1 and aq” € +1 for some positive integer n. 


I(+1,b,c,d) = (6.6.2) 
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If there is a nonnegative integer m such that 
lag at lag" | (6.6.3) 


and if ab,ac and ad are not of the form q-” for any nonnegative integer n, 
then the integral in (6.1.1) converges and we can evaluate it by the following 


technique. 
Observe that, since 
h(aya) = (ae" ae"; dna Raped) 
= 2m gmtm? h(x;aq™*", q~™ /a)/h(x;q/a), (6.6.4) 
we have 


I(a, b, c,d) = q—2m—2g—m—m* 


[ h(x;1,—1,q2 — q?,q/a) dx 
—l h(a; b, C, d, ager, q-™/a) V 1 — pe. 


where the parameters b, c, d, aqg™*!, q~™/a in the denominator of the integrand 
are now all less than 1 in absolute value. By (6.3.8), 


(6.6.5) 


2n(qb/a, qc/a, qd/a, abcdg™*", bedq~™ / a; q) 0 


I = a a a ee EA Ln ee 
ae’) (q, be, bd, cd, abg™*1, acg™*1, adg™*1, bedq/a; q) oo 
g~2M—2g—m—m? 
ite SO 
(bg-™ /a, eq-™ /a, dq-™ /43 9) 00 


x gW7(beda*; be, bd, cd, q~™ a”, g”” *'; g, q). (6.6.6) 


The series in (6.6.6) is balanced and so we can apply Bailey’s summation 
formula (2.11.7). After some simplification we find that 


21 (abcd; q) x 


eee ye ea 6.6.7 
iG) bee nd benl as. Ba) ( ) 
where 
hehene 2n(aq/d, bq/d, cq/d,q™**, a*beq™**, q~™ /a?, beq~™; Q) 00 
mae" (q, ab, ac, be, abg™*!, acq™*!, adg™*!, aq™*! /d, abcq/d; q) co 
q72™— 1q- 1 qt m? 
*(bg-™/a, cq-™/a, dq- Ta q~™ /ad; q) co 
x g3W7(abcd—*; be, q~™ /ad, aq™*" /d, ab, ac; q, q). (6.6.8) 
By (2.10.1), 


3W7(abcd—'; be, q~™ /ad, aq’ ** /d, ab, ac; q, 7) 
_ (abceq/d, g/ad, abg, acq; q)oo 
—— (bq/d, cq/d, q, 07b¢q; 4) 20 
x 3W7(a7be; abcd, ab, ac, a7q’"**,q~™; q, q/ad). (6.6.9) 
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Since m is a nonnegative integer, the series on the right side of (6.6.9) termi- 
nates and hence, by Watson’s formula (2.5.1), 


2b : 
3W7(a7bc; abcd, ab, ac, aq", q~™; q, q/ad) = oho 
Q0q, 4Cd; d)m 
x aby | 1? ab ac, TM /ad | |) _ (a*beg, a, ag/b, aa/cs am 
ae beq7™, aaa Gar (qa?, abq, acq, q/bc; q)m 
4 | a”, qa, —ga, ab, ac, ad, a2qg™*!, q~™ g | 
x 1 er 
"| a, —a, aq/b, aq/c,aq/d,q-™, a2” ” abed 
_ (a*beq, q, ag/b, aq/¢} dm 
(qa", ee q/bc34)m 


~(1 — a2q?™)(ab, ac, ad; q)x q \* 
* a q3 us — a?)(aq/b, aq/c, aq/d; q)x Ce ew) 


Using (6.6.10) and too in (6.6.8), we obtain 


21 (a~*; Q)oo 
(q, ab, ac, ad, b/a, c/a, d/a;q) oo 


Lm(a; b, c,d) = — 


2. ee) t 
. Re a a | a_\* (6.1 
< (g;q)«(1 — a*)(aq/b, aq/e, aq/d;q)% \abed 
Hence 
1 i aL _9 
: A(@il—-lg?,-g?) de, (a goo 
-1 h(z;a,b,¢,d) J1—x22  (q,ab, ac, ad, b/a, c/a, d/a; q)ox 


aaa )aheaatas (a) 
ne (9; 7)e(1 — a?)(aq/b, ag/c, aq/d; q)s (aoa) 


7 27 (abcd; q) x 
~ (q, ab, ac, ad, be, bd, cd; q)o0’ 


where max(|OJ, |c|, |d|,|¢|) < 1, Jag™*"| < 1 < |ag™| for some nonnegative 

integer m, and the products ab,ac,ad are not of the form q°",n = 1,2,.... 

Askey and Wilson [1985] proved this formula by using contour integration. By 

continuity, formula (6.6.12) also holds if the restriction (6.6.3) is replaced by 
=a. 

Note that, if one of the products ab, ac or ad is of the form q~” for some 
nonnegative integer n, the integral in (6.6.12) converges even though the de- 
nominator on the right side of (6.6.12) equals zero as does the denominator 
in the coefficient of the sum in (6.6.12). If we let ab tend to q~” then, since 
|b] < 1 and Jaq™*'| < 1 < |aq™|, we must have n < m. We may then multiply 
(6.6.12) by 1 — abqg” and take the limit ab — q~”. The result is a terminat- 
ing 65 series on the left side and its sum on the right, giving the summation 
formula (2.4.2). 

If max(|c|, |d|, |q|) < 1 and there are nonnegative integers m and r such 
that 


(6.6.12) 


lag” **| <1 <|ag™|, |bq’t*| <1 < |bq"|, (6.6.13) 
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then the above technique can be extended to evaluate I(a,b,c,d) provided 
the products ab, ac, ad, bc, bd are not of the form q~” and a/b 4 q*” for any 
nonnegative integer n. Splitting h(x; b) in the same way as in (6.6.4) and using 
(6.3.4) we get 


I(a, b,c, d) 
= p-2r—2g-r—r* J(a,bq"*", q~"/b, c, d,q/b) 
as b7 27-2 —r—r? (q/be, q/bd; Gs 


d(1 — q)(q, ¢/d, dq/c, cd; q)co 
d 1 
(qu/c, qu/d, qu/; q) x / oe 
~ dgu-—— w(x; a, bg"™**,q~"/b, u) dz. 
fa eddie /bou) 
(6.6.14) 


However, by (6.6.12), 


1 
/ w(x; q,bq"™'*,q-"/b,u) dx 


—1 
27 (aqu; q) co 

(q, g, abq”*1, aq—" /b; d) x0 (au, bug”*!, ug—" /b; @) co 

Zia 0)\as 
(q, abg"*1, q—-" /ab, bg’ +1 /a5 q)co(au, U/A; q) oo 
~ (a; q)x(1 — a2q?*)(au; q)x —k 
ae 6.6.15 
= (q;q)K(1 — a?) (aq/u; q)x cau) ( ) 


k=0 
Since by (2.10.18), 
[ dy tel qe 4; qu]; Doo (aU; Wk (qu) 
«| (qu/bed, au, u/a;q)oo (agq/u; q)k 
d 
. d, qu/d; q) cx 
— (_1)kg-2k sald | (qu/c, qu/d, 
ee’ é Ot” Grd) beu aughyug awe 
d(1 — q)(q, e/d, dq/c, cd, q/ab, aq/b; q) 2 
(q/bc, q/bd, ac, ad, c/a, d/a; q)cx 


(ab, ac, ad; q)x gq NP 
Te Se ey ee a 6.1 
° (aq/b, aq/c, aq/d; q@)x aa) (ese) 


we find that 
I(a, b,c, d) = Lm (a; b, c, d) 
+ 2m (adgq, cdg, dq/b, q"+?, 7/07; q) 0b" 2g” 
(q, q, ad, cd, dq? /b, abq™*1, bcqr*1, bdq™t1, aq—" /b, cq—" /b, dq-* /b; d) oo 
x g3W7(dq/b; bdq"**, q, dq~" /b, q/be, q/ab; q, ac), (6.6.17) 


where L,,(a; b,c, d) is as defined in (6.6.11). The reduction of this sW7 will be 
done in two stages. First we use (2.10.1) twice to reduce it to a balanced gW7 
and then apply (2.11.7) to obtain 


3W7(dq/b; bdg’**, g, dq—" /b, ¢/bc, ¢/ab; q, ac) 
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(dq? /b, q/bd, abcdg’**, acdq~" /b; q) 
(qi-"/b, q’t?, ac, qacd?; q) 
x gW7(acd?; abcd, bdq’**, dq~" /b, ad, cd; q, q/bd) 
(dq? /b, aq/b, cq/b, q, abedq”**, acdq~" /b; q) co 
(ac, adg, cdq, acdq/b, g”**, q'—" /b?; d)oo 
x gW7(acdb—"; cd, ad, ac, q’**, q~” /b*; q, q) 
(dq? /b, aq/b, b/a, q, q/ab, abcd, beg’*, bdg™*1, cq~" /b, dq~" /0; Q) co 
(ac, adq, cdq, dq/b, bd, bc, g’*2, bq? *! /a, q—7 /ab, q'—" /b?; d) x0 
b (dq*/b, g, bg/a, cq/a, dq/a, ad, q”**, b*cdq”**, cdq-", g-"/0°; Q) x 
a (bcdq/a, dq/b, bc, bd, adq, cdq, q’*?, bq? *1/a, q—T /ab, q!—" /b?; d) cx 
x sW7(beda'; be, bd, ed, bq” ** /a,q~" /ab; q, q). (6.6.18) 
Substituting (6.6.18) into (6.6.17) and simplifying the coefficients we get 
2m (abcd; q) cx 
(q, ab, ac, ad, be, bd, cd; q) 00 
27 (bq/a, cq/a,dq/a,q"**, b*cdg"**, cdq-", q~" /b?; ) 
(q, bc, bd, cd, abq” +1, beg’ +1, bq?+1/a, aq—" /b, cq—" /b, dq-"; GQ) co 
Fe tt Oe aes fe 


a = r —7T 
x (o=* Jab, bedgJasq)a 87 (bea "DE, bd, cd, bq + /a,q° /ab; q, q). 


I(a, b, c,d) — Lm (a; b, c,d) — 


(6.6.19) 


The expression on the right side of (6.6.19) is the same as that in (6.6.8) with 
a,b,c,d,m replaced by b,d,c,a and r, respectively, and so has the value 


27 (b~*; goo 
(q, ba, bc, bd, a/b, c/b, a/b; q) x 
(07; g)K(1 — b?q?*) (ba, be, bd; @)p ( q )' 
= (q;q)z(1 — b?)(bq/a, bq/c, bq/d;q)~ \ abcd 
= L,.(b; c,d, a), (6.6.20) 
by (6.6.11). So we find that 


I(a, b,c, d) — Lm (a; b, c,d) — L,.(b; c, d, a) 
27 (abcd; q) oo 
Z mQDEGsa Nes: = (6.6.21) 
(q, ab, ac, ad, be, bd, cd; q) x 
where the parameters satisfy the conditions stated earlier. 
It is now clear that we can handle the cases of three or all four of the 
parameters a, b,c, d exceeding 1 in absolute value in exactly the same way. For 
example, in the extreme case when min(|a], |b], |c|, |d|) > 1 > |q| with 


lag] <1<|aq™|, |bq™**| <1 < |bq’|, 
leqet*| <1 < |eq’|, |dg’t*| < 1 < |dq'|, (6.6.22) 


for some nonnegative integers m,r,s,t such that the pairwise products of 
a,b,c,d are not of the form q™” and the pairwise ratios of a,b,c,d are not 
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of the form g=” for n = 0,1,2,..., we have the formula 
I(a, b,c, d) — Lm (a; b, c, d) — L,(b;c, d,a) — L,(c; d, a,b) — L;(d; a, b, c) 
7 21 (abcd; q) ox 
(q, ab, ac, ad, bc, bd, cd; q) oo’ 
where L,(c;d,a,b) and L;(d;a,b,c) are the same type of finite series as those 


n (6.6.11) and (6.6.20), and can be written down by obvious replacement of 
the parameters. 


(6.6.23) 


Exercises 


6.1 Prove that 
[ sin? 6 dO m™(1 — ay aga3a4) 
0 


4 2 1—a;a,z 
ITC — 2a; cos @ + a%) oe, js) 


when max(|az|, |a2|, |a3|, |aa|) <1. 


6.2 Use the g-binomial theorem and an appropriate transformation formula 
for the 91 series to show that 


‘ h(a31,-1) da 
I h(x;a, —a) ae 
2m (qa* Doo 
(q, —q,aq?, —aq?, aq?, —aq?, —a*; dQ) 00 


: a< le 


6.3 Prove that 
7 (er? eset ee dO 
/ (qe?"?, qe—2"9; g?),, 1—2zc0s6 +4 2? 


CO 
es pe 1-4 (2) 
(G*.G" 0° 2>5 To gn | 


y) 


where 0 < q < land |zq2| <1. 
6.4 If0 <q <1 and max((al, |b], |cl, |d|) < 1, show that 
[ h(a;1,-1,q2,f) dx 
_, h(a;a,b,c,d) VW1— 22 
_ 2r(af, bf, cf, —abcq? , abcd; Gis 
7 (q, ab, ac, ad, be, bd, cd, —aq?2 , —bq? , —cq?, abcf; q) a 
x sW7(abcfq*; ab, ac, be, —fq-?, f/d:q, —dq?). 
6.5 If max(|al, |b], |c|, |d|, |¢]) < 1, show that 
[ h(x; 1,—-1,q2, -—q2, —q/c) dx 
4 h(x; a, —a, b, —b, c) V1 — 72 
2m (—G; G)oo(—a*b*c*, —q"/C*5 7") oo 
(9; Q)oo(—a2, —b?, a2b?, a2c2, b2C?: G2) oo 
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6.6 Ifb =a", |c| < 1, |d| < 1 and Jag™*'| < 1 < |aq™| for some nonnegative 
integer m such that ac,ad are not of the form q-",n = 0,1,2,..., show 
that 


2n(qa?)—1 
+ ee ee ee 
(q, q, acq, adq, c/aq, d/aq; q) oo 


So hn a? )(a09, adgs ae(a/ed)* 
° - (1 = g*#1)(1 = a?g*)(aq?/e, aq?/d; a) 
27 


1 1 1 : 
Phe * (eay=i —- a ee} 


where I (a,b, c,d) is as defined in (6.2.1). If m = 0, the series on the left 
side is to be interpreted as zero. 


6.7 Applying (2.12.9) twice deduce from(6.4.8) that 
. h(cos 0; 1, ee q?, —q? ’ A, LL) 
do 
0 h(cos O; Q1,42,43,44, 45, a6) 


(us Q)o0 FT (AGz3 Doo 
(M/A; oo 374 (A/ 435 4) 0 


x 10Wo(A2q7*; A/q, A/ a1, A/ G2; A/a3, A/aa, A/ a5, A/ a6; qd; q) 


(M5 doo P__ (May; doo 
(A/H3 Doo 575 (H/ 453 Woo 


x 10W9(u72q7*; Awe/q, b/a1, 1/2, W/a3, 1 /aa, /a5, U/a6; 9, q); 


+A 


where Ay = I a;, max(q|, |a1|,...,|a6|) <1, and 
j=1 


6 
27 EA U/a;; Q)oo 
J= 


~ (q,A2, bs qoo =T] (ajar geo 


1<j<k<6 
(Rahman [1986b, 1988b]) 
6.8 Prove that 
3W7 (abezq7; az, bz, cz, abcdf /q,1/f; 4, =) 


7 (q, az, a/2z, bz, b/z, cz, abcz, abc/ Az, Ap*q/abdz, pir ab/p?; q)oo 
——- In(ab, ac, be, g/dz, zq/ fd, abczf, qu?/dz, aq/fdp?; q) x 
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2 1 h(a;1,—-1,q2,—q?2, |, d ) 

: (% a“be be fia) / . d’ fdu 
a - a C 

00 RRS hs po M2 2 Na abd) 


s F 
— 
KO 


a ae’ ae" «g ab Aq 


dfp?’ wp’ bdf’ fr?’ abcdf’ 
2 10 —16 2 
bX 
x Wy (EM ges ae een) 


where |z| = 1 and max(|al, [0], |c|, |d|, |f|, |u|, |a/uI, [b/ m4], jabe/Ap|, |Awg/abd], 
lq/dz|, |q|) <1. 


6.9 Choosing A = abcdq~! and f = q” deduce from Ex. 6.8 that 


q~”, abcdg”—!, ape”, ape *Y 
403 | aby, ac, ad 59,4 


_ (9,4, B75 Q) 00 Li h(a1,-1,9?,-@?) 
b 
~~ Qn(abp2: q)oo eae) h(x; a, 3 h(x; a, b, we’, we-*) 


, abcdg”—', ae’, ae dx 


ab, ac, ad ce V1 — 2?’ 


where z = cosy and max(|al, |0], |], |g|) < 1. 


X 403 a 


6.10 Show that 


0 (—qz?, —q/2?5 q)oo x 
(abed/q*; q) 0 


when |abcd/q?| < 1 and |q| < 1. 
(Askey [1988b]) 


6.11 Show that 


trgttyt2k _togttyt2k 
[ [ oe fy G2 lt P71 pee 21) =i Doo t2* (tog! —* /t1; q)andtidte 
> 42; Co 


Pye) g(e + kK) g(yP aly + k)P g(K + 1)0g(2k + 1) 
To(e¢t+yt+k)lg(at+yt 2k) g(k+ 10 {(k +1) 
; P@)r(a—2)) 
TN, (2)0 (1 — x) g(a + 2k)T (1 — x — 2k) 


when Re x > 0, Rey > 0, |q| <1, andk=0,1,.... 
(Askey [1980b]) 
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6.12 Show that 
[ [ po-lyz-l (Sag ag als 
0 Jo *  * (—at1, —At2; qd) oo 
x tT" (teq' */t1; q)an dgtidgte 
_ Tyla) P g(a +k) gy) Poly +k) g(k + Il g (2k + 1) 
To(etytk)lglety + 2k) (k+ IP (k+1) 

(— aq” - ag? t?*, —¢ 1— —® fa, —q a aay (011) 

(—a, —a, —q/a, —q/a; Q)oo 
when Re x > 0, Rey > 0, |q| < 1, and k = 0,1,. 
(Askey [1980b]) 


6.13 With w(z;a, b,c, d) defined as in (6.3.1), prove that 


[ [iu w(x; a aq?, b, bq2 2) w(y;a, aq? , b, bg?) 


1(0+¢) 


x 


x |(q2ett9), 2 e-9): 9), dady 


2 


27 
= Ul (Gl — ab)(q, abg—DF¥1/2, ahgG—D+1, gq), 


2 , 
«TI GEE Goo 
(a2qG- 1)k+1/2 b2qG- k+1/2, qaktt: De 


where x = nak y =cos¢@, |q| <1, andk=0,1,.... 
(Rahman [1986a]) 


6.14 Let C.T. f(x) denote the constant term in the Laurent expansion of a 
function f(x). Prove that if 7 and k are nonnegative integers, then 


C.T. (qa, CL LL 


1 e 2 1 —44 
=o (act aie q);(qe*"”, ge Sg \s do 


_@ és j(9°3 7 )on(Q7*s a") k 
(q59)5(475 7 )R(G@)j+2n 
(Askey [1982b]) 


6.15 Verify Ramanujan’s identities 


oe) 
(i) / ee +2mx(_ggerke —bge?**. q) co dx 
—oo 
_ ___ VA(4bg; G) 0 
(ae2™k Jd; be—2mk JG; @)ss 4 
(ii 7. ee +2mez dy 
no (det*./@, be= e/a, Q)oo 


Vit e™ (—age?#™*, —bge 2; 9). 
(abq; q) co 
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where g = e~2*" and |q| <1. 
(See Ramanujan [1988] and Askey [1982a]) 


6.16 Derive the g-beta integral formulas 


(i) [ (—tq’, ae’ lg Lr q) 00 dgt = P(a)l, (0) 


(—t,-q/tG)o0 t Iy(atd) 
and 


(ii) 


| © (<tg?, a9" /t3Q)0 dt _ —logqT'g(a)T'g(b) 
0 (—t, —q/t; Q) oo t Li qd P',(a + b) 


where 0O<q<1, Rea>O and Reb>0O. 
(Askey and Roy [1986], Gasper [1987]) 


6.17 Extend the above q-beta integral formulas to 


1 (—tg?, 9211/85 Q)oo 
e i (tat a0“ 
_ (=9°,—9°7% Goo Pg(a + o)'g(b — ©) 
(—1, —q; Q)oo I',(a + b) 
and 
(ii) he te-} (ta, -P/ti doo 
0 (—t, -—q/t; 1) oo 


_ M(c)M(1 — cl, (a + c)Fg(b — c) 
Pg(o)P'g(1 — c)T'g(a + 6) 


where 0 <q <1, Re (a+ c) >0 and Re (b—c) > 0. 
(See Ramanujan [1915], Askey and Roy [1986], Gasper [1987], Askey 
[1988b], and Koornwinder [2003]) 


6.18 Use Ex. 2.16(ii) to show that, for y = cos ¢, 


fai 2h(a; qiT#e, qil?e—) 
1, ifx@> y, 

=< 0, ifz@<y, 
1/2, Ag: 


(Ismail and Rahman [2002b]) 
6.19 Denoting S(a1,...,@m) = S(ai,.--,@m3q) = [[p1(@r, ¢/k3 q)oo, use 
Ex. 2.16(i) to prove that 


nt+1ln 


I h(a; An,4/An) = >— |] Sx /a;, Ana) I a A(t5 dr, Q/ar) 


k=1 j=1 k=1 S(ara;,ar/a;) 
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Deduce that 


T (210 —2i0. Il h(cos 6; rr, O/Ak) 
/ (e »€ ) Q)c0 k=l eg 
0 


h é: b n+1 
(cos 6; a, b) I] (cos 0; dm, q/@m) 


) n 
= "ST Sg /ay, Any) 


n+1 
x | [[S(a-a;,a,/a;) (aaj, bay, agq/aj,bq/a3;q)o0]*. 


r=1 


#3 
(Ismail and Rahman [2002b]) 
6.20 Show that 
[ h(x; 1,-1,q'/?, —q'/?, ag'/?, q'/?/a) dx 


1 h(x; a1, @2,...,a6) /1 — x? 


(€1420304050¢ / 4; Q)oo Il (aa;qi/?, aj;qi/?/a:; acs 
1 


o>) 


J= 
(q, q, ga, g/a?; qd) oo I] (€;Ak3 Q)oo 
1<j<k<6 


= 1/2 1/2 
qa, —qa, aq?!" /ay,...,aq°/"/a¢ | 

x ss | a, —a,aa,q'/?,..., aagq?/? 5, 410203040506/q ’ 
provided a # qt”, n = 0,1,2,..., |ajaga3as,a5a6/q| < 1, and |ag| < 1, 
Batis. c6 


(See Gustafson [1987b] and Rahman [1996a]) 


6.21 Prove that 
A 


ee i(=het te os 
/ So cosh u du 
—oo ete, ae ales er. de. Q)c0 & 


me**2 TT] (-t te /G5 GQ) x0 
_ 1<j<k<a4 


sin v2 cosh v1 (q, —ge?, —ge—?"1, ty totgta/q35 q)oo|(qe?"?; Q) 00 |” 
where v = v1 + iva, 0 < vq < m/2 or vo = 7/2 and v, < 0, |t;| < 1, 


jtztet3ta/q?| = L., 
(Ismail and Masson [1994]) 


Notes 


Ex.6.7 Setting aj = —ag = a, a3 = —a4 = aq?, i: = 0, Ge = 6.r4°= 
a*bq, » = a*c and using Ex. 2.25, Rahman [1988b] evaluated this integral 
in closed form and found the corresponding systems of biorthogonal rational 


functions. 
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Ex.6.8 ‘This may be regarded as a g-extension of the terminating case of 
Erdélyi’s [1953, 2.4(3)] formula 


D'(c) ; b—1(q4 _ 4\c—p—-1(1 __ xr A—a—b 
Tarerm f, oa tae) 


x F(A —a,A—b;p;tx) F(a+b—A,A— p3c— pw; (1 — t)x/(1 — ta)) dt, 


where |z| <1, 0< Rew< Rec. Also see Gasper [1975c, 2000]. 

Ex.6.10 Askey [1988b] found the 4¢3 polynomials which are orthogonal 
with respect to the weight function associated with this integral. 

Exercises 6.11—6.13 ‘The double integrals in these exercises are g-analogues 
of the n = 2 case of Selberg’s [1944] important multivariable extension of the 
beta integral: 


F(a, b3c;x) = 


22 


[- f Te ee I] (t; —t;)| dty---dtp 


1<i<jg<n 


7 II Ta + (j—D2)ly+G -Dz)Gz+)) 
ay Petyt(nt5-2)2)Pet) 


where Re x > 0, Re y > 0, Re z > —min(1/n, Re z/(n — 1), Re y/(n— 1)). 

Aomoto [1987] considered a generalization of Selberg’s integral and uti- 
lized the extra freedom that he had in his integral to give a short elegant proof 
of it. Habsieger [1988] and Kadell [1988b] proved a qg-analogue of Selberg’s 
integral that was conjectured in Askey [1980b]. For conjectured multivariable 
extensions of the integrals in Exercises 6.11—6.13, other conjectured g-analogues 
of Selberg’s integral, and related constant term identities that come from root 
systems associated with Lie algebras, see Andrews [1986, 1988], Askey [1980b, 
1982b, 1985a, 1989f, 1990], Evans, Ismail and Stanton [1982], Garvan [1990], 
Garvan and Gonnet [1992], Habsieger [1988], Kadell [1988a—1994], Macdon- 
ald [1972-1995], Milne [1985a, 1989], Morris [1982], Rahman [1986a], Stanton 
[1986b, 1989], and Zeilberger [1987, 1988, 1990a]. Also see the extension of 
Ex. 6.11, the q-Selberg integrals, and the identities in Aomoto [1998], Evans 
[1994], Ito [2002], Kaneko [1996-1998], Lassalle and Schlosser [2003], Mac- 
donald [1998a,b], Rains [2003a], Stokman [2002] and Tarasov and Varchenko 
[1997]. 
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APPLICATIONS TO ORTHOGONAL POLYNOMIALS 


7.1 Orthogonality 


Let a(x) be a non-constant, non-decreasing, real-valued bounded function de- 
fined on (—oco, co) such that its moments 


Oo 
[Ln ef TE OOG >. ap Os VD aos (7.1.1) 
—oo 
are finite. A finite or infinite sequence po(x), pi(x),... of polynomials, where 


Dn(x) is of degree n in 2, is said to be orthogonal with respect to the measure 
da(xz) and called an orthogonal system of polynomials if 


/ Pm(x)pn(z) da(z) =0, mn. (7.1.2) 
In view of the definition of a(x) the integrals in (7.1.1) and (7.1.2) exist in the 
Lebesgue-Stieltjes sense. If a(x) is absolutely continuous and da(xz) = w(x)dz, 
then the orthogonality relation reduces to 


OO 
J Pm(2)pn(2)w(2) dz =0, mn, (7.1.3) 
— oo 
and the sequence {p,(x)} is said to be orthogonal with respect to the weight 
function w(z). 

If a(x) is a step function (usually taken to be right-continuous) with jumps 
w; at r= 2;,j =0,1,2,..., then (7.1.2) reduces to 


DP (2 )Pm( x5); =0, mn. (ees 


In this case the polynomials are said to be orthogonal with respect to a jump 
function and are usually referred to as orthogonal polynomials of a discrete 
variable. 

Every orthogonal system of real valued polynomials {p,(xz)} satisfies a 
three-term recurrence relation of the form 


LPn(L) = AnPn4i(x®) + Bnpn(L) + Crpn—1(Z) (7.1.5) 


with p_1(x) = 0,po(x) = 1, where A,,B,,Cy, are real and Ay,Ch41 > 0. 
Conversely, if (7.1.5) holds for a sequence of polynomials {p,(x)} such that 
p_1(2) = 0,po(x) = 1 and A,, By, Cy are real with A,C,41 > 0, then there 
exists a positive measure da(x) such that 


/ . Pm(£)Pn(#) do(x) = (vn / dox()) Srn,n (7.1.6) 


—oo — oOo 
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where 


Ae: 
wn = [[——. w=. (7.1.7) 


If {pn(x)} = {pn (x) $72.5 and A,Cn+1 > 0 for n = 0,1, 2,..., then the measure 
has infinitely many points of support, (7.1.5) holds for n = 0,1,2,..., and 
(7.1.6) holds for m,n = 0,1,2,.... If {pn (x)} = {pn(x)}*_) and AnCy+1 > 0 
for n = 0,1,2,...,. N—1, where N is a fixed positive integer, then the measure 
can be taken to have support on N + 1 points x9, %1,...,@y, (7.1.5) holds for 
n=0,1,...,N—1, and (7.1.6) holds for m,n = 0,1,2,..., N. 

This characterization theorem of orthogonal polynomials is usually at- 
tributed to Favard [1935], but it appeared earlier in published works of Perron 
[1929], Wintner [1929] and Stone [1932]. For a detailed discussion of this theo- 
rem see, for example, Atkinson [1964], Chihara [1978], Freud [1971] and Szegé 
[1975]. 

In the finite discrete case the recurrence relation (7.1.5) is a discrete ana- 
logue of a Sturm-Liouville two-point boundary-value problem with boundary 
conditions p_1(xz) = 0, pn4i(x) = 0. If xo, 71,...,2N are the zeros of py+1(2), 
which can be easily proved to be real and distinct (see e.g., Atkinson [1964] 
for a complete proof), then the orthogonality relation (7.1.6) can be written 
in the form 


Ya 25) Pn (xj )w gu Sows m,n) (7.1.8) 


mn=0,1,...,N, eae w; is the positive jump at x; and vy, is as defined in 
(7.1.7). The dual —— relation 


Yr (23)Pn(@k)Un = W; 7 oun es (7.1.9) 


OK = Od acd ses from the fact that a matrix that is orthogonal by 
rows is also orthogonal by columns. It can be shown that 


w; = |Anunpn(2;)Py41(25)| * Yon PO uous lve (7.1.10) 


where the prime indicates the first ipo. 

In general, the measure in (7.1.6) is not unique and, given a recurrence re- 
lation, it may not be possible to find an explicit formula for a(x). Even though 
the classical orthogonal polynomials, which include the Jacobi polynomials 


(a+1)n 


PLP (x) = SO 
nN. 


ee 
o Fy (-nnta+s+iat-5* ; (7.1.11) 


and the ultraspherical polynomials 


(2A) 4(A-$,A-$) 
Cr(x) = AFD,” (x) 


= k (A)n—k i(n—2k)0 - 
= 5 ent , 2£=cos8, (7.1.12) 
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are orthogonal with respect to unique measures (see Szegé [1975]), it is not 
easy to discover these measures from the corresponding recurrence relations 
(see e.g., Askey and Ismail [1984]). However, for a wide class of discrete or- 
thogonal polynomials it is possible to use the recurrence relation (7.1.5) and 
the formulas (7.1.8)—(7.1.10) to compute the jumps w,; and hence the mea- 
sure. We shall illustrate this in the next section by considering the g-Racah 
polynomials (Askey and Wilson [1979]). 


7.2 The finite discrete case: the g-Racah polynomials 
and some special cases 


Suppose {p,,(x)} is a finite discrete orthogonal polynomial sequence which sat- 
isfies a three-term recurrence relation of the form (7.1.5) and the orthogonality 
relations (7.1.8) and (7.1.9) with the weights w,; and the normalization con- 
stants v, given by (7.1.10) and (7.1.7), respectively. We shall now assume, 
without any loss of generality, that pn(zp) = 1 for n = 0,1,...,N. This 
enables us to rewrite (7.1.5) in the form 


(2 — £0) Pn(£) = An [Pn4i(#) — Pn(@)] — Cn [Pn() — Pn—1(@)], (7.2.1) 
where n = 0,1,...,N. Setting 7 = k = 0 in (7.1.9) we find that 


N N 
Ss Un = We” Ss Wn- (122.2) 
n=0 n=0 


It is clear that in order to obtain solutions of (7.2.1) we are representable 
in terms of basic series it would be helpful if v,, and » Un were equal to 


quotients of products of q-shifted factorials. Therefore, with the 6¢5 sum 
(2.4.2) in mind, let us take 


y — (0bG Dn (1 — abq?"*") (aq, cq, bdq; @)n (edg)-" 
" (q5q@)n(1 — abg) (bq, abq/c, aq/d; q)n 
—~ (1- mee )Q- se ve aq")(1 — cq")(1 — bdq*) 


ak 
(7.2.3) 
where bdq = q~*,0 < q <1, so that 
abg, a(abg)? ,—q(abq)?,aq,cq,q7-™ bg 
Som = 1 n42 74 
(abq)?, —(abq)?, bg, abg/c, abg c 
_ (abg", b/c; a) (7.2.4) 


(bq, abq/c; q) Nn 


where it is assumed that a,b,c,d are such that v, > 0 forn =0,1,...,N. In 
view of (7.1.7) we can take 


(1 — abg*)(1 — ag*)(1 — cq*)(1 — bdg*) 


(7.2.5) 
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o, — data) 0 - a ates di fe ee (7.2.6) 


where {r;,}{_, is an arbitrary sequence with r, 4 0,1<k < N. Since Cp = 0 


and Ag = (1 — aq)(1 — cq)(1 — bdq)ri, we have from the n = 0 case of (7.2.1) 


that 
1 


pr(zj)=1—7 CE a (7.2.7) 


1 — q)(1 — ag) (1 — cq) (1 — bdg) | 


This suggests that we should look for a basic series representation of pp, (x; ) 
whose (K+ 1)-th term has (q, aq, cq, bdq; q),% as its denominator, which in turn 
suggests considering a terminating 43 series. In view of the product (—n),(n+ 
a+ 2-+1), in the numerator of the (k+1)-th term in the hypergeometric series 
representation of P{*”) (xz) in (7.1.11) and the dual orthogonality relations 
(7.1.8) and (7.1.9) required for p,(z,;) it is natural to look for a 4¢3 series 
whose (k + 1)-th term has the numerator 


nt+at+B+1 .—j j+7t6+1. 9) k 
9 5 


(g-"\@ q?44q age 


Replacing q*, g’,q7,q° by a,b,c,d, respectively, we are then led to consider a 
403 series of the form 


q-",abq"**,q~4, cdg?" 
493 43 (7.2.8) 
aq, cq, bdq 
Observing that (q~!,cdq’**;q), is a polynomial of degree k in the variable 
qi + cdq)*', we find that if we take 


a; =q )+cdq’*" (7.2.9) 


then 2; — %9 = —(1 —q-’)(1 — cdqi*"), and so (7.2.7) is satisfied with 


rp = (1—abg?*)". (7.2.10) 


Then AyCy41 > 0 for 0 < k < N —1 if, for example, a,b,c are real, d = 
b-+q-N—! be < 0, max(|aq], |bq], |cq|, |ab/c]) < 1 andO<q <1. 
We shall now verify that 
gang "4 cag 


Pn(xj) = 463 ener q,4 ( ) 


satisfies (7.2.1) with x =a,. A straightforward calculation gives 
Pn (25) — Pn—1(23;) 
=." (1 — abq?” ) (1 — q-?) (1 — cdqit*) 
(1 — ag)(1 — eq) (1 — bdg) 
—P abg"*, q'4, cdg? ¥? 


aq’, cq’, bdq? 


q 
x 463 4,4] ; (7.2.12) 
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O0O<n< WN. So we need to verify that 


q—",abq"*",q-4, cdqi*" 
4D3 5q, | 
aq, cq, bdq 


Aut (I= aba2) Fa Mala? ae? 
= (1 — aq)(1 — cq)(1 — bdq) 403 | aq?, cq2, bdq? >; (| 
Cn” (1 _ abq?”) ge” abo" *.¢" 4. cdg ** 

~ (1=aq)(1 — cq)(1 — bdg) 493 | aq?, cq?, bdq? LE (| : 


(7.2.13) 


where A,, and C,, are given by (7.2.5) and (7.2.6) with r;, as defined in (7.2.10). 
Use of (2.10.4) on both sides of (7.2.13) reduces the problem to verifying that 
q—”, abg"*", bq~4 /c, bdqi** 
APs | bq, abq/c, bdq ce (| 
_ (1—abg"**) (1 — bdg"**) 
= abg?*) (1 — bdg) 
q—”, abq"*?, bq~4 /c, bdqi** 
Kas | bq, abq/c, bdq? oe (| 
— _(l—=q") (l—aq"/d) bdg 
(1 — abg?”+) (1 — bdq) 
x abs fo” 2 oe a | 
bq, abq/c, bdq? lh 


which follows immediately from the fact that 


(q-"5.q), (abg"*"5¢),., (1 — bdg”*") 
(1 = abq2"*1) (1 = bdq*+) 


(-"Q)gsa (aba; q), (1- SF) bd? 
(1 = abq2"+1) (1 ae bdq**1) 


The verification that (7.2.11) satisfies the boundary condition py+41(z;) = 
0 for 0 <7 < N is left as an exercise (Ex. 7.3). 

Note that the 4@3 series in (7.2.11) remains unchanged if we switch n, a, ), 
respectively, with j,c,d. This implies that the polynomials p,,(x;) are self-dual 
in the sense that they are of degree n in x; = q-/ + cdq** and of degree j in 
Yn =Q "+abq"** and that the weights w; are obtained from the v,, in (7.2.3) 
by replacing n, a,b,c, d, by j, c,d,a,b, respectively, i.e., 


7 (q 4); (1 — edg) (dq, edq/a, cq/b; q), 


O0<j<N. Thus {p,(x;)})_p is orthogonal with respect to the weights w,, 
while {pj(Yn)};Lo is orthogonal with respect to the weights uv, (see Ex. 7.4). 
The calculations have so far been done with the assumption that bdg = q7%, 


but the same results will hold if we assume that one of aq, cq and bdgq is q~%. 


(7.2.14) 


n+l, 
) 


= (q'",abq”"’; q),- 


(abq)~J, (7.2.15) 
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The polynomials p,,(x;) were discovered by Askey and Wilson [1979] as 
g-analogues of the Racah polynomials 


—n,n+at+64+1,-j,j7+y+04+1. 
oli. gt6 41 


where A; = j(f +y+6+1), which were named after the physicist Racah, 
who worked out their orthogonality without apparently being aware of the 
polynomial orthogonality. In the physicist’s language the p,(A;)’s are known 
as Racah coefficients or 67-symbols. The connection between the 67-symbols 
and the 4F3 polynomials (7.2.16) was first made in Wilson’s [1978] thesis. The 
q-analogues in (7.2.11) are called the q-Racah polynomials. 

We shall now point out some important special cases of the g-Racah poly- 
nomials. First, let us set d = b-tq~N~1 in (7.2.11) and replace c by be to 
rewrite the g-Racah polynomials in the more standard notation 


Pr(Aj) = 463 1}, (7.2.16) 


ae b perky aoe xc—N 
W(x; a,b,c,N;q) = 43 4 ies i ‘: 54;4| - (7.2.17) 
aq,q ~ , bcq 
Then, by (7.1.8), (7.2.3) and (7.2.15), 
= 5 
S- 0(t39)Win(2;9)Wn (239) = =, (7.2.18) 
xz=0 hn (4) 


where 
W,.(2;q) = W,,(2;a, b,c, N;¢q), 
p(x; q) = p(z;a,b, c, N3q) 
(eq-™34), (1 — eg?) (aq, be9,9-"39) 5 7p \ 
~ (gq; @)2(1 — eq) (ca-1q-%, bq, cg; @) x ae aaa 
and 
hn(q) = hn(a, b,c, N;q) 
(bq, aq/c;q)n (abq;q)n (1 _ abq?"t*) (aq, bcq, q;4q),, ae 
~ (abq?,1/c;q)n (45 9)n(1 — aba) (bq, aq/c, abgh¥?; q)n aie) 


(7.2.20) 
Setting c = 0 in (7.2.17) gives the q-Hahn polynomials 
—” ab oe —2£ 
Qn(x) = Qn(a;0,b,N;¢) = ado | 4 oe Taal, (7.2.21) 


which were introduced by Hahn [1949a] and, by (7.2.18), satisfy the orthogo- 
nality relation 


: (29; q) (09; 9) Nw (ya 

D4 Am(2)Qn(2) (9; Va (G9) N—x (24) 

_ (abg*;q)(aq)™ (Gs g)m(1 = abg) (bg, aba 3 a)n (yng (R)-Nn 

= (q; aN (abq; q)n(1 _ abq?2"*1) (aq, q 7X; Q)n ( q) q One 
(7.2.22) 
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for m,n = 0,1,...,N. 
Setting a = 0 in (7.2.17) we obtain the dual q-Hahn polynomials (Hahn 
[1949b]) 


Rr(u(x)) = Rn(u(x); b,c, N54) 


4 by 


N 


9 »C 
= 302 z : 59,4]; (7.2.23) 


q” , beq 
where p(x) = q~* + cq*—, which satisfy the orthogonality relation 


(cq~™;q),, (1— eg?) (beg, a7" 4), jN=-(3) 
(q3q)a(1 — eq-% )(b-4q-*,, cg; @) a 


(1/c;q)n (9,645 9)n (cq-”)” Sea e, 
(bg;q)w (bcq,q~%3q)n : 
m,n=0,1,...,N. For some applications of g-Hahn, dual g-Hahn polynomials, 
and their limit cases, see Delsarte [1976a,b, 1978], Delsarte and Goethals [1975], 

Dunkl [1977-1980] and Stanton [1977—-1986c]. 


N 
YS Rm (u(2)) Rn (u(x) (—beq)~* 
xz—0 


(7.2.24) 


7.3 The infinite discrete case: the little 
and big g-Jacobi polynomials 


As a q-analogue of the Jacobi polynomials (7.1.11), Hahn [1949a] (also see 
Andrews and Askey [1977]) introduced the polynomials 


Pn(x; a,b; q) = 2¢1(q_”, abg”**; ag; g, xq). (7.3.1) 
It can be easily verified that 
l-z Pi) (x) 
: a _f. _ in 
_ Pn ( a” qd; ; ‘) P&P) (1) ; (7.3.2) 
He proved that 
— (bg; 4): Oniti 
Dm (q"; 4, 6; g)Pn(q"; a, 6; q wy) = 4, 7.3.3 
2 ss (95 Va (ag) hn (a, 6; q) oy 


where 0 < g,aq < 1 and 


(abg; q)n(1 — abg*”**) (aq; 7) n (493 Yoo 
(9; @)n(1 — abq) (bq; ¢)n(abq*; 4) 00 
Observe that (7.3.3) and (7.3.4) also follow from (7.2.22) when we replace x 


by N —< and then let N — oo. To prove (7.3.3), assume, as we may, that 
0<m<_ n, and observe that 


hn(a, b; q) = (ag) ”. (7.3.4) 


(bg; 4) 0 ; 
> = (a9q)* a?" Dm (95 a, 8; @) 
= (9 9)a 


(q>abq" "5g 


1+k+3) 
(q, aq; 9); 


-@) 1d0 (bq; - 4, ag 
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7 (abg*t?; q) 4 q"™, abg™t1 aq* +1 
~ (agk+1;q), 7" ag, abgh 98) 
b : ™m b - CO m 
— (4G Q)m(abq"§ Doo (_agymg(2) 5pm, O<k<m, (7.3.5) 


(abq?; q) 2m (aq; Q)oo 


by the g-binomial and g-Saalschutz formulas. Then the orthogonality relation 
(7.3.3) follows immediately by using (1.5.2) and (7.3.5). 

It is easy to verify that p,(xz;a,b;q) satisfies the three-term recurrence 
relation 


LPn(L) = An[Pn+i1(£) — Pn(£)| — Cn[Pn(&) — Pn-1(2)); (7.3.6) 

for n > 0, where 
(1 — abg"*") (1 — ag"*") 
(1 = abgq?2"*+1) (1 _ abq2"*2) 
(heg") (be bg") 

(1 — abq?”) (1 — abq?"*1) 
so the condition that A,C,11 > 0 for n = 0,1,..., is satisfied if 0 < q,aq < 1 
and bg < 1. When b < 0 the polynomials p,,(x; a, b; q) give a q-analogue of the 


An, = (—q"), (7.3.7) 


— (—aq”), (7.3.8) 


Laguerre polynomials L‘°) (x) since 
lim Pn ((1 — 9)234°, —4"59) = LN?) (aw) /157)(0). (7.3.9) 
q— 


Andrews and Askey [1985] introduced a second q-analogue of the Jacobi 
polynomials, 


| oe q ”,abgrt*, x, 
Pil Li Gs b, C, q) = 302 aq, cq 59,4] , (7.3.10) 
which has the property that 
Pa??? (x) 


lim Pa(2;4*, 4", 4734) = (7.3.11) 


Pio8) (1) 
where 7¥ is real. In view of the third free parameter in (7.3.10) they called the 
P,, (a; a, b,c;q) the big q-Jacobi and the p,,(x; a,b; q) the little q-Jacobi polyno- 
mials. 

We shall now prove that the big g-Jacobi polynomials satisfy the orthog- 
onality relation 


me (x/a,2/C}q)oo 
Pry (x; a, 6, c;3 q) Pr (x; a, 6, c; gq) ————————d,x 
[ ( )Pn( (x, b2/C;q)oo * 
Omyn 
= 3.12 
hn (a,b, ¢;q)’ eee 


where 

: = 2n+1 2 be 
(abq; q)n (1 — abq?”*") (aq, cg; 9) n (—aeq?)-"q-@) 
(9; q)n(1 — abq)(bq, abq/c;q)n 


(7.3.13) 


h,(a, b,c;q) = M~" 
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and 


aq ; 
ue / (E/E B/G O03 6 
cq C2 bx/c; Q)oo 
_ ag(1 — 9)(q, c/a, ag/c, abg”; 4) 00 (7.3.14) 
(aq, bq, cq, abg/C; 4) 


by (2.10.20). Since 


o (x/a, 2/¢; doo 4, 
[ ELS 0; e ia (x, bx/c; q) oo a 


[" Gletiete a 

So qv 

cq (ear; bq) C3) oo 

= oy Od shales Diag C45 Dr 
(abq? Q)j+k 


the left side of (7.3.12) becomes 


(bg, abq/c;d)m 


c/b)™ 
ae a ee 
™,abg™**;q), (q-”, abq"**; q), 
x i Oe 7.3.15 
pap 5(9; 1) m(abq?; q)j+% ee 


where we used (7.3.10) and the observation that, by (3.2.2) and (3.2.5), 


Pm (x; a, 6, cq) 
(bq, abq/c; Q)m q ™ abg™*+ bx/c 
= b m ) ) . 
(aq, CG; )m eee bg,abg/e 74 
(7.3.16) 
Assume that 0 < m <n. Since, by (1.5.3) 
> (q seer abg™*?}; q), 7 aa D) mn (abg”*1)™ 
“= (q,aba***5q); (abg**?; q) 
the double sum in (7.3.15) equals 
(q~-", abq”**; q) (abg™*2)" (Cah eG). : 
(abq?; q)am —= (gq, abq?™*; g);, 
(Cac alee i) eer ee 


Substituting this into (7.3.15), we obtain (7.3.12). 
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7.4 An absolutely continuous measure: the continuous 
qg-ultraspherical polynomials 


In this and the following section we shall give two important examples of 
orthogonal polynomials which are orthogonal with respect to an absolutely 
continuous measure da(x) = w(x)dz. 

In his work of the 1890’s, in which he discovered the now-famous Rogers— 
Ramanujan identities, Rogers [1893b, 1894, 1895] introduced a set of orthogo- 
nal polynomials that are representable in terms of basic hypergeometric series 
and have the ultraspherical polynomials (7.1.12) as limits when q — 1. Fol- 
lowing Askey and Ismail [1983], we shall call these polynomials the continuous 
q-ultraspherical polynomials and define them = the generating function 


20 —i0 


(te?®, te—*: g 


where z = cos@, 0 < @ < 7 and eee < 1. Using the q-binomial 
theorem, it follows from (7.4.1) that 


” 23 q) Jn etn 
n(a lg) = ee Edin )e(B k i(n—2k)6 


k=0 (959) q)k(q a) k 
= Fane MoO GBe a aap es LTA) 


Note that 


lim C,, r _ ( ei(n— 2k)0 
lim Cn(2;q"|q) din — BN Dl 


= CA(z). (7.4.3) 
Before considering the orthogonality relation for C,,(x; G\q), we shall first 


derive some important formulas for these polynomials. For 0 < 6 < z,|@| < 1, 
set a = q3—'e?"’, b= qG-1, c = qe”? and z = 67 q" in (3.3.5) to obtain 
sora "Biba sande te. -*) 
(Gq” "pe2.q)_ = 1 620. 2 
= (GT eB, gy 241 (98 | cia : os q”) 
(6, qgh—', Bqre?"’, B-'¢ 1— alte ee ‘ 
(qr+1, e248 gG-le-218, B-1gl—n; gq) 
x 261 (g8-*, gB-*e"”"; qe"; g, 87 q") . (7.4.4) 


Then, application of the transformation formula (1.4.3) to the two 2¢1 series 
on the right side of (7.4.4) gives 


Cr (x; Bla) 
a (0; Q)oo 1 
(B75 Q)oo ee (q39)n 
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(e7°5 D oo ind 210. 240. mt 
x (B29. q)  ° 291 (G, Be »qe 5954 ) 
’ CO 


(e q) - 


a (Beg) 291 (8, bee qe" q; gs) \ (7.4.5) 


where ; . 

Cane ena q) x 
(Be2"9, Be-218.q) 
Rewriting the right side of (7.4.5) as a qg-integral we obtain the formula 


2i sin 8 (8B, Bs dx (67; 4), 
(1 — q)Wa(zlq) (9,875 d)00 (454) 

ea (que*®, que’: q) - (7 j 7) 
which was found by Rahman and Verma [1986a]. 

Now use (1.4.1) to obtain from (7.4.5) that 


: 2. 
C(x; Bla) = EE We "(clay eee 
x {(1 — #9) ei”? 941 (q8-1, 2"; Bag" *1; g, Be”) 


+ (1-677) e” od; (g8*,a"**; Ba" *"; g, Be”) } 


= 4sin9 Wz‘ (2\q) >_ b(k,n; 8) sin(n + 2k + 1)8, (7.4.8) 
k=0 


Wa(azlq) = x = cos. (7.4.6) 


Cr,(x; Blq) = 


where 0 <6 <7,|G| < 1 and 


b(k,n; 8) = (B; BG; oo (8% 9)n (9B "i Da (G @ntk gk (7.4.9) 


(q,873d)oo (95 9)n (45 2)K (8G; 2) n+k 


The series on the right side of (7.4.8) is absolutely convergent if |3| <1. For 
|x| < 1, |q| < 1 and large n it is clear from (7.4.5) that the leading term in the 
asymptotic expansion of C,,(cos 6; Gq) is given by 


210. ~ 240. 
C,(cos 8; B\q) nN (9; Goo ste ale (Be aan 


(Gs d)oo | (e775 4), age 
= (85 @)oo 1) ce e?? COS(7NG — @ 
cs ae | A(e*”)| cos(né — a), (7.4.10) 
where (g : ' 
= AOE os a= arg A(e? A, 
A(z) = aa g A(e’’), (7.441) 


and, as elsewhere, f(n) ~ g(n) means that lim, f(n)/g(n) = 1. For fur- 
ther results on the asymptotics of C’,(z; Gq), see Askey and Ismail [1980] and 
Rahman and Verma [1986a]. 


186 Applications to orthogonal polynomials 


If we use (3.5.4) to express 2 (q7 "6; B-*q'—"; q,q3-*e~**?) as a termi- 
nating VWP-balanced g¢7 series in base q? an then apply (2.5.1), we obtain 


5 —N —210 (1—n)/2 9-1. 4 
aby (47, 8: B-2q!—"3q, qo-ten 29) = GE Pe san(a NB 0 Jn 


(8-1q2-"; q?)n 
eh q 7)? Bae! Bae" 98/2. P4 
me _B, qt —?/2¢@-19, —gi-7/2¢-1 Td 
- “Gan <a —2, B2q4,—B2q4 
by (2.10.4). However, by (3.10.13), 
a ca “| 
—8,82q4,—B2q4 j 
“Nn B2gn 3 ei 3e—10 
= 60 ind (7.4.18) 
and hence, from (7.4.2), (7.4.12) and (7.4.13), we have 
Cn (cos 9; B|q) 
°5@)n —", Pq", Bie", Bae" 
— (O1Dn g—n/ 4b.” : 1 5459 (7.4.14) 
(G5 4)n Bq? , —B, —Bq? 


Since Wg(cos 6|q) = |A(e’’)|~? for real G, it follows from Theorem 40 
in Nevai [1979] and the asymptotic formula (7.4.10) that the polynomials 
C’,,(cos 0; 3|q) are orthogonal on [0,7] with respect to the measure Wg(cos 6|q)d6, 
—1 < B <1. One can also guess the weight function by setting @ = q* and 
comparing the generating function (7.4.1) and the expansion (7.4.8) with the 
q — 1 limit cases and the weight function (1 — e??’)*(1 — e~2”) for the ultra- 
spherical polynomials C?(cos @). 

We shall now give a direct proof of the orthogonality relation 


/ Cm (cos 6; 3|q)C, (cos 0; B\qg)Wa(cos 6|q) dd = mae (7.4.15) 
0 


where |q| < 1, |6| < 1 and 


(q,B75G)co (93q)n(1 — Bq”) 
27(8, 89; 4)oo (87;9)n(1 — 8) © 


As we shall see in the next section, (7.4.15) can be proved by using (7.4.14) 
and the Askey-Wilson q-beta integral (6.1.1); but here we shall give a direct 
proof by using (7.4.2), (1.9.10) and (1.9.11), as in Gasper [1981b], to evaluate 
the integral. Since the integrand in (7.4.15) is even in 0, it suffices to prove 
that 


hn(8\q) = (7.4.16) 


Cm(cos 6; 3|q)C;, (cos 9; B|q)Wa(cos 6|q) dd = orn 


be h.(Blq)’ (7.4.17) 
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when 0<m<n. We first show that, for any integer k, 


TO 0, if k is odd, 
/ e*" W (cos A|q) dd = | erate) i : ae (7.4.18) 
where ; L 
0j(Blq) = PP PGi Doo F395 1 + gigi (7.4.19) 


(q, B?; dco (Ba: q)5 
By the g-binomial theorem, 


/ e**’ W7(cos 0|q) dO 


= aS (G- at a Bide gr [ ei(k+2r—2s)6 7g 
q;4 —T 


r=0 s=0 


which equals zero when k is odd and equals 


- » ee S Ni Dets gitas 


q3 q) Chapa 
= aca Di # ob: (8-*, B+ a; **5 4, 8?) 
q; 9); 
when k = 2j, 7 =0,1,.... By (1.4.5), the above 2¢, series equals 
wiics 291 (Gn o> 3 @50G*) 
— @Pide (angst? 


From this and the fact that Wg(cos6|q) is symmetric in 0, so that we can 
handle negative k’s, we get (7.4.18). Hence, from (7.4.2), 


: e’*°C,, (cos 6; B|q)W,(cos 6|q) dé (7.4.20) 


—T 


equals zero when n — k is odd and equals 


20 (B, Bd; Q)oo (8; M)n(B~*; 9); 
(q,873 Goo (G5 4)n(8q; 4); 


=f .os7A Sy 
xX 103 Pees on aa A ae 59,9 (7.4.21) 


when n—k = 27 is even. From (1.9.11) it follows that this 4¢3 series and hence 
the integral (7.4.20) are equal to zero when n > |k|. Hence (7.4.17) holds when 
mn. Ifk=+n #0, then (1.9.10) gives 


(1+ 4’)? 


/ e'*’C,, (cos 0; 3|q)Wa(cos 6|q) do 


_ 2 (8, Bq; )00(9"; a)n 


(qd; 8; d)00(89; 9) n (7.4.22) 
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from which it follows that (7.4.17) also holds when m = n. 


7.5 The Askey-Wilson polynomials 


In view of the 43 series representation (7.4.14) for the continuous 
g-ultraspherical polynomials it is natural to consider the more general polyno- 
mials 
q "aq" pew wpe” 
5.1 
493 7,0, € 59,4 (7.5 ) 


which are of degree n in x = cos@, and to try to determine the values of 
a, 3,7, 0,€ for which these polynomials are orthogonal. Because terminating 
balanced 43 series can be transformed to other balanced 403 series and to 
VWP-balanced g¢@7 series which satisfy three-term transformation formulas 
(see, e.g., (7.2.13), (2.11.1), Exercise 2.15 and the three-term recurrence re- 
lation for the g-Racah polynomials), one is led to consider balanced 443 se- 
ries. From Sears’ transformation formula (2.10.4) it follows that if we set 
a = abcdq"!, 3 = a, y = ab, 6 = ac and € = ad, then the polynomials 


Pn(£) = Pn(z; a, b, c, d|q) 
= (ab, ac, ad; q)na_” 43 


q “yabedq"—*,ae” ,ae~*? ag 
ab, ac, ad i 


(7.5.2) 


are symmetric in a, 6, c,d. In addition, for real 6 these polynomials are analytic 
functions of a,b,c, d and are, in view of the coefficient (ab, ac, ad; q),a~”, real- 
valued when a, b,c,d are real or, if complex, occur in conjugate pairs. 

Askey and Wilson [1985] introduced these polynomials as g-analogues of 
the 4F3 polynomials of Wilson [1978, 1980]. Since they derived the orthogo- 
nality relation, three-term recurrence relation, difference equation and other 
properties of py(xz;a,b,c,d|q), these polynomials are now called the Askey- 
Wilson polynomials. 

Since the three-term recurrence relation (7.2.1) for the g-Racah polynomi- 
als continues to hold without the restriction bdqg = q~, by translating it into 
the notation for p,(x;a,b,c,d|q) we find, as in Askey and Wilson [1985], that 
the recurrence relation for these polynomials can be written in the form 


22Pn (x) = AnPn41(2) + Bnpn(xz) + Crpn_1(z), n=O, (7.5.3) 


with p_1(2) = 0, po(x) = 1, where 


1 — abcdq”! 
yee ce 7.5.4 
(1 — abcdq?”—1) (1 — abcdgq?”) on) 
C. = (1 — g”)(1 — abg”—*)(1 — acg”—')(1 — adg”~*) 


(1 — abcdq?”—?) (1 — abcdq?"—*) 
x (l= beg“) = bdg? =") cdq? ™), (7.5.5) 
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and 


B, =a+a—* — Ana~*(1 — abg”)(1 — acq”)(1 — adq”) 
— Cya/(1 — abg”—*)(1 — acg”*)(1 — adg"*). (7.5.6) 
It is clear that A,,B,,C, are real if a,b,c,d are real or, if complex, occur in 
conjugate pairs. Also A,Cy+1 > 0,n = 0,1,..., if the pairwise products of 
a,b,c, d are less than 1 in absolute value. So by Favard’s theorem, there exists 
a measure da(x) with respect to which p,(x;a,b,c,d|q) are orthogonal. In 
order to determine this measure let us assume that max(|a|, |b], |c|, |d|, |q|) < 1. 
Then, by (2.5.1), 
Pn (cos 9; a, b, c, d|q) 
(ab, ac, be, de~”, ; q) 


—_ n ein 


(abce’’; q),, 
xX gW7 (abce’’q—'; ae’®, be’’, ce’, abedg”—',q~"; q, qd *e~*”) s( C050) 
and, by (2.11.1), 
3W- (abce’’q7; ae’? be’”, ce’, abcdg” 1, q~”: qd~*e*”) 
(abce’? bcde?’ gq”, be? grt), ce? grt) ae"? be 9. ce "9 de~*%q”: 1) 
(ab, ac, bc, g’*+1, bdg”, cdg”, beg? +e", e— 209; g) 
xX SW (bcq”e?"”; bcq”, be’”, ce®’, gate, qd~+e"*: g, adq”) 
(abce’’, abce~*’q”, bede~*°q”, be~*? gq" **,, ce~? gq" *"; g) 
(geet, bdq”, cdq”, abce’? gq”, beg? tle—206, O)\e6 
; (ae*, be, cet, de"; qa). tine 
(ab, ac, ad, e2”8; q) ., 
x 3W (bcq”e~?"”; beg”, be *”, ce? qa 'e”, qd te: g, adq”) , (7.5.8) 


CO 


where 0 < 6 < 7. Hence 

Dn (cos 8; a, b, c, d|q) 

= (bc, bd, cd; q)n {Qn (e”’; a, b, c, d\q) + Qn er a, b,c, d\q) } , (7.5.9) 
where 

Qn(z; 4, b, c, dig) 
(abezg”, bedzq”, bzg”*", czq”*", a/z, b/z, c/z,d/2z; q) 5 7 

(bc, bd, cd, abg”, acq”, g?*1, bez*g™t1, 2-4; q) 

xX 3sW7 (beq”z?; beg”, bz, cz, qa +z, qd *z;4, adq”) ; (7.5.10) 


It is clear from (7.5.10) that 
Qn(z;a, b,c, d|q) ~ 2" B(z—")/(be, bd, cd; q) oo; (7.5.11) 


where 
B(z) = (az, bz, cz, dz; Q) oo /(273 Q co (7.5.12) 
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as n — oo, uniformly for z, a, b,c, d in compact sets avoiding the poles z? = q~*, 


k =0,1,.... Using (7.5.9) we find that 


Dn (cos 9; a, b, c, d\q) 
re e'”? Ble?) af: a Ble’) 
= 2|B(e’’)| cos(n@ — 8), (7.5.13) 


where 3 = arg B(e’’) and 0 < 0 < m (see Rahman [1986c]). Then 
|B(e"*) |" = [sin9 w(cos 6; a, b,c, d|q)]", (7.5.14) 


where, in order to be consistent with the p,(z;a,b,c,d|q) notation, we have 
used w(x;a,b,c,d|q) to denote the weight function w(z;a,b,c,d) defined in 
(6.3.1). It follows from Theorem 40 in Nevai [1979] that the polynomials 
Pn(x;a,b,c,d\q) are orthogonal on [—1,1] with respect to the measure 
w(x; a, b,c, d|q)dx when max(|a], [6], |cl, |d, |g|) < 1. 

We shall now give a direct proof of the orthogonality relation 


hs. 


/ Pm(t)pn(2)w(2) de = Srna (7.5.15) 


where w(xr) =w(z;a,b,c,d\q) and 


hy, = hn(a, b,c, d|q) 


=e _ 2n—1 
= «*(a, b,c, dq) (abedq Wn (1 nes ) 
9D a-g),, (1 — abcdq-!) (ab, ac, ad, bc, bd, cd; q),,.’ 
(7.5.16) 
with 
1 
K(a, b,c, d\q) ~ / w(x; a, b,c, d|q) dx 
=| 
_ ___mabeds oo (7.5.17) 


(q, ab, ac, ad, bc, bd, cd; q) oo ’ 
by (6.1.1). First observe that, by (7.5.17), 


1 
: (ae’”’, ae’. q), (be*®, be"; q), w(x; a,b,c, d\q) dx 
eT 


1 
— / w(x; aq’, bg", c, d\q) dx 
=I 
= K(aq’, bq”, c, dlq). (7.5.18) 
By using (7.5.2) and the fact that p,(z; a, b,c, d\q) = pn(x;b, a,c, d|q) we find 
that the left side of (7.5.15) equals 
K(a, b, c, d|q)(ab, ac, ad; q)m(ba, bc, bd; q),a"b-” 


bh (q_™, abcdg™—"; @) St hadae ena 
Ss iad q—", abcdq”—*, abq? | 

° = (q, abcd; q) , q 362 abcdq? , ab Gas W019) 
J= 
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Assuming that 0 < n < m and using the q-Saalschutz formula to sum the 3¢2 
series, the sum over 7 in (7.5.19) gives 


cd, abedq™—!, q~-™; q - rere Pilg pe n 
arama aor (q”-™, abedg”*™~*; abedq?”; g, 4) 
7 (cd, abcdq™—}, qn: q),, (gore q 
— (qi-" /ab;.q),, (abcd; q)o, (abcdq?”; q) mn 
a (q, cd; Dn (1 _ abcdq”*) 
~ (abedq~, ab; q),, (1 — abedg?”—) 


Combining (7.5.19) and (7.5.20) completes the proof of (7.5.15). 
Askey and Wilson proved a more general orthogonality relation by using 
contour integration. They showed that if |g] < 1 and the pairwise products 


Visi 


(ab)" Sinn: (7.5.20) 


and quotients of a,b,c, d are not of the form g~*, k = 0,1,..., then 
1 
/ Dm (x)pn(x)w(x) dx + 2r SS Dm (Ck)Dn (Le) We 
din mr 
= ———_~ 7.0.21 
h(a, b, c, d\q)’ ( ) 


where x, are the points 5 ( fo if “aq ) with f equal to any of the parame- 
ters a,b, c,d whose absolute value is greater than 1, the sum is over the k with 
|fq*| > 1, and 
Wk = Wk (a, b, C, d\q) 
(a~*5 Q)oo 

(q, ab, ac, ad, b/a,c/a,d/a;q)o 

(a; q)K(1 — a7q?*) (ab, ac, ad; q)é ( q )' 

(4; @)n(1 — a?) (aq/b, aq/c, aq/d;q)x \abed 

when x, = 5 (ag* + any"): For a proof and complete discussion, see Askey 


and Wilson [1985]. Also, see Ex. 7.31. 
In order to get a g-analogue of Jacobi polynomials, Askey and Wilson set 


(7.5.22) 


q = geetH/4 4 = g@et3)/4 6 = —g@8tV/4 g = —g?8+8)/4 (7.5.23) 
and defined the continuous q-Jacobi polynomials by 
atl. 
ge 3@) 
PoP) £ g — ha, 
ig (959)n 


—mnT 


ntat@B+1 ,(2a+1)/4,i10 ,(2a+1)/4,—i0 
rd d vo ° a4 (7.5.24) 


X 403 | got), _ g(oto+1)/2, _ glot+8+2)/2 


On the other hand, Rahman [1981] found it convenient to work with an ap- 
parently different g-analogue, namely, 


Caer ae 
(9,-GQ)n 


—n gntatB+1 G5 ei? gaze 
xX 43 i Seren ey 4; (| 
q »—q | 


PL?) (a; q) = 


(7.5.25) 
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However, as Askey and Wilson pointed out, these two g-analogues are not 
really different since, by the quadratic transformation (3.10.13), 


a (—q; q)n an p(a 
Note that 
lim P\~P) (z\q) = lim P\%P) (7g) = P6%®) (xr). (7.5.27) 
q-> q-> 
The orthogonality relations for these g-analogues are 
es 1 %) 
PoP) cos O|q Pio) cos 6|q)w(0; q2) d@ = ——"_., 7.5.28 
[P&P (cos olayPle? (cos Ola)w(0s48) do =~, (7.5.28) 
and 
0 
Pio) cos 0; q P\oP) cos 6; q)w(6; q) dd = ——"—., 7.5.29 


where 0<q<l,a>-—5,8>-5, 


w(0;q) = ; (7.5.30) 


(q%+2 #9, —g8t+2 69. g) ,, 
; e a = (q, Qe ge rh ghee we agher i rele g) 
n\Q, Pid) = On (q(o+8+2)/2, gla+6+3)/2; q) 
2n+a+H+1 +841 +B+1)/2. 
ee ee nay 
(1 — get8+1) (gett, g8+1, —glo+6+3)/2; q) | 
(7.5.31) 


ae Gas ge ge ae go gO) 
nee Qn (q2+842; q) 


(qr arenes”) (gee) 0,0. de-ds0) 0" 
(1 — qo+8+1) (gett, g8+1, gett, —q8+1, —got8+1. 9) ° 


(7.5.32) 
From (7.4.14), (7.5.24) and (7.5.25) it is obvious that 
C;,(cos 9; q*|q) 
aN. eo 
= MPD a Dn g 7/2 pPY-2—3) (cog 6\q) (7.5.33) 
A+G- 
(sa) 
D4 i ol 
(q - 3:92) ee ee eee 1 
= n g7t/4 PY 2-2) (cog: 2). (7.5.34) 


(garni, _g(2+1)/4. 7?) 


Tu 
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It can also be shown that 


(q*,—4;4),, 


Z 1 
(42, -a2;4) 
n 


N (Fd) a5 —n/2 p(A- 393) (9,2 
Con41 (23 9 Ot aha) Pr (Qz ae 


q?,—4?5q 
n 


—n/2 p(A-4.-3 
Con (23 q° 19) = "PP, (2x? —1;q), (7.5.35) 


;Q); 
+1 
(7.5.36) 


which are qg-analogues of the quadratic transformations 
(A)n 
(5)n 
(A)n4i 
(aa 


1 1 


PY 2—2) (972 — 1) (7.5.37) 


C3, (x) = 


and 


Chere (x) = 2 


pPO-22) (992 _ 1), (7.5.38) 


respectively. To prove (7.5.35), observe that from (7.4.2) 
Con (cos 9; q"|q) 


(4°; Don 2ind On. NR 1—-\ .—2i6 
= Ge ob (sq A mm a 
(q; q)on 


and hence, by the Sears-Carlitz formula (Ex. 2.26), 
Con (cos 9; q*|q) 


r 
(7°) on ( 1 210 1-n_—2:0 2ind 
= ——— |q7e q? e 4) e 
(q; Q)on n 
1 1 
q”, a aes —q2-”, gan j 

X 403 | a tata fn a el (7.5.39) 

Reversing the 4¢3 series, we obtain 


Con (cos 0; q*|q) 


(a, 04; q] _n/2 g7, grt g2 e29 gze 28 
— —__—___—"q ig 43 | : f 5; | 


(4,424) q’*2,—q?,—-q 
(7.5.40) 


This, together with (7.5.25), yields (7.5.35). The proof of (7.5.36) is left as an 
exercise. 

Following Askey and Wilson [1985] we shall obtain what are now called 
the continuous q-Hahn polynomials. First note that the orthogonality relation 
(7.5.15) can be written in the form 


/ Dm (cos 0; a, b, c, d|q)pn(cos 9; a, b, c, d|q)w(cos 8; a, b,c, d|q) sin é dé 


20m,n 


es Or, 5AL 
hn (a, b, c, d|q) a) 
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Replace 6 by 0+ ¢, a by ae’?, b by ae~*? and then set c = be’?, d = be~*? to 
find by periodicity that if —1 < a,b <1 or if b=@ and |a| < 1, then 


[ Pm(cos(@ + ); a, b|q)pn(cos(@ + ¢); a, blq)W (0) dé 


—T7T 


Om,n 
= —___ 7.5.42 
Pn(a, blq)’ ( 
where 
Pn(cos(@ + ¢); a, b]q) = (a?, ab, abe”’?; q)n(ae’?)—” 
a a2b2 oe ae2etio ae? 
x 493 ' Y ab abe2'? 54; | ) (7.5.43) 
(c2H(0+4), q) 2 
and 
2 22 2id —2id. 
q, a“, b*, ab, ab, abe“’”,, abe 5) 
Pn(a, b|q) — ( 


Ar (a?b?; q)o0 
(1 — a2b?q?"-*) (a?b?q-1;q),, 
(7.5.45) 


x 


The recurrence relation for these polynomials is 


2cos(9 + $)Pn(cos(@ + ¢); a, blq) 
= AnPn+1(cos(6 + od); a, b|q) ae BnPn(cos(@ ae d); a, b\q) 
+ Cnpn—1(cos(6 + ); a, b|q) (7.5.46) 


for n = 0,1,..., where p_;(z;a, b|q) = 0, 
= “bg” 


AY = 
(1 — a2b2q2"-1) (1 — a2b2q2”) 


(7.5.47) 


(1 — g”)(1 — a?g"—*)(1 — b?g”—*)(1 — abg”—")(1 — abg”*) 


on (1 — a2b2q2"-2) (1 — a2b2q2"-1) 
x (1 — abe**?g”—")(1 — abe 2*?q”") (7.5.48) 
and 
Bn = ae’? + a7*e~*? — Ana *e7*?(1 — a2”) (1 — abg”)(1 — abe”? gq”) 
= Cae" (Aa) abe"? "0 aba" >): (7.5.49) 


If we set a = q%,b = q?,0 = xlogq in (7.5.42) and then let q — 1 we 
obtain 


[- Pm(2; 0, 3)pn(x; a, B)|T(a + ix)P(6 +ix)|\*de=0, m#n, (7.5.50) 


— oo 
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where 


— —n,n+2a+26-—l1a—iz- 
Dn(x3 a, 3) = 1" 3 Fo pi 8 Oa on Oe (7.5.51) 
For further details and an extension to one more parameter, see Askey [1985b], 
Askey and Wilson [1982, 1985], Atakishiyev and Suslov [1985], and Suslov 
[1982, 1987]. 


7.6 Connection coefficients 


Suppose f,(x) and gn(x),n = 0,1,..., are polynomials of exact degree n in 
x. Sometimes it is of interest to express one of these sequences as a linear 
combination of the polynomials in the other sequence, say, 

i) 

Gla) = > Cente): (7.6.1) 

k=0 
The numbers cz, are called the connection coefficients. If the polynomials 
fn(x) happen to be orthogonal on an interval J with respect to a measure 
da(x), then cy.» is the k-th Fourier coefficient of g,(x) with respect to the 
orthogonal polynomials f;,(x) and hence can be expressed as a multiple of the 
integral |, fr(Z)gn(x)da(z). 

A particularly interesting problem is to determine the conditions under 
which the connection coefficients are nonnegative for particular systems of 
orthogonal polynomials. Formula (7.6.1) is sometimes called a projection for- 
mula when all of the coefficients are nonnegative. See the applications to posi- 
tive definite functions, isometric embeddings of metric spaces, and inequalities 
in Askey [1970, 1975], Askey and Gasper [1971], Gangolli [1967] and Gasper 
[1975a]. As an illustration we shall consider the coefficients cz, in the relation 


n 


Pn(2;0, 8,7, 41g) = > CkynPr(2; 4, b,c, diq). (7.6.2) 
k=0 


Askey and Wilson [1985] showed that 


C (ad, Gd, yd, q; Dn (aBydq"'; q), k?—nk gk—n 
k n SS — 
(ad, Bd, yd, qd, abcdg*—!; Qk (q; d)n—k 

q’—", aBydq"t*—", adg", bdg*, cdg” 


x 5D4 | abcdq?* , adgq*, Bdq*, ydq* 59,4] - (7.6.3) 


To prove (7.6.3), temporarily assume that max (|al, |b], |c|, |d|,|q|) < 1, and 
observe that, by orthogonality, 


1 
by. 5 =| w(x; a, b, c, d|q)p, (x3 a, B, c, d\q)(de*’, de~**; q); dx (7.6.4) 
| 


vanishes if 7 < k, and that 


OK = K(a, b, C, dq) (ab, ac, ad; q)ha* 
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(ad, bd, cd; q) ; q—*, abcdq*—', adq? | 
(abcd; q) 3Y2 abcdq! , ad 59,9 


= k(a, b,c, d|q) (ab, ac, bc, q~4; q)x (ad, bd, cd; q); (dq? )* /(abcd; Q)j+k (7.6.5) 
if 7 > k. Since 


Pn(x; a, 8,7, d\q) 
m (q-”, aBydq"', de” ,de~;q), 
(60 604d. CG 
arene d (q, ad, Bd, 7d; 4); — 
we find that 
1 


Ck,n = hy (a,b, c, dla) | w(x; a, b,c, d\q)pz(x; a, b, c, d|q)pn(x; a, B,y,d|q) dx 


—] 
nr (q-", aBydq"'3q), . 

= h;(a, b,c, d|q)(ad, Bd, yd; q),d_” ——______“q) by, ; 

K( at 1454) eS (q, 0d, Bd,yd;q); * *” 

(7.6.7) 


and hence (7.6.3) follows from (7.5.16), (7.5.17) and (7.6.5). 

The 5¢, series in (7.6.3) is balanced but, in general, cannot be transformed 
in a simple way, so one cannot hope to say much about the nonnegativity of 
Ck,n unless the parameters are related in some way. One of the simplest cases is 
when the 54 series reduces to a 3¢2 , which can be summed by the q-Saalschutz 
formula. Thus for @ = b and y = c we get 


Pn(x; a, b,c, d|q) = > Ck,nDk (2; a, b, c, d|q) (7.6.8) 
k=0 
with 
(@/4; q)n 4, (abedg”*; q)x(q, be, bd, cd; q)na”—* 
“hin ~ (q, be, bd, cd; q)x(abedg*—1; q)x.(q, abedg?*; q)n—x 
It is clear that ch, > O when 0 < a < a < 1, O < q < 1 and 
max (bc, bd,cd,abcd) < 1. 
Another simple case is when the 54 series in (7.6.3) reduces to a summable 
43 series. For example, this happens when we set d = g2 C= —q?2 = 7,b= 
—a and @ = —a. The 5¢@4 series then reduces to 


(7.6.9) 


1 1 


q ,a qd 
493 agtt#, —agtt#a2qteti 509 (7.6.10) 
which equals 


k+1 ,k- Lk 22k 2 yen 2 2 we 
amare n+ Tere Gg nYe Ora") 


q | 

(q, a2q2*+1, a2q2k+2, a2q2/a2; 4), 
by Andrews’ formula (Ex. 2.8). Clearly, this vanishes when n — k is an odd 
integer and equals 


(qo*, g°a"5 4") yj (7/859) 5 oo on trays 7.6.12 
(gat, @asgynj7 (og } oe 


2 
(a"q 20 (q2gntky"—H/2 (7 6 11) 
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when n — k = 2j,j7 =0,1,...,[$]. Since by (3.10.12) and (7.4.14) 


Ln a. 
i 7 (q qa’ 3,q ) 
Pn(2; a, —a, —q?,q?|q) = ——>——“C,, (a;.07|q7), (7.6.1) 
(a?;q)n 
we obtain, after some simplification, Rogers’ formula 


Cn(2; 719) = > BY (9/8; De(% n—K(1 ~ Ba" ™*) 


= (q39)«(C9; @)n—K(1 — 8) Cr—2%(x; lq) (7.6.14) 


after replacing a”, a?,q? by y,@ and q, respectively. 
It is left as an exercise (Ex. 7.15) to show that formulas (7.6.2) and (7.6.14) 
are special cases of the q-analogue of the Fields-Wimp formula given in (3.7.9). 
For other applications of the connection coefficient formula (7.6.2), see 
Askey and Wilson [1985]. 


7.7 A difference equation and a Rodrigues-type formula for 
the Askey-Wilson polynomials 


The polynomials p,, (x; a, b,c, d|q), unlike the Jacobi polynomials, do not satisfy 
a differential equation; but, as Askey and Wilson [1985] showed, they satisfy a 
second-order difference equation. Define 


E# f(ei®) = f (q*#e'*) | (7.7.1) 
baf (e”) = (Et — EZ) f (e”) (Or2) 
and D,f(xz) = ae x = cos 6. (7.7.3) 
Clearly, 
dq(cos 0) = : (a3 — q*) (ec? —e-”) = ig (1 — q) sin 9, (7.7.4) 
and dq (ae’’, ae’; q) = Qaiq 2(1—q”)sin@ (aq? e’” aqze* -G)n—1, (7.7.5) 
so that 
Dy (ae’”’, ae" se = ae (aq? e*9, aqze~?. Gis (7.7.6) 


which implies that the divided difference operator D, plays the same role for 
(ae’?, ae’: im as d/dx does for x”. When q — 1, formula (7.7.6) becomes 


d n 
a (1 —2ax+a*) = —2an(1—2ax +07)". 
Zz 


Generally, for a differentiable function f(x) we have 


d 
pe Dqf(z) = i (x). 
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Following Askey and Wilson [1985], we shall now use the operator D, and the 
recurrence relation (7.5.3) to derive a Rodrigues-type formula for p, (x; a, b, c, d\q). 
First note that by (7.5.2) and (7.7.5) 

= —2ig?—” sind (1 — q")(1—q” ‘abcd)pn_1(2; aq? , bq?, cq?, dq? lq). 


(7.7.7) 
If we define 
iG oe ie) 7.78) 
ee) (ager) 
and | 
rn(e”’) = sds - oe see <0.) « (7.7.9) 


then the recurrence relation (7.5.3) can be written as 


g"(1—g")(1 — abodg"*)r, (e®) | | 
= A(—6) Ir n(q = e’”) — Tne’ i?) + A(6) [rn (ge’”) = rn(e'”)| . (7.7.10) 
Also, setting 
(e eG). 
(ae’?, be? , ce’? , de’? ; D) oo 


and W/(e'’) = W(e’’; a,b,c, dlq) = V(e’)V(e—”) (7.7.12) 


V(e’) = (7711) 


we find that (7.7.10) can be expressed in the form 
q-"(1—4q")(1 — abedg"™)V (eV (ep (a) 
=O; {ET V(e%)} {E,V(e~*”)} {0qPa(Z)}| (7.7.13) 
Combining (7.7.7) and (7.7.13) we have 
—g "Ve" )V(e-*)pn (a; a, b, ¢, dia) 
= 54 [{ETV(e")} {EV (e™)} (6% —e™") 
x Pn-1 (2; aq? , bq? ,cq?, dq? |q) 
(7.7.14) 


Since | | | | 
(ec —e~*) EF V(e*) ET V(e”) 
(ci? — e719) (ge, ge-28. a). 
h(cos 0; aq? )h(cos 0; bg? )h(cos 0; cq? )h(cos 0; dq?) 
W Ge aq? , bq? , cq? , dq? a) 


9 
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(7.7.14) can be written in a slightly better form 
g "PW (el; a,b,c, dlq)Pn(a; 4, b, ¢, dlq) 
=O; (e' —e ”) We; aq? , bq? , cq? , dq? lq) 
x Pn—1 (2; aq, bg? , cq? , dq? |q)| 
(7.7.15) 
Observing that, by (6.3.1), 
V1 — x2w(x; a, b,c, d\q) = W(e""; a, b, c, dlq) 
we find by iterating (7.7.15) that 
w(x; a, b,c, d|q)pn (a; a, b, c, d|q) 


k 
_ (—1)* (5) grk/2—K(k+1)/4 


x Dk w(x; aq? , bg ,cq3 , dq? |q)Pm—x (2 aq? , bq? , cq? ,dq*|q) 
n = q 7 n2—n n n n n n 
= (—1) (*) q' /4 Dr w(x; ad /2 bq [2 eq (2 dq /2\q) : 


(7.7.16) 


This gives a Rodrigues-type formula for the Askey-Wilson polynomials. 
By combining (7.7.7) and (7.7.15) it can be easily seen that the polynomials 
Dn(x) = pn(x; a, b,c, d\q) satisfy the second-order difference equation 


Dy w(x; aq? , bq? , cq? , dq? a) Depn(e) 


+ An, w(x; a,b,c, d\q)pn(xz) = 0, (htt) 
where 
An = —4q(1 — g™”)(1 — abedg”™*)(1 — q)~?. (7.7.18) 
Exercises 


7.1 If {p,(xz)} is an orthogonal system of polynomials on (—oo, oo) with respect 
to a positive measure da(x) that has infinitely many points of support, 
prove that they satisfy a three-term recurrence relation of the form 


LPpn(L) = AnPn4i(®) + Bapn(x) + Crpn-1(z), n> 0, 


with p_1(x) = 0, po(x) = 1, where A,,B,,C, are real and A,Cy41 > 
0 for n> 0. 


7.2 Let po(x),pi(x),.--,pn(x) be a system of polynomials that satisfies a 
three-term recurrence relation 


LDPn(Z) = AnPn+1(Z) =r BnPn(z) a Gnda=t(@): 
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n= 0,1,...,N, where p_j(x) = 0,po(x) = 1. Prove the Christoffel- 
Darboux formula 


—y) >_ Ps (2p; (y)v; = AnUn [Pr+1(£)Pn(y) — Pr(t)Pn4i(y)] ; 


0<n< N, where vo = 1 and v,Cyn = Un—-1An_-1,1 <n < N. Deduce 
that 


>? (x)u; = Ann [Pr+1(2)Pn(x) ee Pr (Z)Pn+1(2)| 
and hence 


S pj (cn)v; = AyunPn(&k)P +1 (2k) 


if x, is a zero of pyii1(2). 
7.3 Show that when n = N, the recurrence relation (7.2.1) reduces to 
(1—q™?) (1 —edg’*™*) pw (xj) = Cn [pw (23) — pr-i(25)], 
where p,(x;) is given by (7.2.11), 2; by (7.2.9), and A, and C;, by (7.2.5) 


and (7.2.6). Hence show that (7.2.1) holds with = x;,j =0,1,...,N. 
(Askey and Wilson [1979]) 


7.4 If pn(x;), Un and w; are defined by (7.2.11), (7.2.3) and (7.2.15), respec- 
tively, prove ati (i.e. without the use of Favard’s theorem) that 


Yn £j)Pn(xj)wWy = v;, >our aon 
and 


> oP 
Pn (2) Dn( Lp)V n— WU; Wn Oj,k- 


[Hint: First transform one of the polynomials, say p,(x), to be a multiple 
of the 4¢3 series on the left side of (7.2.14)]. 


7.5 Let one of a,b,c,d be a nonnegative integer power of g~! and let 


a,b, c,d 
o(a, b) = 16a e, f,g 44) 


where ef g = abcdq. Prove the Askey and Wilson [1979] contiguous relation 
Ag(aq~*, bq) + Bo(a, b) + Co(aq, bg~*) = 0, 


where 
A = b(1 — b)(aq — b)(a—e)(a— f)(a—g), 
B = ab(a — bq)(b — a)(ag — b)(1 — c)(1 — d) 
— b(1 — b)(aq — b)(a — e)(a— f)(a—g) 
+ a(1 — a)(a — bq)(e — 6)(f — b)(g — 8), 
C = —a(1 —a)(a — bg)(e — b)(f — b)(g — 5), 


7.6 


7.0 


7.8 


7.9 
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and derive the following limit case which was found independently by Las- 
salle [1999]: 


((c- 0) + PE= 9) _ =") aos (124, = | 


x L,Y abc 
_ -o(y—a)(y— 9) a,b,qce, ty 
7 y(1—y) ue (“ z,qy > ) 
_ (L—5)(@—a)(4 —¢) a,qb,c. ry 
(1-2) 302 = ae). 


Determine the conditions that a,b,c,d must satisfy so that AnCh41 > 0 
for 0 <n < N —1, where A, and C, are as defined in (7.2.5) and (7.2.6) 
and one of aq, cq, bdg is q~™%, N a nonnegative integer. 


Prove (7.2.22) directly by using the appropriate transformation and sum- 
mation formulas derived in Chapters 1-3. Verify that 


So hn(Q) Walz; 2)Wrly; 2) = 50,y/ (a3 @) 


for x,y =0,1,...,.N, which is the dual of (7.2.18). 
(i) Prove that the g-Krawtchouk polynomials 


—n —lin 
q ,t, —a qd 


K,,(a;a,.N3q) = 302 q-,0 59,4 
satisfy the orthogonality relation 
- a Cae) ee 
>) Km(q*; 4, N39) Kn(q~*34, N34) (—a) 


~("p) inl + aKa “a” ian 


=i N 

=\—-d@ 39)n2@ 

( In (—a~*3q)n(1 + a-*q?")(Q- 3 a)n 

x emilee tele acum eer 
and find their three-term recurrence relation. (Stanton [1980b]) 
(ii) Let 

K,,(2;a, N|q) = 2¢1(q-", 2347-3 9, a9"**) 

be another family of g-Krawtchouk polynomials. Prove that they satisfy 
the orthogonality relation 


~ —2z, —2, (aq; 9) n-2(—1)"-*q(2) 
2, Km(a ia Nia) Kala “a, No (9; )a(G 4) N- 


Sa eae wa (—1)"aN gl 2) nim, 
09; 9)N 


Prove that 
LPn(L) = An [Pn41(£) — Pn(Z)| — Cr [Pn(e) — Pn-i(@)], n=O, 
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where ppn(x) = pn(x; a, b;q) are the little g-Jacobi polynomials and 


a. Te b= agnt?) (1 = aban") (1 — g”) (1 — bg”) (—aq") 


7.10 Prove that 
(2 — 1)Pr(xv) = An [Pnii(2) — Pr(x)) + Cn [Pn(v) — Pn_-i(z)], n> 0, 
where P,,(x) = Py (x; a,b, c;q) are the big g-Jacobi polynomials and 
jee al — aq”t*) (1 = cq’ t*) (1 — abg"*") 
7 (1 — abq?"+") (1 — abq?2"*2) 


(1 — g”) (1 — bg”) (1 — abc~*q”) eine 
(1 — abq?2”) (1 — abq2"+"1) qo: 


7.11 The affine q-Krawtchouk polynomials are defined by 


Ci. 


L, 
aq, 
Prove that they satisfy the orthogonality relation 


Ky (a.Ng) = 302 i (Nid ,0<aqg<l. 


: (aq,q~; 4) 
> Kn (474,54) Kn (q*54,.N3q) 
os (Qe 


«(-4 ) q (2) = mm, m,n=0,1,...,N, 
a he 


where 
(aq,q~%;4),, 
(93 9)n 


(Delsarte [1976a,b], Dunkl [1977]) 


ie (—1)"(agy-"ghr-(2), 


7.12 The g-Meixner polynomials are defined by 


Mn (x; a,C, q) — 291 (q-”, Ly; aq; q; —g"t*/c) ) 


with 0 < aq < 1 andc > 0. Show that they satisfy the orthogonality 
relation 


% —£ —2z£ (aq; Q)« x ( ) Om,n 
Ss Mm(q ;a,¢0;q)Mn(q ”;4, ¢; q) —————¢ g\2) = 
xz=0 (q, —acq, q)x 


where 
_ _ (§4cg3 qo (@G Onn 
” (—6 Q)oo(4, —Ge78; Dn 


(When a = q~"~1, the g-Meixner polynomials reduce to the g-Krawtchouk 
polynomials considered in Koornwinder [1989].) 


7.13 The q-Charlier polynomials are defined by 


Cn(x3a3q) = 261 (q7”, 230; q, -G"**/a) . 
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Show that 
-e. Lae 
Cm(q , a q)Cn q ”3a;q)——-q2 
3 \ G q)x 
= (<a Q)00(4, —90~*34)ng~" Omn- 
7.14 Show that, for 7 = cos 8, 
_ sin(n + 1)0 


=U,(xz), n>0 


and 


1—q” 
eae an Hon la) =<eosnd= 1, (4). wel, 


where T,,(x) and U,,(x) are the Tchebichef polynomials of the first and 
second kind, respectively. 


7.15 Verify that formulas (7.6.2) and (7.6.14) follow from the g-analogue of the 
Fields-Wimp formula (3.7.9). 


7.16 Let x = cos9, |t| < 1, and |q| < 1. Show that 


(s9)n 2i sin 0 (ssa ss 
C,,( go tee a ee ee ee ee 
y "PID Tan’ — (= a)Walela) (4B dex 


a ie ,que~*”, Xtu;q) 
x lpdiza TAMA day SG Ate, = we Fs U 
e7 (Bue, Bue, tu; V0 ° 


and deduce that 


(i) Yi Cals Bld) ee 

(te q)oo 201 san Be =, Orage”). 
: )_(6t)” 
a) YOu laa 2) Oa 


= (te, Foo 291 (8, Be”; B°; q, -te~) . 
7.17 Using (1.8.1), or otherwise, prove that 
0, if n is odd, 
Cn (0: la) = 4 (_gye2 FSO aa 


if n is even. 


7.18 If —1 <q,G < 1, show that 
ICn(z; Bla)| < Cr; Blq). 


7.19 Derive the recurrence relations 


n+1 1 =97g">! 
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7.20 


2 


_— 


7.22 


7.23 


Applications to orthogonal polynomials 
and 
1 1 
Cn(15 Bla) = 7 Cul Bala) - “P=, a(0; Bala), 


with C_2(x; Bq) = Pea = 0, Co(x; Blq) = 1, and n > 0. 
(Ismail and Zhang [1994]) 


Prove that 
/ C’,(cos 8; B\q) cos(n + 2k)0 We(cos O|q) dO = ™(B, B45 doo k 
(q; 87; dco 
—l1. 2 _ n+2k 
(Fde(Pian(Gidnex t= a sg 


(q; Q)k (q; Q)n (Gq; Q)n+k Lbs gir 
where W,(z|q) is defined in (7.4.6). 


Using (7.4.15) and (7.6.14) prove that 


h(x; Do (770) 00,0) = 
h(a; B) Cpa (7,79; 8754 re mean (25 110), 


where h(x; a) is as defined in (6.1.2) and 


B® (7/Bsa)e (Gs Dnt2k (87; Q)n(V3 @ntn(1 — yq"t?*) 
(q3Qe(773Qn42K(GQn(BGg)nee(l—-y) | 
(Askey and Ismail [1983]) 


ka 


’ 


Prove that the continuous g-Hermite polynomials defined in Ex. 1.28 sat- 
isfy the orthogonality relation 


ns ; y) ‘ a 
/ (cos 6|q) H,, (cos 8|q) |(e7"; a). d@ = ED bine 
0 »4/)0o 


Setting 


Cn(x; B\q) = 
in Ex. 7.19, show that 


2a(1 — Bq”)en(x; B|q) = (1 — B°q")en41(23 Bla) + (1 — 9" )en—1(2; Bla), 


for n > 0, with c_1(z;G|q) = 0, co(z;G\q) = 1. Now set @ = s** and 
q = Sw, where wy = exp(27i/k) is a k-th root of unity, divide the above 
recurrence relation by 1— sw; and take the limit as s — 1 to show that the 
limiting polynomials, cA(x;k), called the sieved ultraspherical polynomials 
of the first kind, satisfy the recurrence relation 


2ren (a; k) = chy (ak) +en_1(;k), nm mk, 
Qx(m + A)oh a (az) = (m+ 2A)er p44 (2; k) + men, 1 (2; k) 


@ 7 Cn (x; Blq) 


where k,m,n =0,1,..., cA(a;k) =1 and c}(a2;k) = 2. 
(Al-Salam, Allaway and Askey [1984b]) 


7.24 


7.29 
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Rewrite the orthogonality relation (7.4.15) in terms of the sieved orthogo- 
nal polynomial c,,(x; 3|q) defined in Ex. 7.23 and set @ = s** and q = swr. 
By carefully taking the limits of the q-shifted factorials prove that 


1 
[chal b)cR xs w(x) dr = 
| n 


where 


k-1 
w(x) = 2?8-D (1 — 2?)-2 [| |x? — cos?(j/k) > 
j=0 


and 
T(A+1) (At 1) iat (2A) [n/k] 
TD(S)P.A+5) (1) nse) A) pray 


where the roof and floor functions are defined by 


hn = 


[a] = smallest integer greater than or equal to a, 


|a| = largest integer less than or equal to a. 
(Al-Salam, Allaway and Askey [1984b]) 
The sieved ultraspherical polynomials of the second kind are defined by 


B(x; k) = lim Cy,(a; s**t wy| swe), we = exp(27i/k). 


Show that B(x; k) satisfies the recurrence relation 
2¢BA(2;k) = BA, , (23k) + BA_,(a;k), n+1#mk, 
2ar(m + A)Brng—1 (3k) = MB (23k) + (m + 2d) Brrg—o(as fi), 


where Bj(2;k) = 1; B}(a2;k) = 2x if k > 2; BS(2;1) = 2(A+1)z. Show 
also that BA(zx;k) satisfies the orthogonality relation 


1 
[BA WBAe; byw(a) de = 4, 
—1 nm 

where 

k-1 : 
1 
w(x) = 2248-1) (4 — 2?)2 II x* — cos*(1j/k)| 

j=0 

and 


(A +1) (1) jnymy (A + 1) met 
. T(S)T(A+ 4) (A+ 1) [njej (2A + 1) mea 


(Al-Salam, Allaway and Askey [1984b]) 
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7.26 Using (2.5.1) show that 


7.27 


(ab, ac, be, q; q)n 
(abedq-'; q)n 
: 3 (abcq—*e’?; q), (1 — abce*’g?*—*) (ae’®, be®®, ce®®; a); 
(q;q)e(1 — abcq-'e*”) (bc, ac, ab; q) x 


k=0 
=e ~i0. 
(abedg ; Dmx GE") ne oi(n—2k)0 
(abce*?; @) a 4% (G5 @)n—k 
Deduce that the polynomials 
D(z) = lim Pn (x; a, b, c, dq) 
q— 


are given by 


Po(x) a Uo(x), 
pi(x) = (1 = s4)U; (x) —+ (s3 = s,)Up(x), 
p2(x) = U(x) = s,U, (x) ++ (So = s4)Up(z), 


Pn(z) = S-(=1)¥ s¢Un—2(2), n = 3, 
k=0 


where 
So=1, si; =a+6+c+4d, s2:=ab+ac+ad+ bc+ bd + cd, 
s3 = abc + abd + acd + bcd, s4 = abcd, 


and U,,(cos @) = sin(n+1)0/sin 8, U_1(x) = 0. When max({al, |b], |c|, |d|) < 
1 show that these polynomials satisfy the orthogonality relation 


| SPn(e)pn(w)(L— 0)? de 
WT JL — 402 + a = 200 = L260 C — 24% + 
,(1-2 2)(1 — 2b b7)(1 —2 2)(1 — 2d d?) 
0, m ia nN, 
1 — abcd apne 
— 1 — ab)(1 — ac)(1 — ad)(1 — bc)(1 — bd)(1 — cd)’ i 
( 
1 — abcd, n= 7 =—1, 
1, m=n> 2. 
(Askey and Wilson [1985]) 
Prove that 
, oo in(n + 1) 
a 6:g.— ty — (grt. sin(n + 1)6 
(i) Pn(cos 6; 4, 4,97, —9?|9) = (g""*s4), —=> 
(ii) Pn(cos 0; 1, 1, q? ’ -q? Iq) = 2(q”; q)n COS no, n= 1, 
1 i sin(n + 1\6 
ess - 6:q.—1.q2.—q2 = (nr, 2 
(iii) Pn(cos 6; q, —1,q?,—-q?|¢) = (a"**54),, “sin(0/2) 
1 
1 1 D 0 
(iv) Pn(cos 6; 1, —9,q?, —q?|¢) = (¢"**5),, ley 


cos(@/2) 
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7.28 Use the orthogonality relations (7.5.28) and (7.5.29) to prove the quadratic 
transformation formula (7.5.26). 


7.29 Verify the orthogonality relations (7.5.28) and (7.5.29). 
7.30 Verify formula (7.5.36). 


7.31 Suppose that a,b,c,d are complex parameters with max (|)], |c|, |d|, |q|) < 
1 < |a| such that |jag¥t+| < 1 < |aq%|, where N is a nonnegative integer. 
Use (6.6.12) to prove that 


1 N 


/ Pm(2)Pn(x) w(x; a,b, c, d\q) dx + 20 S— pm (tz) Pn (ee) we 
at k=0 
_ 9mm 
~~ An(a, b,c, d|q)’ 
where pn(x) = Pn(x;a,b,c,d\q), ty = 4 (ag* + ag") and w, is given 
by (7.5.22). 
7.32 Prove that 
(i) Poel aq) =(1) Pag), 
(i P(%8)(—a|q) = (-1)"g*- 9"? PE” (alg). 
7.33 Using (7.4. Y 7 4.7) and (2.11.2) prove that 
(i) Cn(x; Blq)Cn(y; Bla)t” 
@ Bsa)oo_| (Bte*+, ate; ) | 


(BE, B75 @)oo | (tet +##, tet? #6; g) 
XeW7 (Gig 1 P.te" "te? te Pte GB); 


: > (Gdn 1- Ba" 
(ii) do (Bi qn 1-8 i-B Cr(x; Blq)Cn(y; Blq)t” 


: . ; : 2 
(t?,859),._| (Bte?*®, gBte’*?; q) 
~ (qGt?, B?;¢),, | (te®+*?, tet #4; g) 

x gWz (27; B, qte’’t, te 7, te”, te’? : g, B) , 


where —1 <q,G,t <1 and x=cos0, y=cos@. 
(Gasper and Rahman [1983a], Rahman and Verma [1986a)) 


7.34 Show that 
Pn(cos 9; a, b,c, d|q) = D~*(8)(ab, ac, be; q)n 


ie (due’’, due~””’, abcdu/q; De. (q/U3; qd), Cake 
TT SS or | U, 
geeja -- (dau/q,dbu/q,dcu/q;q),, (abcdu/q;q)n \ 4 ss 


/ 


where 


pie) = A) 


re q) (q, ab, ac, bc; q)ooh(cos 0; d)w(cos 6; a, b, c, dq). 
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Hence show that 
= (a*c*; q)nDn(cos 6; a, aq? “e: cq? lq) 
—~ ——(q3q)n(a2q2, ac, acq?; q)n 
_ (at, ac?t, —acte”’ , —acte—"*; q)oo 
(—ct, —a?ct, te”, te—"?; q) xo 


a 


40 


xX gW7 (—actq7; —ac, —a/c, —ctq~?, ae ae qd, —ctq? ) 


(Gasper and Rahman [1986]) 
7.35 Show that Ex. 6.9 is equivalent to 


1 
/ w(y;a, b, pe’, ue” |q)pn(y; a, 6, c, dlq) dy 
= 


27 (abu? q) co (ab;q)n 
(q, ab, 17, ape”? , aue—*?, be”? bue—"?; q) oo (abu?;q)n 
X Pn(cos 6; ap, bu, cu", du~*|q), 


where max(|a|, |b], |u|) < 1. 
7.36 Show that if for |q| < 1 we define 
_ (Gd) 
(aq”3 Q) oo 


where v is a complex number and the principal value of q” is taken, then 
(7.7.6) extends to 


(a; q)v 


2a(1— aq’ , 
D, (ae"’,ae~"*; q),, = a s (agte”, ag? e~"; q) : 
mae & v—1l 
7.37 Letn=1,2,...,r, x = cos9, and 


Un (x) = Any (q’ tre”, gi tte - 


ae tae Siar uaa qn, quer tle, align 7 (| 
= ) ) 
q n+ 2y+ gers: ag ght V+ es zB gt Ts 
with 
2v+2A+1. 3n?1n(2v+4— 
ie Coa Sona 
a 


a ae Se ee ee es os ee eee ee ee eee 
CL) ge GE PN eG te eG a eg Pd) 
Show that U,,() satisfies the q-differential equation 


DN gee ag tee saan a) 
__ yn+2v 
fe 1—q Caen grt¥t3 ei. a) 


1 — grt! ~2n—2v-1 


Dil eg eg oa Ua @ |: 


(Gasper [1989b]) 
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7.38 Show that the discrete g-Hermite polynomials 


. me (G3q)n re 
H,(a;q) = >> 1) 


k(k—1) .n—2k 
—" (47547) e(G5 2) n—2k 


2 


satisfy the recurrence relation 
Avi (239) = 2Ha(e;q) a" (1 —@") Bn-i(a39@),, 2 21, 


and the orthogonality relation 


[ Am (2;q)Hn(x;q) dv(x) = g(2) (q; Tee 


where w(x) is a step function with jumps 
[x] (°°, 4 4" )oo 
2 (97547 )oo 
at the points zc = +q/, 7 = 0,1,2,.... 
(Al-Salam and Carlitz [1965], Al-Salam and Ismail [1988]) 


7.39 Let a<0 and 0<q<_1. Show that 
[U2 @.QU2 (ea) da @ 


= (1 —a)(~a)"(q;@)nq'2) bin,n: 
where 
UL) (w4) = (—a)"al2) ad (a, 2715 0; 4, a2/a) 
and a‘) (x) is a step function with jumps 


q* 


(49; ¢)00(4, 4/45 Wx 
at the points z = g*, k =0,1,..., and jumps 


(¢/4; 4) 00(4, 49; Wk 


at the points c = aq*, k = 0,1,.... Verify that when a = —1 this 
orthogonality relation reduces to the orthogonality relation for the discrete 
q-Hermite polynomials in Ex. 7.38. 

(See Al-Salam and Carlitz [1957, 1965], Chihara [1978, (10.7)], and Ismail 
[1985b, p. 590]) 


7.40 Show that if 
z 
(x;q) = ee es ee . 


n—k 
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then 
h2 (a; q) — An41(2; Q)hn—1(23 9) 


= (1—9)(q39)n—-1 > hap (254) : 


Deduce that the polynomials h,,(z;q), which are called the Rogers-Szegd 
polynomials, satisfy the Turadn-type inequality 


h? (2; q) — An4i(z;q)hn—1(2;q) > 0 


for x >0 when0<q<landn=1,2,.... 
(Carlitz [1957b]) 


Derive the addition formula 


Pn(q*;1,1;¢) py(a7;¢", 0; g) 
= pn(q?*¥; 1, 1;4¢) pn(q*31,1;¢) py(q*; 47,0; ¢) 
k(k+y—n) 


n 


5° BDatyt eG Dg eg OT 
~~ (G9) at+y(G Onna Dy 


x Dn—k(q7* 43 9°, °5 4) Pn—K(9439°, 9°54) 


n 
(qq) y(5Q)npeqrety—ety 
X Py+n(q*?3q°,0;¢) + ) ——— OOO 
ute » (G5 Q)y—K(% @)n—K (G5 DF 
Dang” eg" 0" 3g) Dane 5 Pd a) Da Fe 0) 
where x, y, Z,n = 0,1,..., and p,(t; a, b; q) is the little g-Jacobi polynomial 
defined in Ex. 1.32. 


(Koornwinder [1991a]) 


Derive the product formula 
pn(q?;1,1;4) pn(a"5 1,154) = (1-9) > pala? 1,154) K(q", @", 4°; 2)0", 
z=0 
where z,y,2,n = 0,1,..., pn(t;a,b;q) is the little q-Jacobi polynomial, 


and 
(q?+}, qt}, g?+1: g) oo ee 
(1 — ¢)(4, 93.9) cx 
2 


x 4agold “a sg 750, 0;9;9) } 


K(q*,q",q°3q) = 


(Koornwinder [1991a]) 


The q-Laguerre polynomials are defined by 


(ao? a) 


—n, ,at+l, nt+tat+l 
ifi(gd 34°" 34, -2(1 — q)q 
(934) n ( ( ) ) 


Dn(23q) = 


Exercises 211 


Show that if a > —1 then these polynomials satisfy the orthogonality 
relation 


ON aera O(a: dx 
(i) [ taaeaea 


— ee DE oar 5a) 


['g(—a)(q3q)ngq™ 
and the discrete orthogonality relation 
oo k(a+1) at+l. 
z q (qo "3 Qn 
ii i Byes cq*:q i Dye cq”: q SS Se ns 
re 2 es Kell = aa ae (9; q)nq” 
where 


Aw hell = a)ge™, =1/c9g* (1 = 9); a) 0 
(qott, —c(1 — q), -g/e(1 — 4); 9) co 


(Moak [1981]) 


7.44 Let 
U(Y} G1, G2, a3, a4, a5|q) 
h(y;1,-1,q?,—4? 
_ Cee ke G7 10102030405) (4 _ 4 2)—4 y = cos d. 
h(y; @1, G2, 43, 44, Gs) 
and 
1 
g(a1, G2, a3, a4, a5|q) | VY; 1, 42, 43, a4, a5|q) dy. 
—1 
Show that 


1 0 ~i6 
4 bcpe’’ , abcwe~*”; q) 
: b 10 40 (a ’ ’ n 
J via Cpe spe ID) Cabcp2e™, abeu2e-™, q), 
X Pn(y; a, b,c, dlq) dy 


(ab, ac, bc; q)n 


=a ede ae a) 
g(a, b, c, we” , we I abe: ee bee a 


X Pn(x; ap, bu, cu, du *|q), x =cos8, 
where p,, (x; a, b,c, d|q) are the Askey- Wilson polynomials defined in (7.5.2) 


and max(|a], ||, |c|, ||, |a|) < 1. 
(Rahman [1988a]) 


7.45 Defining the q-ultraspherical function of the second kind by 


sin h(cos 26; GB 


SHS > | 
D,,(x; 8\q) =4 h(cos 30; 1) 2 kan B) cos(n + 2k + 1)0 
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with b(k,; 3) as in (7.4.9), prove that 


C2 (cos 6; 3\q) + Dz,(cos 6; B\q) 
(8, Bq" +; q)ooh(cos 20; 8) ]° 
(q, B2q"; ¢)ooh(cos 26; 1) 
(gb q™ ge" ge?" -q) 
(Gq Ba", Cer? pe-2" 5G) cs 
B, qd B, —/d, —q : 
xX 504 ine aoa ie eq 29 59,4 
(0:0) 8, Ger" Oo". 0er "Gg Ga 
(og "8. pe Ge") a) a3 
grt), Bq”, Bgrt/2, —Bgrtl/2, _Bgntt 
X 54 


= 4 sin 0 


n+1 Q2,2n+1 210 ,n+1 ” 946 n+1594 
GQ beg! e - se. - og 


(Rahman [1992a]) 


7.46 Let f(x) be continuous on [—1,1]. Show that 


: f(y) _ 
Dg [ Kon AO ay = f(x), 


where 
Anq'/*h(y; —gi/4, — 93/4 gi/2_e%0 qi/2e—19) 


(Gqse "eg 
Ang /4(gl/2, g3/2; q)ooh(y; g3/4, 5/4, —q1/4, —¢3/4)’ 


K(z, y) = 


with x = cos@, y = cos@. Note that this defines a formal inverse of the 
Askey-Wilson operator Dg. 


(Ismail and Rahman [2002a,b]) 


7.47 Bustoz and Suslov’s qg-trigonometric functions are defined by 


(—w?; Gx 210 —2i0 2 2 
Cq(x; w) = (—qu?s oo 21(—ge""", —ge i eee 
2wq'/4(—w?; 9g?) co 
(1 — q)(—qw?} ¢?) oo 


where x = cos 8. 
(i) Show that 


Sq(x3w) = 


lim C,(x; (1 — q)w/2) = coswax and lim Sq(z3 (1 — g)w/2) = sinwa. 
q>1~ q>1~ 
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(ii) Prove the orthogonality relations 
1 
/ Wi a(21q)Cq(X3 Wm) Cq (23 Wn) (1 — v7) 1/2 dr 
= 


1 
af Wi 2(21q)Sq(X3 Wm) Sq (23 Wn) (1 — 27) Vda 
-1 


Me Cea) eee Oe eg. 
So agar (n; Wn) 5S, (7; w) rae Om,ns 


where n = (q!/4 +. q71/4)/2, and wm, wn are two distinct roots of the equation 
Sq(n;w) = 0. 
(Bustoz and Suslov [1998], Suslov [2003]) 


Notes 


87.1 See also Atakishiyev and Suslov [1988a,b], Atakishiyev, Rahman and 
Suslov [1995], Nikiforov and Uvarov [1988], Nikiforov, Suslov and Uvarov 
[1991], and Szego [1968, 1982]. For a classical polynomial system with complex 
weight function see Ismail, Masson and Rahman [1991]. The familiar connec- 
tion between continued fractions and orthogonality was extended by Ismail 
and Masson [1995] to what they call R-fractions of type I and II, which lead 
to biorthogonal rational functions. See further work on continued fractions 
related to elliptic functions in Ismail and Masson [1999], Ismail, Valent and 
Yoon [2001], and Milne [2002]. In T.S. Chihara and Ismail [1993] extremal 
measures for a system of orthogonal polynomials in an indeterminate moment 
problem are examined. For orthogonal polynomials on the unit circle see Is- 
mail and Ruedemann [1992]. Some classical orthogonal polynomials that can 
be represented by moments are discussed in Ismail and Stanton [1997, 1998). 

§7.2 Andrews and Bressoud [1984] used the concept of a crossing number 
to provide a combinatorial interpretation of the g-Hahn polynomials. Koelink 
and Koornwinder [1989] showed that the g-Hahn and dual g-Hahn polynomials 
admit a quantum group theoretic interpretation, analogous to an interpreta- 
tion of (dual) Hahn polynomials in terms of Clebsch-Gordan coefficients for 
SU(2). For how Clebsch-Gordan coefficients arise in quantum mechanics, see 
Biedenharn and Louck |1981a,b]. L. Chihara [1987] considered the locations of 
zeros of g-Racah polynomials and employed her results to prove non-existence 
of perfect codes and tight designs in the classical association schemes. ‘The 
correspondence between g-Racah polynomials and Leonard pairs is outlined 
in Terwilliger [2003]. For the relationship between orthogonal polynomials 
and association schemes, see Bannai and Ito [1984], L. Chihara and Stanton 
[1986], Delsarte [1976b], and Leonard [1982]. A multivariable extension of the 
q-Racah polynomials is considered in Gasper and Rahman [2003c], while a sys- 
tem of multivariable biorthogonal polynomials is given in Gasper and Rahman 
[2003a], which are q-analogues of those found in Tratnik [1991b] and [1989], 
respectively. 
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87.3  Al-Salam and Ismail [1977] constructed a family of reproducing ker- 
nels (bilinear formulas) for the little g-Jacobi polynomials. In Al-Salam and 
Ismail [1983] they considered a related family of orthogonal polynomials associ- 
ated with the Rogers-Ramanujan continued fraction. A biorthogonal extension 
of the little g-Jacobi polynomials is studied in Al-Salam and Verma [1983al]. 
When 0b = 0 the little g-Jacobi polynomials reduce (after changing variables 
and renormalizing) to the Wall polynomials 


ntl) —[n Ora —N g)J 
W, (2; 6, q) = (-1)"(6; ngs 2 >> id YD 


j=0 


and to the generalized Stieltjes—Wigert polynomials 


u I aay) 

Sn(23 p,q) = (—1)"q 2P"V? (D gn >| os cee 
sli], (Wigs 

which are g-analogues of the Laguerre polynomials that are different from those 
considered in Ex. 7.43. Since the Hamburger and Stieltjes moment problems 
corresponding to these polynomials are both indeterminate, there are infinitely 
many nonequivalent measures on [0,00) for which these polynomials are or- 
thogonal. See Chihara [1978, Chapter VI], [1968b, 1971, 1979, 1982, 1985], 
Al-Salam and Verma [1982b], L. Chihara and T.S. Chihara [1987], and Shohat 
and Tamarkin [1950]. 

$7.4 An integral of the product of two continuous g-ultraspherical polyno- 
mials and a q-ultraspherical function of the second kind is evaluated in Askey, 
Koornwinder and Rahman [1986]. Al-Salam, Allaway and Askey [1984a] gave 
a characterization of the continuous q-ultraspherical polynomials as orthogo- 
nal polynomial solutions of certain integral equations. Askey [1989b] showed 
that the polynomials C,,(ix;3|q), 0 < n < N, are orthogonal on the real 
line with respect to a positive measure when 0 < q < 1 and G>q-%. Is- 
mail and Rahman [1991] showed that the associated Askey- Wilson polynomials 
r°(x; a,b,c, d|q) defined in Ex. 8.26 have an orthogonality property on [—1, 1]. 
A survey of classical associated orthogonal polynomials is in Rahman [2001], 
and an integral representation is given in Rahman [1996b]. A projection for- 
mula and a reproducing kernel for r@(z;a,b,c,d|q) is given in Rahman and 
Tariq Qazi [1997b]. Berg and Ismail [1996] showed how to generate one to four 
parameter orthogonal polynomials in the Askey- Wilson family by starting from 
the continuous g-Hermite polynomials. Also see Koelink [1995b] and Rahman 
and Verma [1987]. 

§7.5 Asymptotic formulas and generating functions for the Askey-Wilson 
polynomials and their special cases are derived in Ismail and Wilson [1982] 
and Ismail [1986c]. Kalnins and Miller [1989] employed symmetry techniques 
to give an elementary proof of the orthogonality relation for the Askey-Wilson 
polynomials. Following Hahn’s approach to the classification of classical or- 
thogonal polynomials N.M. Atakishiyev and Suslov [1992b] gave a generalized 
moment representation for the Askey-Wilson polynomials. Brown, Evans and 
Ismail [1996] showed that the Askey-Wilson polynomials are solutions of a 
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qg-Sturm-Liouville problem and gave an operator theoretic description of the 
Askey-Wilson operator D,. L. Chihara [1993] extended her work on g-Racah 
polynomials [1987] to the Askey-Wilson polynomials. Floreanini, LeTourneux 
and Vinet [1999] also employed symmetry techniques to study systems of con- 
tinuous q-orthogonal polynomials. A multivariable extension of Askey-Wilson 
polynomials is given in Gasper and Rahman [2003b] as a g-analogue of Tratnik 
[1991a], see Ex. 8.29. Also see Gasper, Ismail, Koornwinder, Nevai and Stanton 
[2000], Spiridonov and Zhedanov [1995-1997], Stokman [1997a-2003a], Stok- 
man and Koornwinder [1998], Vinet and Zhedanov [2001], and Wilson [1991]. 

§7.6 For additional results on connection coefficients (and the correspond- 
ing projection formulas), see Andrews [1979a], Gasper [1974, 1975a]. 

Ex.7.5 A contiguous relation satisfied by a WP-balanced, generally non- 
terminating g¢7 series is given in Ismail and Rahman [1991]. For more results 
on contiguous relations and orthogonal polynomials, see Gupta, Ismail and 
Masson [1992, 1996], Gupta and Masson [1998] and Ismail and Libis [1989]. 

Ex.7.7 Ismail [1995] gave a simple proof of (1.7.2) by making use of 
iterations of (7.7.6) and evaluating them at x; = $(ag/ +q-4/a). An operator 
calculus for D, is developed in Ismail [2001a]. 

Ex.7.8 Stanton [1981b] showed that the g-Krawtchouk polynomials 
K,,(x;a, N;q) are spherical functions for three different Chevalley groups over 
finite fields and derived three addition theorems for these polynomials by de- 
composing the irreducible representations with respect to maximal parabolic 
subgroups. In Koornwinder [1989] it is shown that the orthogonality relation 
for the q-Krawtchouk polynomials K,,(x;a, N|q) expresses the fact that the 
matrix representations of the quantum group S,,U(2) are unitary. 

Ex. 7.11 The affine g-Krawtchouk polynomials are the eigenvalues of the 
association schemes of bilinear, alternating, symmetric and hermitian forms 
over a finite field (see Carlitz and Hodges [1955], Delsarte [1978], Delsarte and 
Goethals [1975], and Stanton [1981a,b, 1984]). L. Chihara and Stanton [1987] 
showed that the zeros of the affine g-Krawtchouk polynomials are never zero 
at integral values of x, and they gave some interlacing theorems for the zeros 
of g-Krawtchouk polynomials. 

Ex. 7.12 and 7.43 N.M. Atakishiyev, M.N. Atakishiyev and Klimyk [2003] 
found the connection between big g-Laguerre and g-Meixner polynomials and 
representations of the group U,(sui,1). Ciccoli, Koelink and Koornwinder 
[1999] extended Moak’s q-Laguerre polynomials to an orthogonal system for 
a doubly infinite Jacobi matrix originating from analysis on SU,(1,1), and 
found the orthogonality and dual orthogonality relations for g-Bessel functions 
originating in E,(2). 

Ex.7.22 Askey [1989b] proved that the polynomials H,,(iz|q) are orthog- 
onal on the real line with respect to a positive measure when gq > 1. 

Exercises 7.23—7.25 Other sieved orthogonal polynomials are considered 
in Al-Salam and Chihara [1987], Askey [1984b], Charris and Ismail [1986, 1987, 
1993], Charris, Ismail and Monslave [1994], Ismail [1985a, 1986a,b], and Ismail 
and Li [1992]. 

Exercises 7.38-7.40 For additional material on q-analogues of Hermite 
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polynomials, see Allaway [1980], Al-Salam and Chihara [1976], Al-Salam and 
Ismail [1988], Carlitz [1963b, 1972], Chihara [1968a, 1982, 1985], Dehesa [1979], 
Désarménien [1982], Hou, Lascoux and Mu [2003], Ismail [1985b], Ismail, Stan- 
ton and Viennot [1987], Lubinsky and Saff [1987], and Szegé [1926]. 

Ex.7.41 Rahman [1989a] gave a simple proof for this addition formula. 
For derivations of the addition formula for Jacobi polynomials, see Koorn- 
winder [1974a,b] and Laine [1982]. 

Ex. 7.43 See also Cigler [1981] and Pastro [1985]. In view of the two 
different orthogonality relations for the g-Laguerre polynomials, it follows that 
there are infinitely many measures for which these polynomials are orthogonal. 
The Stieltjes—Wigert polynomials (see Chihara |1978, pp. 172-174], Szego [1975, 
p. 33] and the above Notes for §7.3) 


ek . n 2 1 . 
Sn(x) = (-1)"q?**YA (qian? > | q (-q?2)’, 
q 


j=0 
which are orthogonal with respect to the log normal weight function 
w(x) = kn? exp(—k? log? x), 0<4< OM, 


where q = exp[—(2k”)~'] and k > 0, are a limit case of the q-Laguerre poly- 
nomials. Askey [1986] gave the orthogonality relation for these polynomials 
(with a slightly different definition) that follows as a limit case of the first 
orthogonality relation in this exercise. Al-Salam and Verma [1983b,c] studied 
a pair of biorthogonal sets of polynomials, called the g-Konhauser polynomi- 
als, which were suggested by the g-Laguerre polynomials. Ismail and Rahman 
[1998] studied two indeterminate Hamburger moment problems associated with 
L(x; q), thus completing earlier work of Moak [1981]. For asymptotics of basic 
Bessel functions and q-Laguerre polynomials, see Chen, Ismail and Muttalib 
[1994]. 

Ex.7.46 A right inverse of the Askey-Wilson operator is derived in Brown 
and Ismail [1995]. 

Ex.7.47 The question of completeness of the qg-trigonometric functions 
for use in a q-Fourier type analysis is dealt with in Ismail [2001b] and Suslov 
[2001c, 2003]. 
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FURTHER APPLICATIONS 


8.1 Introduction 


In this chapter we derive some formulas that are related to products of the 
g-orthogonal polynomials introduced in the previous chapter and use these 
formulas to obtain g-analogues of various product formulas, Poisson kernels and 
linearization formulas for ultraspherical and Jacobi polynomials. The method 
in Gasper and Rahman [1984] originates with the observation that since 


j-1 


(q-*,aq"5@), = |] Q—a*(@* + 49”) + aq") 


k=0 
is a polynomial of degree 7 in powers of q~*+aq*”, there must exist an expansion 
of the form 
jt+k 
(q-*, aq"; 4), (q-*, 09754), = >) Am(i,k, 054) (a *, 0975 4),,- (8-1-1) 
m=0 
Since, for k > 7, 
(q~*, aq"; q), 


k-=z k+2x k 1+k-7. 
Cie aq*; q); 


32 (q¢-7,q" *,aq"**;aq",q °%4) = 


by the q-Saalschiitz formula (1.7.2), it is easy to verify that 


(q-*,aq"3q), (9 *, 4975.9), = (45.4) 5(G a) (G5 W)j48 
: . (q-*,4q"3 Q) m 


(a; q)m (4; q)m-j (q; d)m—k (9; Q)j+k—m 


gla) + (2) +2) m+) (_y)i-+e+m 7 


m=max(j,k) 


This linearizes the product on the left side and forms the basis for the product 
formulas derived in the following section. 

Suppose {Bj }924 and {Cj}, are arbitrary complex sequences and b,c 
are complex numbers such that (b;q)x,(¢;q), do not vanish for k = 1,2,.... 
Then, setting 


ee op cee ag" V; — (gag Dec. (8.1.3) 


(9, 5; 4)5 = (GGQ)K 


n m k?—mk 
| a ee Eas wea 


m=O k—0 (q, C, q)k (q, b; Din 
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k ( —k m. ) 
q ;,4¢ 349), 
x es ee ee 8.1.4 
> (q, bg™—*;q), a ( ) 
j 
for n = 0,1,2,.... This formula does not extend to noninteger values of n 


because, in general, the triple sum on the right side does not converge. 


8.2 A product formula for balanced 4¢3 polynomials 


Since we are mainly interested in g-orthogonal polynomials which are express- 
ible as balanced 4¢@3 series or their limit cases, we shall now specialize (8.1.4) 
to such cases. Set 
B, = — Weis gi Gg = (ais 
7 (b3, gab; b2/bb3;q)5 > (c3, qacic2/cc3; q) j 
where it is assumed that the parameters are such that no zero factors appear 
in the denominators. Then formula (8.1.4) gives 


7 nm (q—”, aq”; QZ) an (13053 Cina jk =k 

ue d 2 (9, b; @)K (4; ¢, €3, aciC2/0C3;4)m—k” 

. (b1, b23 Qk | qk-™, aqg™, b1q", baq* 
(b3, gab b2/bb3;q)x °° L bg”, b3q*, abyboq**! /bbs 


(8.2.1) 


54,| ; 


(8.2.2) 


where f,, is the right side of (8.1.3) with B; and C; as defined in (8.2.1). The 
crucial step in the next round of calculations is to convert the 4¢@3 series in 
(8.2.2) into a very-well-poised g¢7 series by Watson’s formula (2.5.1), i.e 


; Ki qh—™, aq™, big", boq® | 
S| bg®, bq? , ab, b2q**" /bbg aes 
7 (bb3q*—™ /ab;, bb3q*—™ /abo;q),_, 
a (bb3q2*—™ /a, bb3q—™ /aby ba; ey 


bisg” > bsq*—™ bg*—™ 7 bbsq’™—* 
x 3W7 (Ae Etat ta OO ae 
a a a bi bo 


(8.2.3) 
Substituting this into (8.2.2) gives 


= y (q~”, aq”, gab, /bbs, gab2/bb3; 4), mn 
° (q, c, qa/bb3, qabib2/bb3s; q) 


3 at a = Ma Ye) 
(1 — bbsq~™—1 /a) (€3, gacic2/CC33 q) mp 


Grace are Q)p ea a 


< (atm) (He pro (3.2.4 


qab; bo by bo 
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Then, replacing 7 by 7 — k in the sum on the right side of (8.2.4), we obtain 


Gk —mT 


’ aq”, by, bo ’ aq”, C1, C2 
9,9 4P3 
b, bs, gab; by /bb3 C, C3, Gacy C2./cc3 
(q~” ’ aq” C1, C2, gab; /bbs, qabz /bbs; Q) m 
AG, c, C3, ga/bb3, gacy C2/cc3, gab; bz /bbs; Dy 


= (bb3q_™—* /a; q);(1 — bbsq*?—™* /a) (b1, ba, bg~™/a, bsg” ™/a, g~™ 4) 
qd); (1 — bb3q7™— 1 /a)(bb3q— ™ /ab;, bb3q— ™ /abg, b3, b, bb3/a; q); 


4D3 i 54,9 


jo |G 
ce ) 4 Pe ee ee | 
5YA4 7 as = ns >, 
b1b q' WY eg ™ Ico, bq ™ /a, b3q 1G 


(8.2.5) 


Note that the 54 series in (8.2.5) is balanced and, in the special case c = aq/b 
and c3 = aq/b3, becomes a 3¢2 which is summable by (1.7.2). Thus, we obtain 
the formula 


d | q- aq", bi, be ; | o | q”, aq” » C1, C2 | 
ae b, bs, gabibe/bb3° ee aq/b, aq/bs, bb3cic2/aq’ ave 
: me aq”, C1, C2, qab; /bbs, gab /bb3; Dan g™ 
=, (q,aq/b, aq/b3, aq/bb, qaby bz / bbs, bb3c1c2/49; 4) 
d A, gr? ’ —gr? ’ bi, bo, bb3c1 /aq, 
x 
wv | E,  =AB, bbsq7™/abr, bbsq7™/abe, gt” /er, 
bb3co/aq, bq ™ /a, b3q_™/a, gr aq? 
1—m 5, = (8.2.6) 
qd /C2, bs, b, bb; /a, by b2c1 C2 


where \ = bb3q_™—'/a. This formula is a q-analogue of Bailey’s [1933] product 
formula 


2F\(—n,a+n;b; x) oFi(—n,a+n;1+a—b;y) 


= Fy(—n,a+n;b,1+a—b;2(1—y), y(1 —32)), (8.2.7) 
where 
j , ae mtn m,n 
F(a, b; c, d; x, y) -> vs alate PEE BRC | Re y”. (8.2.8) 


However, even though (8.2.6) is valid only when the series on both sides ter- 
minate, (8.2.7) holds whether or not n is a nonnegative integer, subject to the 
absolute convergence of the two 2F} series on the left and the F, series on the 
right. 

Application of Sears’ transformation formula (2.10.4) enables us to trans- 
form one or both of the 4¢3 series on the left side of (8.2.6) and derive a number 
of equivalent forms. Two particularly interesting ones are 


qq” 


, ag”, by, be q—", ag”, bb3ci/aq, bb3ce/aq 
AD3 q; AD3 ) 


: bs, gab; be /bb3 b, bs, bbscic2/aq = 
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_ (aq/b, aq/b3; 9) (=) 
(D, b3;d)n ad 
x -- (q_”, aq”, C1, C2, gab /bb3, qab2 /bb3; q),,, m 
<= (q,aq/b, ag/b3, ag/bb3, gab; bz /bb3, bbsc1c2/aq; 2) mn 
dA, gv2, —qr2, by, bo, bbsci/aq, bb3c2/aq, 
X 1099 al i = _ t=: 1— 
Az, —22, bbsq~™/ab,, bbsq~™/abe, gq™/a, gq ™/ca, 
b —m b —m —m 2 
q ™/a, b3q-™/a, 4 ee | (8.2.9) 
bs, b, bb3 /a by boc1 C2 
and 
Go; aq”, qab; /bbs, qabz /bb3 qs aq”, C1, C2 
43 59,9| 403 9,9 
aq/b, aq/b3, qab,b2/bb3 aq/b, aq/b3, bb3c1c2/aq 


= (b, b3;3q)n (a) 
(aq/b, aq/bs;q)n \ bbs 
x » (q~”, aq”, C1, C2, qab /bbs, qabz /bb3; Dm 
<= (q,aq/b, aq/b3, ag/bbs, gab bz /bb3, bb3c1c2/4; 4) in 


m 


x d A, qy2, —qX2 ) bi, bo, bb3c;/aq, bb3c2/aq, 
eT TNE, AE, gq" /abi, bbsq~™/abo, g'-™/er, gh /ea, 
bg-™/a, b3q~™/a, q”™ a aq? (8.2.10) 

bs, b, bb3/a °”’ bibecice _ 


where \ = bb3q~™*/a. 
Either of the formulas (8.2.9) and (8.2.10) may be regarded as a 


q-analogue of Watson’s [1922] product formula for the Jacobi polynomials 
2Fi(—n,a+n;b; x) 2Fi(—n,a+n;b;y) 
= (ap oe Fy (—n,a+n;b,l+a—b;zy,(1—a2z)(1-y)), 
. (8.2.11) 


where n = 0,1,.... 
The special case in which the i9¢9 series in (8.2.6), (8.2.9) or (8.2.10) 


become balanced is also of interest in some applications. ‘Thus, if we set 
co = aq/b,bec,, then by using Bailey’s transformation formula (2.10.8) we 


may express (8.2.9) in the form 


q ", ag”, 61, 62 q_", aq”, bb3c,/aq, bb3/bybecy 
43 59,9] 43 1Q; 
b, bg, gab, b2/bb3 b, b3, bb3/b1b2 
_ (aq/b, aq/b3;q)n (=) —~ (q7”, aq”, bier, becr, aq/b1b2€1; Wm q™ 
(b, bs; q)n aq} “<= (q,aq/b, aq/b3, b1b2c1, bbs /b1b2; qd) im 
MW, gh?, —gu2, 01, bo bybeci/b, bi bec1/bs, 
X 109 1 1 
[2, —p?2, b2c1, b1¢1, b, bs, 
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—m 


bbs c,/aq, aq”, qd 


x 59,4] ; 8.2.12 
gab; b2/bbs, b1b2c1q POG: bi b2c1q™ ( ) 


where pt = b1b2c1q~*. This provides a q-analogue of Bateman’s [1932, p. 392] 
product formula 


2F\(—n,a+n;b; 2) 2F\(—n,a+n;b; y) 


= (= Se 2-9 


x oF, (-k,a+k;b;-ry/(1—2—y)). (8.2.13) 


8.3 Product formulas for g-Racah and Askey-Wilson polynomials 


Let us replace the parameters a, b, by, b2,b3,¢1,C2 in (8.2.9) by abg, aq,q-”, 
cg®™—% , bcq, c~1q7¥, gq’, respectively, to obtain the following product formula 
for the g-Racah polynomials introduced in §7.2: 


W,,(x; a,b,c, N;q) Wn(y; a, b, c, N;q) 
_ (bq, gac_}; Q)n cn y Cae ab”, “aes gu, ge g- 7, Gog D) mn q™ 
(aq, cq; @)n (¢,.bq,qae—* tg 5a 0) 


m=0 


ea eg: ei iy 0g aa ge 0g gg 
1099 
(cq~™)2, —(eq~™) 2, aq, beq, cq, eq?t1-™, 
Mc 6 al suns 
cqgyti-™, "aaa gy tale 1; abq ) (8.3.1) 

where 

W,.(2; a, b, C, N; q) 

q_™,abg"*",q-*, cq?—™ 
= 403 _N 59,9 (8.3.2) 
aq,q ~*, bcq 


is the g-Racah polynomial defined in (7.2.17). This is a Watson-type formula. 
Two additional Watson-type formulas are given in Ex. 8.1. 

Letting c — 0 in (8.3.1) gives a product formula for the g-Hahn polyno- 
mials defined in (7.2.21): 


Qn(x; a,b, N;¢) Qn(y; a,b, N;q) 


Py . n —” ab n+1 ,2—-N ,y-N. ) _ 
vn () (0G. On CR aay a daa | ere 
(ag) a (aq; q)n me (q,bq,q-%,q-%3.Q)m (ag?) 


m=0 


7 a ie a a 
N-—y+1-—m’ qd) 


m 


x 463 | abg? 3 | . (8.3.3) 


Ogg 8g 
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To obtain a Watson-type product formula for the Askey-Wilson polyno- 


mials defined in (7.5.2) we replace a, b, by, bz, b3, C1, C2 in (8.2.9) by abcdq—', ab, 
ae’’, ae~’, ac, de’?, de~*®, respectively, where x = cos, y = cos¢. This gives 


Pn(x; a, b,c, d|q) Pn(y; a, b,c, dq) 
= (ab, ac, : ad, bd, cd; q)n(ad)~™ 
” abcdq”—', de’, de~*’, de’?, de~*?; D) mn m 
‘ »~* (g, ad, ad, bd, cd, da; qm : 


aq~™ /d, q(aq~™ /d)? , —q(aq~™ /d)2, q'—™/bd, q'—™ /cd, q~-™, 


x 1 5 
10P9 (aq—™ /d)2, —(aq_™ /d)2, ab, ac, aq/d, 
act? oe ® acid ae~?? “i (8.3.4) 
ent Mm pi Met M ot _ 
gi-™e-19 /4, gi—™Me'9 |, gi '’ /d, qi -™e'* /d’”’ ad 


When b = aq? and d = cq?, the 109 series in (8.3.4) becomes balanced and 
hence can be transformed to another balanced jo¢9 via (2.9.1). This leads to 
a Bateman-type product formula 


i i 1 i 
Dn (x; a, ag? ,c,cq?|q) Pn(Yy; a, ag? , c, cq? |q) 
9 1 ai i 9 1 ae 
=(a q?, ac, acd? ,acq? ,acq,Cc q;4) (acq? ) 
n 


1 = : 1: . 1 : 
=e a?c?2q”, acq? e9+* acg2e'?—*? cqze~*?: a) 


m mm 
24 i 2.44 94 q 
q, c2q? , acq? , acq, a2cq? e'; g 
m 
1 1 e 1 ° ° . 
V, qv2, —quv2 ae’?, ag2 e'? ce’? , ae’? , 
xX 1099 1 4 i 22 eee: 
v2,  —vVv2, acq?2, ac, avgd?, acq7e 
ae~*? a ae Ga” (3 ; 5) 
acqze'?ti®  g2—MelP/c,  Q2cei?g™t2 4s ZI _ 


where v = a2ce’?q—2. In fact, if we replace a and c by g?¢+))/4 and —q26+)/4, 
respectively, then this gives a Bateman-type product formula for the continuous 
q-Jacobi polynomials (7.5.24) which, on letting gq — 1, gives Bateman’s [1932] 
product formula for the Jacobi polynomials: 


PLP) (7) POP) (y) nO + Dn 3 (—n)k(nta+6+1), (2 + 3 ‘ 


PL) (1) Plo) (@+1)n — k\(G + 1)x 2 
a 1+ LY a,3) 
Pi PY ee) Pi) 8.3.6 


which is equivalent to (8.2.13). 

For terminating series there is really no difference between the Watson 
formula (8.2.11) and the Bailey formula (8.2.7) since one can be transformed 
into the other in a trivial way. However, for the continuous q-ultraspherical 
polynomials given in (7.4.14), there is an interesting Bailey-type product for- 
mula that can be obtained from (8.2.6) by replacing a, b, bi, be, b3,c1,c2 by 
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t. : _y il, : _s . 
4 a*q?2, ae’, ae—*’, —a*q2, ae’? and ae~’®, respectively: 


a 

a a*gq”, ae’? , ae"? ie a*q”, ae’? , ae’? | 

493 42 4 ee 59,9 493 a ar 59,9 
q?, —aq?, —a avqd?, —a@q?, —a 

Cae atg”, ae’?, ae’? —ae’?, Ge. D) np ” 


Qas Qt 2 De 
m=0 (4, q2,—a q2,—1,—a »— a 4) 
m 


9°, q(=9-%)2,. =<ge-™)?,. gta, =a a. a, 
x 
sot (9%, Ses. ara? a2q?, ~4, 
ae’? Ge", —ae’?, —ae—’? 


; 2 
—gi-™e- fa, —gi-™e® fa, gi-™e-iF/a, gi-™meit /a ety 


For further information about product formulas see Rahman [1982] and Gasper 
and Rahman [1984]. 


8.4 A product formula in integral form for the continuous 
g-ultraspherical polynomials 


As an application of the Bateman-type product formula (8.3.5) for the Askey- 
Wilson polynomials we shall now derive a product formula for the continuous 
g-ultraspherical polynomials in the integral form 


Cr (x; Blq)Cn(y; Bla) 


2. 1 
= Pita gor I K(2,y, 2; Blq)Cn(z; Bla) dz, (8.4.1) 
where 
ay . (48:83 Q)ool (Be, Be**; @) |. |? 
K (2, y, 2; Blq) = <= gees, 
ar (2: 32 cot id 83 ¢10-io 33 8-16 Bret?) (8.4.2) 


with w(z;a,b,c,d) defined as in (6.3.1) and x = cos6, y = cos ¢. 
First, we set c = —a in (8.3.5) and rewrite it in the form 


1 : 1 1 1+ a%q” iy? 
Tn(X; a, aq? , —a, — aq? lIgrn(ys @, aq? , —a, —aq? Iq) = “1442 (-¢ *) 


4 (, ag”, ~q2qh eid tid ~a2q? ei? 8, ~aqhe-**: a) 


oe 
m=0 


m _m 


1 1 id qd 
(4 a*q? , —a*q? , —a7q, —a%q2e'?; a) 
m 
x 10W9 (—a3q- te%; ae’?, —ae’?, aq? en. ae”, ae”, a*q™, qq"; qd; a) ’ 
(8.4.3) 


where 
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Tn(x; a, b, c, d|q) 


q~”, abcdg”—', ae’, ae~? 
= 463 Og 4 (8.4.4) 
ab, ac, ad 
The key step now is to use the d = —(aq)? case of Bailey’s transformation 


formula (2.8.3) to transform the balanced i1o¢g9 series in (8.4.3) to a balanced 
403 series: 


ide. g : : 1; . _y = 
10W9 (—a3q 2 ¢'?: ae'?, —ae’?, aq? e’®, ae”, ae a at eg: a) 
Ge", _a8gte'?: a) 
a ff 


(a*, —aq2e~*; a) 
™m 


. ; ee : ; er , 
a2e7'? =goerr?. greet. | ie 


x 43 | D a4] ; (8.4.5) 


So (8.4.3) reduces to 


1 ° . 1 < , J 
—a2q2z ee? —a2q2 et9 gq: er"? fa 


1 7 i 1 1+.a7q” say 
Tn(2; a, aq? , —4, —aq? |q) AGE a,aq?,—a, —aq? |q) a (- ) 


1+ a? 
. T. a23 : 1 2 : 
an Cae aq”, are we. —a7q2 et? | —a?qze'?—*. a) 


x» 
m=0 


m _~m 


1 1 q 
(4 a*,a*q? , —a?q2, —a7q; a) 
™m 
a2? —g2 ei tid. —g2 eit q7™ | oe 
X 493 _a2qteit-i9 _g2qh eiPtid, gi-m rid /g2 14 (8.4.6) 
Transforming this 4¢3 series by Sears’ transformation formula (2.10.4), we 
obtain a further reduction 


rn (25 a, aq? ,— a, —aq? lq) nly; a, aq? »_ a, —aq? lq) 


a ee ee ee ee ee ey ) 
_ teeta (_ yy yh | air, —grel’'?,—aaqrelt sq) 
— 1+a? - 2,4 2,4 2 
m=0 (4, q2,—a°q2,—a a:4) 
m 
g-™, a2, a2e2##, g2e2#9 
X 43 at, —a2q4 eit _gi-meid—i9 4 (8.4.7) 


Now observe that, by (6.1.1), 


1 
/ w (z; gee. we” *?., Ger Yer 82) (aera ae? 2. q), dz 


1 
= / w (z; agi et? ne 2? ae re. ae” —**) dz 


2 g72p2th 72p—200. 
Sop! ee 
(q, 47, a7; q) oo|(a7e%?, a?e~ 7"; q) oo? (a*; @); | = 
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where |a| < 1 and z = _ Hence 


qv a a 2 ett? Gg 2 e208 
493 rae qi eit 16 ym giti0 349 
_ (q,a?,a?;q)__ | (a2e,a2e-2;g) 
Bias dos 


1 
x / w (z; ae? 8 ae? aero tio ae?) 
—1 

qm. Gee TTY: ae'? 10—iw | oe 


x a6 | sg 0 did 


—a2q2 e'—9 | —g2 —M pid 


| (a2, aze—2!9- 2 


_ (q,a7,a7;q) 9). | 


21 (a4 q)oo 


1 
x / w @ Heo, ae"? | qett to ae ‘’~*#) 


(—agte™, —aqie~*?; a) 
7 a GR a Es (8.4.9) 
(—a?gtet?-i9, _q2eio-i¢. a) 
m 
Substituting (8.4.9) into (8.4.7) and using (2.10.4) we finally obtain 
1 1 1 1 
n(x; a, aq? , —a, —aq?|q) Tn(y; a, aq? , —a, —aq? |q) 


1 
= K(x, y, z;a7|q) P'n(Z30, a2, —A, ~aq?|q) dz. (8.4.10) 
= 


This yields (8.4.1) if we replace a by 82 and use (7.4.14). By setting G = q’ 
in (8.4.1) and taking the limit gq — 1, Rahman and Verma [1986b] showed that 
(8.4.1) tends to Gegenbauer’s [1874] product formula 


Cr x Or 1 Or Zz 
ey = | Keun’ (44 


where 


TA+$) d-2? -y?- 274 Qnyz) 
i 
2 


NEG) ea ee) 
according as 1 — x” — y? — z? + 2zryz is positive or negative. 
Rahman and Verma [1986b] were also able to derive an addition formula 


for the continuous g-ultraspherical polynomials corresponding to the product 
formula (8.4.1). This is left as an exercise (Ex. 8.11). 


K(G343.2)= or 0, (8.4.12) 
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8.5 Rogers’ linearization formula for the continuous 
qg-ultraspherical polynomials 


Rogers [1895] used an induction argument to prove the linearization formula 


Cm (x; Blq)Cr (2; BIg) 
(875d) m+n—2k(93 1) m—k(G )n—K(G 1) k(9Gs I) mtn—k 


as m+n—2k 
On aa Blq). (8.5.1) 


Different proofs of (8.5.1) have been given by Bressoud [1981d], Rahman [1981] 


and Gasper [1985]. We shall give Gasper’s proof since it appears to be the 
simplest. 


We use (7.4.2) for C,(x;@lq) and, via Heine’s transformation formula 
(1.4.3), 


re el) oe) ee 
Cm (es I) = gg—Te-0;g). (asa) 
MoOr (ge Or “gr "Bg ge >") (8.5.2) 


where x = cos@. Then, temporarily assuming that |q| < |G| < 1, we have 


Cm (2; Blq)Cn(a; Blq) = Ann GT (qt 7)" 


— (qo-" me” age q). 210) 8 
o> (q,8-1q)- 79), (Be) 
= (G00 40-9" 3@ = 
= Amn Se B-igi-m: De (pe-%0)* 
k=0 k 


k .—n m—k 
,q ”", B, Bq 
«10s | Sec eee (8.5.3) 
Beg 0G" O09" © 


where ve 
Be- ° 5 eS (B; Gil PB: Q)n i(m+n)é 
Ay Se 5. 
eo (gp te Bo). (agin (G3 On ° om 


The crucial point here is that the 4¢3 series in (8.5.3) is balanced and so, by 
(2:5.1), 


Py mele G6 | oe - 1—m—-n ug 1 qi es q), 
Bq m—k Pee mas gg ’ — (B-1 —m— Le 6 2 qi— EG) 


KEW Ge ge ge gg sags) (8.0) 
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Substituting this into (8.5.3) and interchanging the order of summation, we 
obtain 


Cm(2; Blq)Cn(x; Bla) = Amn 


min(m,7n) (Bg q), (1 = Bg) (2) po "ae q); 
Goel ig 8 Aare Bg tog 0) 


k=0 
—2_1—m-n. 
ss (B-*q Q) on ( Be 210)* 
(Ogee dap : 
~ S010) 30g eg oe) (8.5.6) 


which gives (8.5.1) by using (8.5.2) and observing that both sides of (8.5.1) 
are polynomials in x. Notice that the linearization coefficients in (8.5.1) are 
nonnegative when —1 < 6 <1 and —-l<q<l. 

For an extension of the linearization formula to the continuous q-Jacobi 
polynomials, see Ex. 8.24. 


8.6 The Poisson kernel for C,,(z; G|q) 


For a system of orthogonal polynomials {p,,(x)} which satisfies an orthogonal- 
ity relation of the form (7.1.6), the bilinear generating function 


Ki (az, y) = ys AnPn(X)pn(y)t” (8.6.1) 
n=0 

is called a Poisson kernel for these polynomials provided that h, = cv, for 
some constant c > 0. The Poisson kernel for the continuous gq-ultraspherical 

polynomials is defined by 
— (95 G)n(1 — Bq”) 
Ki (x,y; B\q) = De fa = a 
(aus Bla) = daa.) — 6) 


n=0 


Cr(x; Blq)Cn(y; Bla)t”, (8.6.2) 


where |t| < 1. 
Gasper and Rahman [1983a] used (8.5.1) to show that 


(Oto). | ole ante 50). 
(BF GGtsO) an \, (beer rte. Gg)... 
Bt?, gt@2, —qtB?, qtet*?, gte-i#, 

(32, —t82, Bte-i, BtelOtie, 
teio-ib teio—10_ 3 
gote?*.. qpte’ ="... Gt ne | | 


where x = cos6,y = cos@ and max(|q|, |t|,|G|) < 1. They also computed a 
closely related kernel 


Li(e,ys Bla) = ge C,(2; Blg)Cn(y; Bla)t” 


2 
Ki(z,y; Blq) = 


X gh7 


(8.6.3) 


n—0 
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: : : ; 2 
(Btee tt? Bte®—*?. q) = 


(tei tei0—id; g) 


(8.07 Qex 
(8? BU sq) 


eee t(qB)?,  —t(qB)2, 
X 307 1 


tele? jen. 
t(Gq-1)2, —t(Bq-")2, Bte-#-*?, pte? tie, 


tei9-id tei-10 ag | 


vo ais 5q, 2). 8.6.4 
Bike. Bie 2. t? qd 6 ( ) 


Alternative derivations of (8.6.3) and (8.6.4) were given by Rahman and Verma 
[1986a]. In view of the product formula (8.4.1), however, one can now give a 


simpler proof. Let us assume, for the moment, that |t{@~-2| < 1 and |G| < 1. 
Then, by (7.4.1) and (8.4.1), we find that, with z = cosy, 


1 (tB4e™, 1826; g) 
L(x, y; Blq) a] Kit 4.2,20) 7 ~~ 702 
“1 (tB-te, 18-2e-W; q) 


27 (B75 @) oo 
oe h (cos ;1,—1, 42, 2, 183 ) 
« [Pee eee 
0 h (cosy; Brett, Bhe-i0-i, Bbeid-i6, Bt eid-i0, 13-4) 
(8.6.5) 


By (6.3.9), 


ae h (cos 31, -1,q#, —42, #8? ] 
i op 
Oh (cos; Bb ei0tid, 34 e-i9-ib G3 ei0-id 33 eid— 10, ip-* ) 
____ 2x (6,754) ., |(ate**#, pte; 9) |" 
(4B, B, Bt; a) oo |(Be?, Be, tet +40, tet9-i9; g) |? 
xX gW7 (eta: je te te tee pee BG: 3) (8.6.6) 
Formula (8.6.4) follows immediately from (8.6.5) and (8.6.6). 


It is slightly more complicated to compute (8.6.1). Consider the generating 
function 


Gi(2) = 9 Peale ae” 
n=0 


_ _ (Biel, tea), iB (Bate, Bate“ 4). 
— (1- B)(te, te; gq). 1-8 (qte’,qte”;9),, 
=(1- ir Bate Bate qie™, Bate 34) «. 


: 8.6. 
(fe? e794 g) (8.6.7) 
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Then 
ky (a Y; B\q) 


1 
= | K(e,v,2:Bla) Gy 4 (2) de 
—1 
2 


_ (L~#)(G, 8, 8; doo | (Be, Be”? 4) oo 


27 (875 d)oo 
ie h (cos 31, —1, 42, -g?, gt? | 
: / 1 1 1 1 1 dy. 
0 A (cos W; 32 et ti¢ 32 e 19-19, G2 e191, G2 etd—26 tp-# | 


(8.6.8) 


This gives (8.6.3) via (7.4.1) and an application of (2.10.1). 

By analytic continuation, formulas (8.6.3) and (8.6.4) hold when 
max(|q], |¢|,|G]) < 1. 

Even though it is clear from (8.6.3) and (8.6.4) that these kernels are 
positive when —1 < g,t < 1 and -1 < z,y < 1 if 0 < @ < 1, it is not 
clear what happens when —1 < @ < 0 since both g¢@7 series in (8.6.3) and 
(8.6.4) become alternating series. It is shown in Gasper and Rahman [1983a| 
that the Poisson kernel K;(x,y;Glq) is also positive for —1 < t < 1 when 
—~1<q< <0 and when 23/2 -3<6<0, -l<q<0. 

For the nonnegativity of the Poisson kernel for the continuous q-Jacobi 
polynomials, see Gasper and Rahman [1986]. 


8.7 Poisson kernels for the g-Racah polynomials 


For the g-Racah polynomials 
Wr(&; 4) = Wn(a; a, b, c, N; q) 


we shall give conditions under which the Poisson kernel 
Yo hal W,,(2;9)Wrly; qt", O<t<]l, (8.7.1) 


and the so-called discrete Poisson kernel 


2 {q 50m 5, (q) Wala q)W2(Yy; 9), (8.7.2) 


—N. 
<4 (NGO) 


z=0,1,...,N, are nonnegative for z,y = 0,1,...,N. 
Let us first consider a more general bilinear sum 


P.(2,y) = P.(x,y; a,b, c,a, y, K, M,N; q) 


mS | 
-> Soe a, b,c, N;q)W,,(a; a, b,c, N;q) 


x Waly a, aba", y, M; q), (8.7.3) 
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where z = 0,1,...,min(K, N) and N < M. If a=a,y=cand M = N, then 
(8.7.3) reduces to (8.7.2) when K = N, and it has the Poisson kernel (8.7.1) 
as a limit case. 

From the product formula (8.2.5) it follows that 


W,, (a2; a, b,c, N;q)Wnr(y; a, nace 
_ (6q,aq/659)n sy Giana ae eae yg 3G): 
(aq, bc;Q)n a ra (q,0q,q~™, abyqa*, cq’~*; q), 
(q2@-%, c“1q- eg). 1— cq"? 


—z# 


(q,bq,ac-tq;q)s; 1—cq-s qT" Ans, (8.7.4) 
where 
8 g’—¥,yqrt¥—™  agr+}, beg? +} 
Ars = cba a r+l gM abyanlg't! egitr0i 4 (8.7.5) 


Using (8.7.5) in (8.7.4) and changing the order of summation, we find that 


(bq, ac~*q ou ey (Gg )2e( G00" +g) ap-h0s 
P.(x,y) = ee eee 
(= ie naw ole Gama), 
‘ ign ie cee - (Go 6-9-3) ee eg" 
(q,0q,q-™ , abyqa~*, cq'—*; q),. (q, bq, ac~*g;3q), 1—cg-* 
x (21yRg sete) AeA. Bas (8.7.6) 
where 
> gA2, —gi2, gr te= N igrre-< ae 
By s = 5DA NiGiee? pie 5 Q, q™ ) (8.7.7) 
rd, —\3 , abq ,q 
with \ = abg?"t25t1. We shall now show that when K = N, 
3 Cam cl eee db ( r+s—z l+r+s—z, ,1+N-<z. ab pene) 
r,s (abgN titste. Gg). 2¥Y1 qd q a! | 4; qd ° 
(8.7.8) 
To prove (8.7.8) it suffices to show that 
ga?, —ga?, b w 
403 ah 1 5d, —_ 
a2, —a2, Ww ad 
whb/aq, W/8; q)oo 
= ei ae 21 (0, bq; wb/a; q, w/b) (8.7.9) 


whether or not b is a negative integer power of g, provided the series on both 
sides converge. Since 1 — aq?” = 1 — q* + q*(1 — aq*), the left side of (8.7.9) 
equals 


261 (aq, b; w;q, w/a) + aaa 21 (aq, bg; wa; q, w/aq) 
b bd) a 
= ete 201 (0, bg; wb/a; q, w/b) 
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w(1 = b)(wb/a, w/b; q) co 
+ ee eee ee ee ee aes 
aq(w/aq, W; 4) co 
(wb/aq, w/b; 4). 
= b, bq; wb/a; b 8.7.10 
by (1.4.5). Also, for a = a the 5¢4 series in (8.7.5) reduces to a 4¢3 series 
which, by (2.10.4), equals 


(qa bye a) (by 
(q?-™ bg" * sq), 
—1,M+1-y-s 


PAG). bg. ey 9 


21 (b, bg; wb/a; q, w/b) 


cepa) 


iw 493 cgi tts, qu ti— y—s ye y—t@o y—s 44 : (8.7.11) 
From (8.7.6), (8.7.8) and (8.7.11) it follows that 
P, (x,y; a,b,c,a,y,N,M,N;q) > 0 (8.7.12) 


for x =0,1,...,N, y=0,1,...,M, z=0,1,...,N when0<q<1,0<aq< 
1,0<bqg<1,0<c < aq and cq < y < qu < gq. Hence the discrete 
Poisson kernel (8.7.2) is nonnegative for x,y,z =0,1,...,N when0<q< 1, 
0<aq<1,0<bq<1and0 <c < ag”. 

If in (8.7.3) we write the sum with N as the upper limit of summation, 
replace (q~*;q)n by (tq~“;q)n and let K — ov, it follows from (8.7.6) that 


L;(x,y;a, 6, c,a,7,M, N;q) 
N 
=) / t"hn(a, b,c, N;q)Wnr(2; a,b, ¢, N; q)Wn(y; 0, aba, y, M3 q) 
n=0 


_ (6q,4q/¢5 9) > (abq"; q)2r+2s Wor a esa), 
(abq?, c~ 


sq)n <4 <p (aba *?5 a) p45 (G09, ™, abyqa~*, cq'~*; q), 


z—N ,—1,-2 T—s 
(q iG £ :) (les OF ) C _4\r+s_(r+s)(2N—r—s+1)/2—rs 
=a ae eo ae T,8 pal t) q ) 
(q, bq, ac G3 q)s(1 — cq =) 


(8.7.13) 
for c =0,1,...,N,y=0,1,...,M with A,., defined in (8.7.5) and 
A,gd?,—q\2,q™ts-N 
Crs = 43 pat _ 3 abgNtrtst2 ; q, tq ) (8.7.14) 
where A = abgq?"t?5t!, However, by Ex. 2.2, 
A, qr2, —gr3, b-* | 
1 1 ;q, tb 
16a ne, avd, OD q 
_ _(6,AG5 dco | 7 an 
ee b, tb; tq; q, A 8.7.1 


for max(|tb|,|Aq|) < 1. Use of hits in ie yields 
oe = (t, A le a q)N- pects 21 (q N— eee ham q, aug? er) 
(8.7.16) 
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from which it is obvious that C,,, > 0 forO < ¢ < 1,r+s8s < N when 
0 < abg* < 1. Combining this with our previous observation that A,, equals 
the expression in (8.7.11) when a = a, it follows from (8.7.13) that 


L, (2, y; a, b,c, a,y,M, N;q) >0 (8.7.17) 


for x = 0,1,...,N, y=0,1,...,.M@, 0< t<1whenO<q<1, 0<agq< il, 
0 < bg < 1, 0 < c < ad™ and cq < y < q’@" < qN7!. In particular, 
the Poisson kernel (8.7.1) is positive for x,y = 0,1,...,N,0<t< 1 when 
0<q<1,0<ag<1,0<bg<1land0<c< aq” 

For further details on the nonnegative bilinear sums of discrete orthogonal 
polynomials, see Gasper and Rahman [1984] and Rahman [1982]. 


8.8 g-analogues of Clausen’s formula 


Clausen’s [1828] formula 


2 
a,b _ 2a,2b,a+ 6b 
{2F:| 4 4b 454} | re eke ’ (8.8.1) 


where |z| < 1, provides a rare example of the square of a hypergeometric series 
that is expressible as a hypergeometric series. Ramanujan’s [1927, pp. 23- 
39| rapidly convergent series representations of 1/7, which have been used to 
compute z to millions of decimal digits, are based on special cases of (8.8.1); see 
the Chudnovskys’ [1988] survey paper. Clausen’s formula was used in Askey 
and Gasper [1976] to prove that 


—njn+at2,5(a +1), |e 
a+1,5(a+3) 2 


when a > —2, -—1<a2<1, n=0,1,..., which was then used to prove the 
positivity of certain important kernels involving sums of Jacobi polynomials; 
see Askey [1975] and the extensions in Gasper [1975a, 1977]. The special cases 
a = 2,4,6,... of (8.8.2) turned out to be the inequalities de Branges [1985] 
needed to complete the last step in his celebrated proof of the Bieberbach 
conjecture. In this section we consider qg-analogues of (8.8.1). 

Jackson [1940, 1941] derived the product formula given in Ex. 3.11 and 
additional proofs of it have been given by Singh [1959], Nassrallah [1982], and 
Jain and Srivastava [1986]. But, unfortunately, the left side of it is not a square 
and so Jackson’s formula cannot be used to write certain basic hypergeometric 
series as sums of squares as was done with Clausen’s formula in Askey and 
Gasper [1976] to prove (8.8.2). 

In order to obtain a g-analogue of Clausen’s formula which expressed the 
square of a basic hypergeometric series as a basic hypergeometric series, the 
authors derived the formula 


f 4 | a, b, abz, ab/z |} 4 ae a”, b*, ab, abz, ab/z 
bi : dba abe a 2 abg?, —abq?, “ae 
(8.8.3) 


3 Fe >0 (8.8.2) 
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which holds when the series terminate. See Gasper [1989b], where it was 
pointed out that there are several ways of proving (8.8.3), such as using the 
Rogers’ linearization formula (8.5.1), the product formula in §8.2, or the Rah- 
man and Verma integral (8.4.10). 

In this section we derive a nonterminating g-analogue of Clausen’s formula 
which reduces to (8.8.3) when it terminates. The key to the discovery of this 
formula is the observation that the proof of Rogers’ linearization formula given 
in $8.5 is independent of the fact that the parameter n in the 9, series in 
(7.4.2) is a nonnegative integer. In view of (7.4.2) let 


f(z) = 261(a, 8; aq/8; 4, z¢/B), (8.8.4) 


which reduces to the 2¢, series in (7.4.2) when a = q~” and z = e~?”?, Tem- 
porarily assume that |q| < |G] < 1 and |z| < 1. From Heine’s transformation 


(1.4.3), 
_ KOZ) a3 
i) = (zq/B3q)o 


Hence, if we multiply the two 2¢; series in (8.8.4) and (8.8.5) and collect the 
coefficients of 21, we get 


261(aq/8°, q/8;0q/8; 4, Bz). (8.8.5) 


2 = (B25.G) co _ q) co . (agq/B? ,q/ GB; q)k k 
P() = Cals ee tla ag/Bae 2)” (8.8.6) 
where = 8B -k/ 
7 q-" 0, 0q-" (0,0 
nats Pate aBeceafe a 


is a terminating balanced series. As in (8.5.5) we now apply (2.5.1) to the 4¢3 
series in (8.8.7) to obtain that 


( q/B,0?q/ *:@) Z get 2 
7: ee (agq/P, 0%g/"3 doo 3W. B: a, a, B,a B B). (8.8.8 
k ( 2 /B, /8?: ee 7(a j y] ) » a j ,q- weg gy ) ( ) 


Using (8.8.8) in (8.8.6) and changing the order of summation we get the formula 


(B25 9) 00 $3 (1 — a%q**/B)(a*/B, a, a, B; a) 
(24/193 d)oo <4 (1 — a°/8)(q, G/B, ag/B, 04/8"; 4) k 
, (074/67; d)an (22) eens q/B 

(a2q/B;q)or \ BJ 77" arg /B 
Observe that since the 2¢1 series in (8.8.9) is well-poised we may transform 


it by applying the quadratic transformation formula (3.4.7) to express it as an 
gh7 series and then apply (2.10.10) to get the transformation formula 


enema? (a.24/B; 4)o0(—a/Bz)kq 2 ) 
201 | 2q2k+1/g (Bz/a; q)o0(0q/B2, 029/65). 


1 1 
ag”, ag**2 /8, —ag**2 /B, —ag***/B° ‘ 
arg /Pvazg" svar faz. 


fi(z) = 


q, GZ| . (8.8.9) 


458 = 


«46a | 
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(zq, a, 029, 07q/875Q)o0 _ (ag/8, 0/82; 4)K (074/65 a) ox 
Y (Bz, 0q/8,0/B2,074/B;q)o0 (a, 029; q)x(02q/Bs 4) on 
Bz, ZQ?2, —2qQ2, —Z2q 
xX 43 Reuarnp ie | (8.8.10) 

We can now substitute (8.8.10) into (8.8.9) and change the orders of summation 
to find that 

f2(z) < (841024185 9) 00 = (03 @)m(a7q/57; a) am 
(2q/B, Bz/034)oo “= (q,029q/2, 0q/B2, 0749/8, 09/83 4)m 
x g™ gWs(a*/B; a0, 8,93 9,09q** /8") 

(a, a?q/3, zq, 2d; Ges s (Bz, zq?, —2zq2, —4q; Q)m m 

(ag/B,07q/P, 24/8, 0/82; d)oo (4,927, azq, Bzq/05q)m 
x 6Ws(a*/B; a, 8, aq~™ / Bz; 4, 2q"** /B). (8.8.11) 
Summing the above gWs series by means of (2.7.1), we obtain the formula 

(Bz, 02q/B; 4) 00 
{odi(a , 8; aq/B; 9, 2q/8)}" = (zq/B, Bz/a; q) co 

a, agq/B?, ag? /B, —aq? /B, —aq/B | 

aq/B,a7q/5?,aq/Bz,azq/B 
4, (a, 09/8", 24, 24, 024/85 1) 

(aq/B,0q/8, 24/8, 24/8, @/BZ5 q)o 
Bz, 2q/B, zq?,—zq?2,—2q. | 
—_ | 29,24, Bzq/a,azq/8 7” on 


which gives the square of a well-poised 2¢1 series as the sum of the two balanced 
5g4 series. By analytic continuation, (8.8.12) holds whenever |q| < 1 and 


X s6e| 


Jzq/B| <1. 
To derive (8.8.3) from (8.8.12), observe that ifa =q~", n=0,1,..., then 
(Q3d)oo = 0 and (8.8.12) gives 
f*(z) 
_ (Gz, zq'—"/B; Gh) ss db i q2-"/8, gh?) Be. —q2-"/, —q'-"/ 9 (| 
(Bzq”, 2q/B; 4) a "/8, ge 2a Bog ee 
= PBtide (2)" 4o,/ "Bg", B, Bz, Bz 
= ae a 5P4 8. Bq. —Bgt, 9 72% (8.8.13) 


by reversing the order of summation. Since 
(8°; @)n (2) q-”, Bq”, (Bz)? , (B/z)2 
tte). = o) ; 50,9 8.8.14 
= "Bam \B) “| gqh,—B9h, 6 ene 
by (7.4.14), it follows from (8.8.13) that 


. ‘ is | B2qn = (/2)* ; | 
Bq?,-Bq?,-B 
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q”, B’q", B, ae ; 
pl 1 129 
iB, Bq? ’ — Bq? ) —6 
for n = 0,1,..., which is formula (8.8.3) written in an equivalent form. 
Now note that 


291 (a, 8; aq/B; 9, 24/8) 
_ (z(ag)?, —2(ag)? , zqo? /8, —zq0? /8; 4) 0 
- (zq?, —2q2, 24/8, —a2q/)5 4) 0 
x gsW7(—az/B; a2, —a?, (aq)? /B, —(aq)? /B, —z;q,—zq), (8.8.16) 
by (3.4.7) and (2.10.1), and set a = a2,b = (aq)2/ to obtain from (8.8.12) 
the following g-analogue of Clausen’s formula: 
(a*2*q, b*274; q*) co 
(27g, a7b7z74q; q )oo 


= 594 (8.8.15) 


2 
sW7(—abzq7? 5a, —a, b, —), —25q, -a)} 


_ (a2q? /b, beg? /a;4) 00 - | a?,b?,ab,—ab,—abq? | 
(292 /ab,abzq3;q)o0 | a2b?, abg? , abzq?, abg /z’”” 


(205 20na: 0-70) 
(abq? , abq? , ab/zq? , abzq?; q) oo 


(8.8.17) 


azq? /b, bzq? /a, zq? , —zq?, —2q 
x 5D4 59,4] ; 


zq, 22q, abzq? , zq2 /ab 
where |q| < 1 and |zq| < 1. 

To see that (8.8.17) is a nonterminating g-analogue of Clausen’s formula, 
it suffices to replace a by g%, b by q® and let gq — 17; then the left side and 
the first term on the right side of (8.8.17) tend to the left and right sides of 
(8.8.1) with z replaced by —4z(1—z)~? and so, by (8.8.1), the second term on 
the right side of (8.8.17) must tend to zero. 

It is shown in Gasper and Rahman [1989] that the nonterminating exten- 
sion (3.4.1) of the Sears-Carlitz quadratic transformation can be used in place 
of (8.8.10) to derive the product formula 


(az, abz/C; q) 0 

(z, bz/C;q) 
a, c/b, (ac/b)?, —(ac/b)?, (acg/b)?, —(acq/b)? | 
aq/b, c, ac/b, az, cq/bz nt 


291 (a, b; C,q, Zz) 291 (a, aq/c; aq/b; q; Zz) = 


< os | 


(a, c/b, az, bz, azq/C;q)x 
high - abz/c, z(ab/c)2, —z(ab/c)?, z(abq/c)?, —z(abq/c)2- | 
cial az, bz, azq/c, bzq/c, abz*/c eee 
(8.8.18) 


where |z| < 1 and |q| < 1. This formula reduces to (8.8.12) when a = a, 6 = 
GB, c=agq/Z and z is replaced by zq//. 
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By applying various transformation formulas to the 2¢, series in (8.8.12) 
and (8.8.18), these formulas can be written in many equivalent forms. For 
instance, by replacing 6 in (8.8.18) by c/b and applying (1.5.4) we obtain 


2b2(a, b; c, az; q,cz/b) 2b2(a, b; abq/c, az; q, azq/c) 


= eee i ee ee | 
(az, 2/0; ) a abq/c, c, ab, az, bq/z 59,4 


(a, b, cz/b, azq/C; q) co 
(c, abg/c, az, b/2Z; q) co 


X 65 * abz, z(a/b)2, —z(a/b)2, z(aq/b)2, —z(aq/b)2 


°¢,q| , (8.8.19 
az, cz/b, aqz/c, zq/b, az? /b : q \ 


where max(|q|, |azq/c|, |cz/b|) < 1. If we replace a,b,z in (8.8.19) by q7,b°, 
z/(z—1), respectively, and let q — 1~, we obtain the Ramanujan [1957, Vol. 
2] and Bailey [1933, 1935a] product formula 


of) (a, bc; z) 2Fi(a,b;a+b—c+1;z) 
= 4F3(a,b,(a+6)/2,(a+b+4+1)/2;c,a+b,a+b—c+1;42(1 — 2z)), 
(8.8.20) 


where |z| < 1 and |4z(1 —z)| < 1. This is an extension of Clausen’s formula in 
the sense that by replacing a, b,c,4z(1 — z) in (8.8.20) by 2a, 2b,a + b+ 5 2. 
respectively, and using the quadratic transformation (Erdélyi [1953, 2.11 (2)]) 


1 1 
oF, (2a, 2b;a+b+ rt Zz) = 2Fi(a,b;a+b+ rt Az(1 — z)), (8.8.21) 


we get (8.8.1). See Askey [1989d]. 


8.9 Nonnegative basic hypergeometric series 


Our main aim in this section is to show how the terminating g-Clausen for- 
mula (8.8.3) can be used to derive g-analogues of the Askey-Gasper inequalities 
(8.8.2) and of the nonnegative hypergeometric series in Gasper [1975a, Equa- 
tions (8.19), (8.20), (8.22)]. 
As in Gasper [1989b], let us set 
0 Te a, — q’, a2 — g’e”” a3 = gre”, by = q”’, bo = —q’, 
C=", cg = qr? dy = 2) = —do,e, = gt? = -€3,0 =,w = 1, 

in ther =3,s=t=u=k=2 case of (3.7.9) to obtain the expansion 

Gg. gre: q?, qre®? gre” 

5P4 | 2b 4(a+1) 2 (a+1) b 59,4 
qq? > q? > q 
n aa i i . 

_ \ (q—”, q+, q+ 2, —q’t 2; q), (=i j+(3) 


i i : 
pay aya ge OG) gs 
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x 16s | 


Gi ga ee. githts _gitb+3 
q2it2b+1 gitZ (atl) _git+z (atl)? G4 


qi, qi +2, gb, qbe!®, qhe-i9 | cas 
x 5PA gr got2 get —¢? 59,41; ( sik ) 
where, as throughout this section, n = 0,1,.... By Ex. 2.8 the 4¢@3 series in 
(8.9.1) equals zero when n — 7 is odd and equals 
= b. 
(q, q° fe :q7)k 2k(n—2k+b+1/2) 
(q2r—4k+a+1 G2n—4k+26+2. G2), q 
when n—j = 2k and k = 0,1,.... Hence, using (8.8.3) to write the 5¢,4 as the 
square of a 403 series, we have 
qo®, gr te. q?, qre?? gee? . 
504 | (2 gh(att) _gh(ati),_gbi bd 
[n/2] N(y~—-n p~nta _b+4 b+4 
ye Ce PT OP"? I) n—2k 
 (g,q2(et)), —galetl)  gn—2k+2b: 4), on 
( a—2b. eh i ‘ 
. q,4 17 )k g2k(n—2k+b+3) +3 (m—2k)(n—2k+1) 
(q2n—4k+a+1 g2n—4k+2b+2. 92), 
2k—n ,n—2k+2b _4b,110 ,4b,—210 2 
q 1 52 €2  ,qz € 2 
x < 463 | i 4 -q |} (8.9.2) 
gtd, git, —¢? = 


Since (—1)"(q~";q)n—2k = 0, it is clear from (8.9.2) that 


‘ie gee q’, qre*? gre? 
5DA i g2 (atl). —g2 (atl), —g? ) qd, qd = 0 (8.9.3) 


when a > 2b > —-1 and0<q< 1. By setting x = cos@ and letting gq — 1°, it 
follows from (8.9.3) that 


ee oe 1-2 
ed ele) ae 

when a > 2b > —1 which shows that (8.9.3) is a g-analogue of (8.9.4). When 
a=a+2and b= $(a+1), (8.9.4) reduces to (8.8.2). Special cases of (8.9.4) 


were used by de Branges [1986] in his work on coefficient estimates for Riemann 
mapping functions. 


Another q-analogue of (8.9.4) can be derived by using (8.9.1), (8.8.3) and 
Ex. 2.8 to obtain 
ge. “ye. q°, 9". g2te9 g2%e-8 
65 gz (ath), —g3 (atl), _g?*, _gi4 Q, | 


| >0, -1l<2<1, (8.9.4) 


= ee ne 7, ee ee 
iq" 4q *g2" ge" e".g7 "6" +@); 


i i i en 
j=0 (9, ge), —gilath), Se Qe serge 


x 504 | 


gir”, grtite git ae, git 2eet9 git 2% 
qtite, gith(otl) —gith(atl) _gitda 794 
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re eo ae 
4P3 q2°, ¢3*, —g32 19,4 


[n/2| 


(q7”, q?t4, q2%, q2%e%, q2%e—: q)ox 


< (gq, q2 (et), gaat), 934, g2kta—1; g)o, 


[Geo 3 O Nie. Sees 


(gq? qeert: qd aye 


g2k—n gnt2kt+a gkthaghiO gkt+tap—}i0 2 
«| ads | g2k+3 g(at+1) _g2k+3(a+1) _g2kt+3a aq] f , (8.9.5) 


which shows that 


"ace ge a_i0 a,—10 


17,—G ,q2 € ,q7 € 
6P5 i 


= . . 
So ee > 0 (8.9.6) 


when a > 26> -land0O<q<l. 

The expansions (8.12) and (8.17) in Gasper [1975a] are special cases of 
the q — 17 limit cases of (8.9.2) and (8.9.5), respectively, when (7.4.14) and 
Gasper [1975a, (8.10)] are used. A g-analogue of the expansion (Gasper [1975a, 
1989b]) 


—n,n+a+2,5(at+]1) : : 
fig ey 


ni(n + a+ 2), ee 2), 


ie) 


o> Fo MOB eT =a: 
— 5} Cee eee te (er) eee 
ere (@+1) "3 FatDay i OCn-3 w)} (8.9.7) 


is easily derived by employing (3.7.9), (8.8.3) and (7.4.14) to obtain 
go”, qn tet? | g2(oFh) g2 (OF) 9210 g2 (Ot) e— 218. 
796 get), g3(o+3) _9g3(@+3) _93(a+2), 
q2 (a+2) e2it q2 (a-+2) ,—2ir 
_glo+2) gi(at1) >%4 
fas +at2 93(at2) 93 (at2)Q2i7 93 (at2),—2ir. 7). j 
= (q Ge a qo ) g2lo Je ir gale Je eS )s (—1) git @) 


1 ‘a 1 : 
par C0 eae ie aaa aa) 


«| (q; CAC qQ)n—j qi iter$) 
(gots a) 5 (qr tots Q)n—j 
2 
x C;(cos 0; g2tDIg)C,, _; (COST; pier iq} . (8.9.8) 


which is obviously nonnegative for real 6 and 7 when a > —2. 
If we proceed as in (8.9.5), but use the g-Saalschiitz summation formula 
(1.7.2) instead of Ex. 2.8, we find that 
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4 g?t% g3% g? g2%e?, 4 . 
65 im g°, gatb— Cc ,—g2(ath) goed 


_ $3 (g- age. g2%, "eT ai qz%e—. q) 
mr Ce 


q2(at)), _g3(atl) 934, gita-l, ge, gatb—c; g) 


j=0 j 


= eee ee a ee err ee ; 
. eile j(b+1)+(3) 4 q! M gitnta gqrIta%e2? gzItate “a 
qd 4D3 git3(atl) _gitg(atl) _gitge 59,4 
(8.9.9) 


and hence 


6P5 a 


for real 0 when a>c> b, sa putea eed 1. By letting gq — 17 in 
(8.9.10) it follows that 


1g id 1g —ié 


nm grt@, 2%, g>, q2%e?, q2%e 


. > 
gz (ath), qe. Qere= Cc —g2 (atl) — i gd | we ) (8.9 10) 


Pala l(g@41),catb—c’ 2 |>0 (et) 


for -—1 <a2<1whena>c>banda+b>c> 0, which gives the MORNE ay Uy 
of the 3F series in Gasper [1975a, (8.22)] when a = a+ 2,b = a+ 3 and 
c=a+l1. Also see Gasper [1989d]. 


8.10 Applications in the theory of partitions of positive integers 


In the applications given so far we have dealt almost exclusively with orthogo- 
nal polynomials which are representable as basic hypergeometric series. These 
are important results and most of them have appeared in print during the 
last thirty years. They constitute the main bulk of applications as far as this 
book is concerned. However, our task would remain incomplete if we failed 
to mention some of the earliest examples where basic hypergeometric series 
played crucial roles. The simplest among these examples is Euler’s [1748] enu- 
meration p(n) of the partitions of a positive integer n, where a partition of a 
positive integer n is a finite monotone decreasing sequence of positive integers 
(called the parts of the partition) whose sum is n. To illustrate how p(n) arises 
in a q-series let us consider a formal series expansion of the infinite product 
(q;q)53 in powers of q: 


CO 


GQo = He a a 
_> Soe gh 1+k2-2+-- 


ki 20 k2>0 


= S_ p(n)q”. (8.10.1) 
n=0 


where 
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p(0) = 1 and, for a positive integer n, p(n) is the number of partitions of n 
into parts < n. In the partition (8.10.2) of n there are k,, m’s and hence 
0<km <n/m,1<m<n. For small values of n, p(n) can be calculated quite 
easily, but the number increases very rapidly. For example, p(3) = 3, p(4) = 
5, p(5) = 7, but p(243) = 133978259344888. Hardy and Ramanujan [1918] 
found the following asymptotic formula for large n: 


p(n) ~ ae (F) | (8.10.3) 


Also of interest are the enumerations of partitions of a positive integer n into 
parts restricted in certain ways such as: 

(i) pw(n), the number of partitions of n into parts < N, which is given by 
the generating function 


(39)y = >_ pN(n)a”, (8.10.4) 


where n= ky, -1t+ko-2+---+kn-N has k,, m’s ; 
(ii) pe(n), the number of partitions of an even integer n into even parts, 
generated by 


CO 


Pi) = [[a-@7?)? 


k=0 
=) > pe(n)a”; (8.10.5) 


(iii) paist(n), the number of partitions of n into distinct positive integers, 
generated by 


1 
(—q; — ee g*t" 1+k2-:2-+-- 


Paist(2)q” (8.10.6) 


where n= ky -lt+hko-24+---thkhyn-n,O< ki <1,1<i<n, and 
(iv) po(n), the number of partitions of n into odd parts, generated by 


(sq) = [[a-@*)"’ 
k=0 
= S~ po(n)q”. (8.10.7) 
n=0 


Euler’s partition identity 
Paist(™) = po(n) (8.10.8) 
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follows from (8.10.6), (8.10.7) and the fact that 


—1 
(—G3q)o0o = (4, -4?;4) (Ga le: (8.10.9) 


CoO 
Other combinatorial identities of this type can be discovered from 
q-series identities similar to, but perhaps somewhat more complicated than, 
(8.10.9). For example, let us consider Euler’s [1748] identity involving the 
pentagonal numbers n(3n + 1) /2: 


Gae= >| Hr erye 
= 1+ > ((-1)%q? Orth? +S (1) rg r-D/?, (8.10.10) 
n=1 n=1 


1 1 
— S- S- wate (=1)P tee gh br hae: (8.10.11) 


which differs from the multiple series in (8.10.6) only in the factor 
(—1)*1+*2+ | This factor is +1 according as the partition has an even or 
odd number of parts. Denoting these numbers by peven(m) and poaa(n), re- 
spectively, we find that 


(q; Q) co =1+ > [Deven (7) ae Podd()] q’. (8.10.12) 


n=1 


From (8.10.10) and (8.10.12) it follows that 


(-1)* forn=k(3k+1)/2, 
Peven(1) = Podd(n) — (8.10.13) 
0 otherwise. 


Thus Euler’s identity (8.10.10) expresses the important property that a positive 
integer n which is not a pentagonal number of the form k(3k + 1)/2 can be 
partitioned as often into an even number of parts as into an odd number of 
parts. However, ifn = k(8k+1)/2,k =1,2,..., then peven(n) exceeds Poga(n) 
by (—1)*. See Hardy and Wright [1979], Rademacher [1973] and Andrews 
[1976, 1983] for related results. 

Two of the most celebrated identities in combinatorial analysis are the so- 
called Rogers-Ramanujan identities (2.7.3) and (2.7.4) which, for the purposes 
of the present discussion, we rewrite in the following form: 


= 1 
1+ >) 
n=1 


n? 
i (8.10.14) 
(5 9)n TI (1 — q5*+1) (1 — g5#+4) 

k=0 
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eA (G3 4)n TI (1 — q5*+2) (1 — g5#+3) 
k=0 


(8.10.15) 


It is clear that the infinite product on the right side of (8.10.14) enumerates 
the partitions of a positive integer n into parts of the form 5k +1 and 5k + 4, 
while that on the right side of (8.10.15) enumerates partitions of n into parts 
of the form 5k + 2 and 54+ 3,k =0,1,.... 

Following Hardy and Wright [1979] we shall now give combinatorial inter- 
pretations of the left sides of the above identities. Since 

k*=1+3+5+---+(2k—1), 

we can exhibit this square in a graph of k rows of dots, each row having two 
more dots than the lower one. We then take any partition of n—k? into at most 
k parts with the parts in descending order, marked with x’s and placed at the 
ends of the rows of dots to obtain a partition of n into parts with minimal 
difference 2. For example, when k = 5 and n = 32 = 5* +7 we add 4 x’s to 
the top row, 1 each to the 2nd, 3rd and 4th rows, counted from above. This 
gives the partition 32 = 13+8+6+4+1 displayed in the graph below. 


e e e e e e e e e x x x x 


The identity (8.10.14) states that the number of partitions of n in which the 
differences between parts are at least 2 is equal to the number of partitions of 
n into parts congruent to 1 or 4 (mod 5). 

Observing that 


k(k+1)=2+4+6+4+---+2k, 


a similar interpretation can be given to the left side of (8.10.15). Since the 
first number in the above sum is 2, one deduces that the partitions of n into 
parts not less than 2 and with minimal difference 2 are equinumerous with the 
partitions of n into parts congruent to 2 or 3 (mod 5). 

For more applications of basic hypergeometric series to partition the- 
ory, see Andrews [1976-1988], Fine [1948, 1988], Andrews and Askey [1977], 
and Andrews, Dyson and Hickerson [1988]. Additional results on Rogers— 
Ramanujan type identities are given in Slater [1951, 1952a], Jain and Verma 
[1980-1982] and Andrews [1975a, 1984a,b,c,d]. 


8.11 Representations of positive integers as sums of squares 


One of the most interesting problems in number theory is the representations 
of positive integers as sums of squares of integers. Fermat proved that all 
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primes of the form 4n+1 can be uniquely expressed as the sum of two squares. 
Lagrange showed in 1770 that all positive integers can be represented by sums 
of four squares and that this number is minimal. Earlier in the same year 
Waring posed the general problem of representing a positive integer as a sum 
of a fixed number of nonnegative k-th powers of integers (positive, negative, or 
zero) with order taken into account and stated without proof that every integer 
is the sum of 4 squares, of 9 cubes, of 19 biquadrates, ‘and so on’. More than 
100 years later Hilbert [1909] proved that all positive integers are representable 
by s kth powers where s = s(k) depends only on k. For an historical account 
of the Waring problem, see Dickson [1920], Grosswald [1985], and Hua [1982]. 

To illustrate the usefulness of basic hypergeometric series in the study 
of such representations we shall restrict ourselves to the simplest cases: sums 
of two and sums of four squares, where it is understood, for example, that 
n= 27+ 2% = y? + y2 are two different representations of n as a sum of two 
squares if x; # y, or Xo F Yo. 

Let roz4(n) be the number of different representations of n as a sum of 2k 
squares, k = 1,2,.... We will show by basic hypergeometric series techniques 
that, for n > 1, 


ro(n) = 4(d1(n) — ds(n)), (8.11.1) 
ra(n)=8 Yd, (8.11.2) 
d|n,4td 


where d;(n), i = 1,3, is the number of (positive) divisors of n congruent to i 
(mod 4) and the summation in (8.11.2) indicates the sum over all divisors of n 
not divisible by 4. The numbers 4 and 8 in (8.11.1) and (8.11.2), respectively, 
reflect the fact that r2(1) = 4 since 1 = 07 + (+1)? = (£1)? +02, and r4(1) = 8 
since 1 = 0? +0? +0? + (+1)? = 07 + 0? + (+1)? +0? = 0? + (+1)? +07 + 0? = 
(+1)? +07 +0? +07. Both of these results were proved by Jacobi by means of 
the theory of elliptic functions, but the proofs below are based, as in Andrews 
[1974a], on the formulas stated in Ex. 5.1, 5.2, and 5.3. Combining Ex. 5.1 
and 5.2 we have 


nears )/2 


| > cre] = =1445 Oe i (8.11.3) 


n=—oo 
However, the bilateral sum on the left a is clearly a generating function of 
(—1)"ro(n) and so it suffices to prove that 


= ie iad (—1)%grirt+1)/2 
d{d (n) — d3(n)|(—g)” = > =e (8.11.4) 


By splitting into odd and even parts and then by formal series manipulations, 
we find ae 
mgr(nt1)/2 2 gr(@rt1) — C2 g(m+1)(2m+1) 


ae at _ 1+q2" 1+ q2m+1 


n=1 r=1 m=0 


$3 s( OP ae ulna es 3 3 Capyertg ers 


f= snr m=0 r=m-+1 
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“(Sed 


=P r=1 m= 


r— 


a : 
: 


1 
Jen ce 1) mtr QT 
0 


SoG (2m+1)r 


m=0 2! 

7 = wey Co = genes) 
m=0 r=1 

= iG q)"(di(n) — d3(n)), 


which completes the proof of (8.11.4). 


(8.11.5) 


To prove (8.11.2) we first replace q by —q in Ex. 5.1 and 5.3 and find that 


n=0 n=— oo 
CoO q” 
=1+8 
ete: 
oe) nq” 
=) 
where the last line is obtained from the previous one by 
(1 + (—q)")~? and interchanging the order of summation. Now, 
n=1 1+ (—q)” 
nq” nq” 
ek ee 
odd n>1 even n>2 
OO 
nq” = 1 1 
“Lat Dw (e-e) 
aa even n>2 I+q 1—q 
-_ _ mn _— q2n 
n=1 : q even n>2 : q 
“<= _ an — 7An 
n=l : q n=1 ‘ ¢ 
yp te 
Atn Beas 
Thus, 
Yo ra(njar =148 > 
n=0 Atn 


(8.11.6) 


expanding 


(8.11.7) 


(8.11.8) 
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Since r4(0) = 1, this immediately leads to (8.11.2). For a direct proof of 
(8.11.8) based only on Jacobi’s triple product identity (1.6.1), see Hirschhorn 
[1987]. 


Ex. 5.1 and 5.4 can be employed in a similar manner to show that 


rg(n) = 16(-1)" 5 (-1)4d®,  n>1. (8.11.9) 
d|n 


See Andrews [1974a]. Some remarks on other applications are given in Notes 
§8.11. 


Exercises 


8.1 Prove for the little q-Jacobi polynomials p,,(xz;a,b;q) defined in (7.3.1) 
that 


(i) 
Pn(x; a, b; ¢)Pn(y; a, 5; g) 


= (ag) q@s) OB Dn 5 (Gaba ND (=e )" 
(q, bg; @)m a 


m —m BL-1,-—™m. 
‘ > (q, 7 ar ae (aby gh 
(ii) 

Pn (2; a, 5; @)Pn(y; a, 5; g) 
aT Da ty? 
(q, bg; 4)m 


a); k k—m 1h 
rq q,6xq;0;q,6 
(q, 093 9) k (2q)" 201 yo) 


8.2 Derive the following product formula for the big q-Jacobi polynomials 
defined in (7.3.10): 


Pe a, b, C, q)Pr(y; Q, b, C, q) 
= (~agyg(s) te Sr Lg aba" t* cae *, cay Dm (=y" 
(aq; d)n m=0 (q, bq, Cd, Cd; Q)m 
Peg ey 


x -q,abgc 7}. 
seein ia ee | 
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8.3 Prove that 


— (abq,49;9)n(1—abg?"**) (t\" 
Do arbaiahn( = abay — Cag) Pr(a°iasba)pn(atsa, bsg) 
A= ’ ’ nr 


CO min(z,y) 


= (t, abq?: Dood, 7 oe idea getwlrts) 


= <= (4,645 9) 8 (4, 295 9) 
x adr (0, 0; gts q, abg??+28+?) g—2re—e'yrte 


and that this gives the positivity of the Poisson kernel for the little g-Jacobi 


polynomials for x,y =0,1,..., 0<t<1when0<q<1,0< aq <1 and 
0 < bq <1. 
8.4 Prove for the g-Hahn polynomials that 
(i) 
(bg, abg™ T*5 @)m 7, N441\—2 
Qn(x; a,b, N; q)Qn(y; a, 6, N; q) = ———_—  (6¢ 
ron = (ag, an ile 
: > (Gq. ab bg og ees mam 
er (q, bg, abgN +2, bgN*1; Gd) 
: y Ogee > ak (1 —pb- I gee N- MeN Gg =p a m—l1 b7 1 qos) k 
rar (q;q)e(1 — ? tq -N—™—*) (aq, q-% 3 Q)k 
x (q_™, oe qo: Q)k (ab) gener ee. 
(GAG Monge ha ge ge 
(ii) 


(bg, abg\t?;q) 
(aq, q—;q),, 
bg? +1 bq tts L— Dus 


Qn(x; a,b, N;3q)Qn(y; a, b,.N;q) = as 


(x+1)m 
x i 
»* an abqnt?; q)m 
— —yYy. 
— (q,aq,q-™ gE aa De 


ge, ge bg i 
x 392 0 bgN t+1—-2-ytk >; qd ‘: 


8.5 Prove for the g-Racah polynomials that 
(i) 


W,,(2; a, b, c, N;q)Wr(y;a, b,c, N3q) (bq, ab gt 3 Dn 
n(x; a, b,c, N;q)Wr(y; a, b,c, N;q) = ————.——* 
? i (aq,q-3q)n 


bg? bg — zt+l1 bg ytl1. ;q) 
m 


(bgt) * 


x 
= (q, bg, aba’ +2, beg; q)m 
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: (bog? ™* beg Dn gm 
(beg, bgN +1; q)_, 
x i0Wo (b-*q 1.—N-—-m— rs a b7 Pgs m—l1 bs 1 gr 
y] 
Gog ee Y og? a a oa ta). 


(ii) 
W,,(x; a, b,c, N; q)Wn(y; a, b,c, N;q) = 


1 N+2. 
’ 


(agc™ , abq 
(bcq, gS Dn 


57 — bgr+1 eg er. Ge Gag)... 
x 
a (q, Gg, agi age—*,ac*gh*3; @) in 
, (age? ar aq’tt;q)_ m 
nae q)m 
xX ipWo (ca~* q —N-m-1, Ca 1g mie a 1b- 1 g re ee 


q™,q°*,cq* *,q°4, cq’ %; q, qba- 1) 


8.6 Show that 
(i) 
W,,(a; a, b,c, N; q)Wn(y; a, b,c, M; q) 


abg" tg? , qu-™;q) 


—1. = 
_ (b4,a9¢ 5) nom S (q-”, o 
(aq,bcq;q)n “~~ (q, bg, age", e715.) m 
. i Hs q “Dan gm 
(q-N qq“ sq m 


x 10Ws kar, Cag ab ge or ag eg? = 5g ecg?" -Gabg 


where n = 0,1,...,min(M,N), c=0,1,...,N, and y=0,1,...,M; 


(ii) 
W,,(x; a, a,c,.N;q)Wr(y; a, a,c, N; q) 


7) . 


7 (age, 1 arg" Gq). (ac - gH) = ae nm g2grtl. aq 1 ia).. 
Corn N3q)n f(g, 07h *?, a9; I) mn 
1+y— —1,N—a—y+1. 
(aq OF GQ oe 1D) m gm 


(aqe-aq"" 5g). 
Kq0Wolag sac" Gage Gg oy eg a), 
8.7 For the g-Hahn polynomials prove that 
(i) 
z _z, op enti 
DG baaeh aa amy oa 
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x Qn(z; a,b, N; q)Qn(y; a,b, M; q) 


2 2-7 —Zz, 


(q7*3 Qnty (abq"; Qortas(q7 7, gd 3 Q)r(q7 gy; a) s 
aa (q7™ q7%, abght?; gd) 45 (4,495 Gr (9, 09; @)s 


r+s —s_(r+s)(2N—r—s4+1)/2—(2+y+1)s 


zZ2—-T—S 


x 291 (qr ne gr z es > 0. 


;q, abq 


for x = 0,1,...,N, y= 0,1,...,M, z =0,1,...,N, when 0 < q < l, 
O<aq<1,0<bgq<landN<WM; 


(ii) 


~ = n nr 
(abg, a9, 7" 3 d)n(1 — aby?) (- t wva-(3) 
0 (q, bq, abgN *?; q)n(1 — abq) 


x Qn(x; a, b, N; q)Qn(y; a,b, M; q) 


n= 


ey  (abq?; Q)ar+as (G7, 0-459), (G7 %, 4g" ™ 4), 


a (Qe abgn 7; Qn ts (G95 Wr (4, 093 2) 


maa) ae pace oh (q N-r-s tq r— 5. gt: d, aby? 2" =) 


ey ge ON ere eats 6), 


x (t, ab 


for x =0,1,...,N, y=0,1,...,.M, 0<t<1whenO<q<1, 0<aq< 
10<b¢a<landN<WM. 
(Gasper and Rahman [1984]) 


8.8 Prove that 


> (aq, abq, bcq; ¢)n(—c)—” een) 


n=0 (q, bq, aqc"*; q)n(abq; d)an 


x W,,(2;a, b,c, N; q)Wn(y; a, aba", y, M;q) 


7 a 3d) ae nop a”, gd) 
oo (G7 ny s (G,09,9-™ , abyqa-*, cq'—*; 9g), 


(eg Gg) eg) 
(q, bq, age~1; q)s(1 — cq-*) 
where z=0,1,...,N, N<WM, 


q '° Aprs Ur+ts; 


j= o ‘“ <a) n+k Un+k 
s (q, abg2"t2:; q)k : 


and {u,} is an arbitrary complex sequence, A,,, being the same as in 
(8.7.5). 
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8.9 Deduce from Ex. 8.8 that 


Nl i 
q; bq, abq? d, abq? €,aqd/c, abq?t?; Q)n | abq cde 
=0 


x W,,(2; a, b,c, N;q)Wn(y; a, aba~*, y, M; ¢) 


7 (abq?, abq? /de; q) q) >» -2 de: Drts (q~-*, cq? V4), 
(abq2/d, abq? /e; q) Er ak q , deq— ae 1 /ab; Qn (q,q7 td) 


Re ad) gee tig) ge) ae 
ae A 
(aq, abyqa~, cq'~*; q)r(q, bg, aq/c; q)s(1 — eq~*) 
8.10 Use (7.4.14) to show that (8.8.3) is equivalent to the formula 


{C'n (cos 6; lq) }° 
_@&, 82:4) n (67, B:a)m gn q7™, B2q", 3, Ber", Be-29 
G0)n 6?, Bq? , —Bq?,—B 
where n= 0,1,.... 
8.11 In view of the product formula (8.4.10) and Gegenbauer’s [1874, 1893] 
addition formula for ultraspherical polynomials (see also Erdélyi [1953, 


10.9 (34)] and Szegé [1975, p. 98]) it is natural to look for an expansion 
of the form 


Pn (2; a, aq? , —a, —aq? |q) 


99,4] ; 


n 
— S- Ak,n (0, d) Pk (2; ae r?, gee, gene, ai? Iq), 

k=0 
where p,(z;a,b,c,d|q) is the Askey-Wilson polynomial. By multiplying 
both sides by 

w(z; aeoti? ge-O-ib gett aci?—*9) 
x Pm(2; Gente. ger e. aett—*? ae’?—**\q) 

and then integrating over z from —1 to 1, show that 


1 —m 


a2q2, —a? q?, —a?; q) Qa” 


mm 


(G39)n (aq, aq” 
Amn(9,¢) = a a 
(9; V)m(G3 @)n—m (a*q~*; Com (aq, —a*q?, —a;q) 


nr 


x Pam (2; ag? agli  =ag" ager a) 


(m+1)/2 m/2 ira+1)/2 |) . 


X Pa—m (y; aq”! aq 
(Rahman and Verma [1986b]) 


» ad » ad 


8.12 Prove the inverse of the linearization formula (8.5.1), namely, 


min(m,n) 


Cm+n(23 Blq) = d b(k,m,n)Cm—K (2; 3|q)Cn—z (a; 5Iq), 
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(959) m(45 @)n(B3 d) min 
(B; aries an (qi ne 
: GPa) = Pg ot) er) 


8.13 Give alternate derivations of (8.6.3) and (8.6.4) by using the q-integral 
representation (7.4.7) of C,(x;G|q) and the q-integral formula (2.10.19) 
for an gd7 series. 


8.14 By equating the coefficients of e*"+"—?*)® on both sides of the lineariza- 
tion formula (8.5.1) show that 
(i) 
4 | Rog 8 aq i: @? 7 (q —m—n Bo 1 q= —n. q),, 
4 3 —_ = — oie —_ 9 > AD ean? Le ee EG (ee, aan oer: a 
B iq k 8B Iq) gene k Gg (q “2 B- 1 qi- —m— aa) 
—k —m —n —1 mL 
vee. 2 q™, q”™, Bq 
om 1 qi k B- 1 qi— —m BG l—n Ge 2q l1—m-n 
k—-m-n. 2q 1—m-n 
: Be 


BAge ee Gig ne 


q 
Got ght ee cia 


y) 


: 2. 
gomn,  Bolgemon ODT 


) 


fork =0,1,...,n, and 
(ii) 


g*- m— gt g. Bq*- n q? 
493 B-lgi-n g-lgltk-m—n gltk— 94) Be 
+1 1 Go oa 
= (q it , Oe q Dn 2g ed 
ee Cin: a ‘Os, 
—k —m —n 1 ge n 
ee ee a 
Bd Me OG Drege. eg 
Gores Br2gs m=. 6 ate a 3 7 ei n 
B- 1 m—n . "eam? Gee: ‘ca 1 as n 04) q 3B 


fork =n,n+1,...,%+m, where ® is the bibasic series defined in 83.9. 
(Gasper [1985]) 


8.15 Show that, by analytic continuation, it follows from Ex. 8.14 that 
; b, C, dq 
| bala, ea/a, dg/a’ a? 


_ (a/d, bq/d, cq/d, abe/d; q) x 
~ (q/d, ab/d, ac/d, beq/d; q) oo 


x 12Wr11(be/d; (beq/ad)? , —(beq/ad)? , q(be/ad)? , —q(be/ad)? , 
ab/d, ac/d, a, b,c; q, q/a), 


we) [et 


8.16 


8.18 


8.19 
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where at least one of a,b,c is of the form gq°",n =0,1,.... 
(Gasper [1985]) 
From Ex. 8.15 deduce that 
10W9 (a: q?,—q?, -4,0°/b, a/c, b, 634, q/a) 
(aq, a? /b, a?/c, aq/be; D) oo a, 0b, C, bc/a q? 
~ (a2, aq/b, aq/c, a2/be; q)oo 403 | bq/a, cq/a, bcq/a? | 


where one of a,b,c is of the form q’",n = 0,1,.... 


a”, b*, abz, ab/z 
{408 | 58 2) | 
a“ bq, —ab, —abq 


a’, b?, ab, abz, ab/z | 
99,4 
2 abq?, —abq?, —ab 


Prove that 


= = 564] oy 


a’, b*, abz, me 


abq2 , —abq2, 


and 
2 


ae pe a*b7a?, ab? /2? ‘ 
~ 594) 0454 92529, —a2b2q, 026° Td 


when the series terminate. 
(Gasper [1989b]) 
With the notation of Ex. 7.37 prove that 
De I(q' ve’, G v ea g)s. U, (cos on <0 


when v > —5, A>0,0<q< 1,0 is real and n = 1,. 
(Gasper [1989b]) 


Prove the expansion formulas 


: io) = (G3 d)oow ” 
Sa) (@"5d)ae(=GW*; 07 Jas 


x Sama — g’ tr ygh/4 2), (20; g)Cm (23 4” (9), 
sis : (— waa") Nes grins 2a—1)/4 
(ii) Eq (a: iw) = eerie. (iw)” 


(—gloto-1)/2, 12), (GorPT eG) 


(qurert: q)on 
ene _ glatn+1)/2 
x y) 
291 


x 


glo+B+2n+2)/2 ge tw Ree (x|q). 


(See Ismail and Zhang [1994]) for (i), and Ismail, Rahman and Zhang 
[1996] for (ii).) 
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8.20 Prove the following linearization formula 


Pm (ze a, q/a, —), —q/|q)Pn (a; a, q/a, —b, —q/b|q) 
2min(m,n) 


= > CePDm+n—k(z; a, g/a, —b, —q/dlq), 
k=0 


OC, — (G.9)2m(G dan (Gi d)metn ,—k (am+3n+ik—a(h) L— gin 
(4; Vm (93 2) n(45 7) am+2n [ — q2zmtanti—k 
ee Gag om, bg e/a, —abg Ts Dk 
(q, 0-2 ge" g a) e 
qd » ’ q”, a ae a 
x 403 | qe gle. Leet 5 59,4 


; i =n qh m+n—k 
ra ae a a ee 


—k ,—m 


Pree, apg 59,4 


with a,b > 0. 


(Koelink and Van der Jeugt [1998], after transforming their formula to a 
symmetric form in m and n) 


8.21 Prove the following convolution identity for the Askey-Wilson polynomi- 
als: 


+n ye 
3 pm—k m+n (0°; q)n(a*b*c*q™t Die; Q)k 
k=0 k q (c?, 602g" 1; q)4(b?c7q?*; @)min—k 


—k 12,2_.k-1 —n 212 .n—1 
q_',b*c*q’ °,q ",a*b*q 
x 43 | b2 eres qo 19; | 


2 
| at 
=p (Aa" at, a/t, bwe, b/wa|a) Pm (ea, abtq”, abq” /t, cs, e/s\q). 


(Koelink and Van der Jeugt [1998]) 
8.22 Show that 


—] —1 
wi+w 
a bw 1, b/w, cs, c/s|) Pm4n—b (Aa. at, a/t, besq", beq* /s|a) 


sWr (yabe/ q;az,a/z, ya, yb, Ye; 9, 4/ 1) 
(yabé, be, bq/d, cq/d; 4) 
(abeq/d, q/yd, gaxy/d, qay/xd; q) 
00 € — abeq?” /d) (abe/a, ab, ac; a). 
x ea a 2 


n=0 € — abc/ d) (q, cq/d, bq/d;q)n 
x (V4, a, b, é, a/da)rn (2+ 2 ya, b,c, a/d\a), 


where & = ,/abcd/q, ab = ab, Gé = ac, ad = ad. 


Exercises 253 


(Stokman [2002]) 


8.23 Prove the following product formula for the continuous g-Jacobi polyno- 
mials: 


ln (z; a, aq, —C, —cq\q’)rn (y; a, aq, —C, —cq|q’) 


1 
~ : K (2, y, 2) rn(z; a, ad, —C, —cq\|q°)dz, 
—1 


where x = cos0, y= cos¢,0<6,@¢<7,0<q<1,0<a<c< 1, and 
1D) An? (a?; Q) oo (a2c?; Oss 
: (67? eg? Joo 
(aeOtibtiv, geiitid—ih geib—i0—-id ge—i—id—WW. 92). sin 


1 h(7;1,-1, gil? —gi/?, — Jac et(O+9)/2, — Jace iO+9)/2) 
. dt 


(Rahman [1986d]) 


8.24 Let m,n be non-negative integers with n > m. Prove the following lin- 
earization formula: 


ra(x,q/?, a, —b, —q"/?|q)rn—m(23q'/", a, —b, —q’/?\q) 
2(n—m) 
= >) cerm+e(z;q'/?,a,—b, -¢'/?\q), 
k=0 
where 
c, = (ab; Q)2m (ab; G) 202-5 (q, —aq\/?, bqi/?, —ab; Q)n 
(abq; ¢)an(q, —aq'/?, bq1/?, —ab; q)m(—q, aq'/?, —bql/, ab; q)n—m 
(1 — abg?™*?*) (abq?™, —q™t1, —bg™t 1/2, a/b, a2b2q2", 2-2"; @)x n—m+k/25—k 
(1 —= ab) (q, —abq™, —agmtl/2, b2gemt1 grin ant 1a, abq2"+1; Q)k 


x 19We (0g? b2, b2g2nth g2m—2n+1 /q2 ghg2mM+k qpg2mM+kt1 gi-k Gok, G2 ?). 
(Rahman [1981]) 
8.25 Let the little g-Legendre function be defined by 


—Y ab v+l1 
pv(q*;a,b;q) = 261 : a ag |, vec, 
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for x a nonnegative integer. Derive the following addition formula: 


pv(q*;1,1;¢) Wy(@*34", 4) 
= W,(q*;4",@) pv(q", 1,134) pr(q?*93 1, 154) 


Oo —y ,~v+tl ,rt+yt+l1. 
4 S> (q q q Qk (—1)Fquet C2") 
a (9,95 Q)k 
x pv—e(q’sq",q*3q) py—e(q?*?; a", g°3¢) Wy+n(G739", 9) 


es (GB Q)y(Q PT De (—1)kg(etotk-(8) 


— (4,49) (Gs Dy—k 


at+y—k._k 


x pre (qu *;q*,a*3¢) pr_e(a 5q°,q°3q) Wy+n(9739"5 9); 


where W,,(x; a, q) is the Wall polynomial, defined in Notes §7.3. (Rahman 
and Tariq M. Qazi [1999]) 


8.26 The associated Askey- Wilson polynomials r° (x) = r@(a; a,b,c, d\q) satisfy 
the 3-term recurrence relation 


Qe—a= a "+ Apge Cave) To) 
= Antoln41(£) + Cn+oln—1(2); 


where n = 0,1,2,..., r%,(x) = 0, rf'(x) = 1, @ is the association parame- 
ter, and 


a~*(1 — abq*)(1 — acq*)(1 — adq*)(1 — abcdq*—') 
(1 — abcdq?’—!)(1 — abcdq?>) 
_ a(1 — beq**)(1 — bdg*~*) (1 — edg*—*) (1 — @*) 


ox (1 — abedq?4—?)(1 — abcdq?’—*) , 


A, = 


Verify that, with x = cos 8, 


5 eee 
ra (q, abg®, acg™, adg*, abedg*—*; q)k 


x 19Wo (abeag?at*-?; 4°, beg? bdg®—1, edg?-!, q® +}, Bea Egan), 


(Ismail and Rahman [1991], Rahman [2001]) 


8.27 By applying Ex. 2.20 to the 19W series in Ex. 8.26, show that 


Z z (abedq??—!, gett. qa)n ee x Cm abcdg22t"—1 ag“e’? , aq*e*?: ak F 
(x) 7 bed a—l. ) ) a+l1 bg 2 adg@: 
(q, abedg*—*; q)n Ss (qo**, abg™, acq*, adg%; 4) x 


yo ee ee ee 
= (4; abedq?o?, aqre , aqe~?;.q) 5° 


a—1 a-—1 
9 ’) 
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Hence show that 
(abedg??*, 9°85 Dn 


a —— Na 
Tne) = (q,abedq?1;q)n ~ 
1 
x / K (a, y)rn(y; aq?!/”, bg?/?, cq®/?, dq*/?|\q)dy 
—1 
where 

(q,9,q, abg*—*, acq*—*, adg*—*, beq*—*, bdq*—*, cdq**, gq) oo 
K(z, y) = ———. NA]! -. OOO 


4n? (got abcdg?>~*; q) 00 
(6, i g)o(1 — y?)-¥ 
Aly; qeet.qe/2e-*) 
x / 7 (c?*, e~ 2; @),,h(cos;q°? €, q°? e7*) 
0 h(cosy;aq*z ,bg*z ,cq*= ,dq°= , q!/2e!¢, g!/2e-i¢) 
x=cos#, y=cos¢d, 0<A<7, O0<d<7, O0<q<il, 


dnp, 


max(|ag 2 |,|og 2 |,|eqg 2 |,|dg 2 |) <1, Re(a) >0. 
(Rahman [1996b, 2001]) 


8.28 The associated q-ultraspherical polynomials satisfy the 3-term recurrence 


relation 
bear 1— aB7qr— 
a Ce - a . > 
22 Ch (x ;8\q) = 1—aBqr n ~C%, (2; 8|q)+ 1 — aBq" Cr -4(2,01¢), n= 0, 
with Co sien = 0, C§(x;Glq) = 1. Prove the following linearization 
formula 
min(m,n) 
C2. (x; Blq)C2 (a; Blq) = > AOC. og Gla), 
where 


Acrn) — (q; Q)m (G3 9) n (G3 VY) m4+n—2k(@3; V)m—K (a3; Q)n—K (AZ; @)x 

(ag; 7) m (ag; Y)n(aB?; q)m+n—2k (93 7) m—k (G3 Q)n—K(G Dk 

: (QG* @)naven(a’- (a: ae a (l- agrees) 
(aq; Q)m+n—k(q*-™—; a) (1 — a8) 

x 10Wo Ce gh" Ja, 
Gg "ae. one0 ag ag ig a0), 

(Qazi and Rahman [2003)) 
8.29 A multivariable extension of the Askey-Wilson polynomials in (7.5.2) is 


given by 
Pa(x|q) = Pa(X; a, b, C, d, Q2,43,-- .,4s|q) 
s—l 
] | Pre (43 242,00, DA2, ng, appre, angie 7+ |q) 
k=1 


x Pn, (Gas aAz.q.*-*, bAo qs? »C, d|q), 
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where t= COsOpyX — (Viyintg Va)y = (Ny inig hs) Ne — >) RA 
j=l 
ke 
Ajn = | | a, Ansie = 1, Ay = Axx, l<j<k<s. 
i=j 


Prove that these polynomials satisfy the orthogonality relation 
[ [Palla Pr xladoCela)es das = dn(@) nm 


S 
with max(|q|, |a|, [5], |e], |d|, |aa|,..., |as|) <1, dnsm = [][ 5n,,m,; 
j=l 


p(x|q) — p(x; a, b, C, d, a2,43,-- -,5|q) 


= (ae 104 ae bet , be 21 q)x 


8.30 


8.31 


OO 
s—1 e2iOk p—2i0r. 2\—1/2 
es) 
4 (apiece ie, ApErrt1 10% ,Ap41€2% iOn41 , An4+1€ 10441 —10% -Q)oo 
(e2iOe @-2Be: 9) (1 _¢ ay 1/2 


i 
(ces, ces, dets , des: q) 5,’ 


An(q) = An(a, 0, c, d, a2, a3,...,@5|q) 
_ on)" 1 (qA2 ghee ithe haat ithe 


a (q, AgghetNe-1, a 419"*5 Goo 
x (acAg,,q°’*, adA2,.q\*, bcA2, sq", bd Aa, .q"%";.9) 5, 
2 


where aj = ab and a4,, = cd. 
(Gasper and Rahman [2003b]) 


Prove that 


Pn(9"34, 159) = (gi d)eo | Uan (cos 8) (Hi, (cos 8|q))?(e7”, 7"; q) ood. 
0 


(Koelink [1996]) 


Let max(|a|, |b], |e], |d|) < 1, |f| < min(|a|, |0], |c|, |d]) and let N be a non- 
negative integer such that |fq~‘%| <1 < |fq~-‘~1]. Prove the biorthogo- 
nality relation 


_ go(a,b, c,d, f) 
Rm b,c, d, ae ee EO 
[, ieee OTT 
for m = 0,1,..., n = 0,1,...,N, where v(x;a,b,c,d, f) is the weight 
function defined in (6.4.3), go(a,6,c,d, f) is the normalization constant 
given by (6.4.1), 


2n(1 — abcdfq?"—+)(abcd/q, ab, ac, ad, 1/af, bedf /q;q)n 
(1 — abed/q)(q, cd, bd, bc, a*bcdf, aq/f;q)n 


TL 


hn (a, b, C, d, f) = 


| 


) 
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and Rm(x), Sn(xz) are the biorthogonal rational functions defined by 
Hal) = Ryn (a; a, b, C, d, 7) 

(a2bedf, be, df, de®, de-; q)m 

(ad, d/a, abcdf e** , abcdf e-**; q) m 
x 10Wo(aq~™/d; q'—™ /bd, q'™ /cd, 1/df, abcf, ae’ ,ae~” ,q~™; 4, 9), 
Sat) — Ron Cp a, b, C, d, f) 
_ (aq/f.a/af, de®, de“; q)n 
(ad, d/a, qe /f, qe~?/f;Q)n 
x 10Wo(aq_"/d; q'—"/bd, q'—” /cd, q/df, abc f /q, ae” ,ae~”,q~" 4, q) 


with x = cos @. 
(Rahman [1991]) 


Notes 


88.5 For additional nonnegativity results for the coefficients in the lineariza- 
tion of the product of orthogonal polynomials and their applications to convo- 
lution structures, Banach algebras, multiplier theory, heat and diffusion equa- 
tions, maximal principles, stochastic processes, etc., see Askey and Gasper 
[1977], Gasper [1970, 1971, 1972, 1975a,b, 1976, 1983], Gasper and Rahman 
[1983b], Gasper and Trebels [1977-2000], Ismail and Mulla [1987], Koornwinder 
and Schwartz [1997], and Rahman [1986d]. 

§8.6 and 8.7 The nonnegativity of other Poisson kernels and their ap- 
plications to probability theory and other fields are considered in Beckmann 
[1973] and Gasper [1973, 1975a,b, 1976, 1977]. A complicated formula for 
the Poisson kernel for the Askey-Wilson polynomials p,(x; a,b,c, d|q) in the 
most general case is given in Rahman and Verma [1991] (a typo is corrected 
in Rahman and Suslov |1996b]; also see Askey, Rahman and Suslov [1996] for 
a nonsymmetric extension of this kernel). Rahman and Tariq M. Qazi [1997al] 
contains a Poisson kernel for the associated g-ultraspherical polynomials. 

$8.8 and 8.9 A historical summary of related inequalities is given in the 
survey paper Askey and Gasper [1986]. For additional material related to de 
Branges’ proof of the Bieberbach conjecture, see de Branges [1968, 1985, 1986], 
and de Branges and Trutt [1978], Duren [1983], Gasper [1986], Koornwinder 
[1984, 1986], and Milin [1977]. Sums of squares are also used in Gasper [1994] 
to prove that certain entire functions have only real zeros. 

§8.10 Additional applications of qg-series are given in A.K. Agarwal, 
Kalnins and Miller [1987], Alder [1969], Andrews, Dyson and Hickerson [1988], 
Andrews and Forrester [1986], Andrews and Onofri [1984], Askey [1984a,b, 
1988a, 1989a,e, 1992-1996], Askey, Koornwinder and Schempp [1984], Askey, 
Rahman and Suslov [1996], Askey and Suslov [1993a,b], M. N. Atakishiyev, 
N. M. Atakishiyev and Klimyk [2003], Berndt [1988, 1989], Bhatnagar [1998, 
1999], Bhatnagar and Milne [1997], Bhatnagar and Schlosser [1998], Bressoud 
and Goulden [1985, 1987], W. Chu [1998b], Chung, Kalnins and Miller [1999], 
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Cohen [1988], Comtet [1974], Frenkel and Turaev [1995], Geronimo [1994], Ges- 
sel and Krattenthaler [1997], Gustafson [1989-1994b], Gustafson and Kratten- 
thaler [1997], Gustafson and Milne [1986], Gustafson and Rakha [2000], Ismail 
[1990-2003b], Kadell [1987a-1998], Kirillov [1995], Kirillov and Noumi [1999], 
Kirillov and Reshetikhin [1989], Koelink [1994-2003], Koelink and Rosengren 
[2001], Koelink and Stokman [2001a—-2003], Koelink and Swarttouw [1994], 
Koelink and Van der Jeugt [1998, 1999], Koornwinder [1989-1991la, 1992- 
2003], Koornwinder and Swarttouw [1992], Koornwinder and Touhami [2003], 
Krattenthaler [1984-2001], Krattenthaler and Rosengren [2003], Krattenthaler 
and Schlosser [1999], Leininger and Milne [1999a,b], Lilly and Milne [1993], 
Milne [1980-2002], Milne and Bhatnagar [1998], Milne and Lilly [1992, 1995], 
Milne and Newcomb [1996], Milne and Schlosser [2002], Rahman and Suslov 
[1996b], Rota and Goldman [1969], Rota and Mullin [1970], and Stokman 
[2002-2003c]. 

88.11 Mordell [1917] considered the representation of numbers as the sum 
of 2r squares. Milne [1996, 2002] derived many infinite families of explicit exact 
formulas for sums of squares. Another proof of (8.11.1) is given in Hirschhorn 
[1985]. Also see Cooper [2001], Cooper and Lam [2002], and Liu [2001]. 

Ex.8.3 For more on classical biorthogonal rational functions, see Rah- 
man and Suslov [1993] and Ismail and Rahman [1996]. 

Ex. 8.11 A second addition formula for continuous g-ultraspherical poly- 
nomials is given by Koornwinder [2003]. Addition formulas for g-Bessel func- 
tions are given in Rahman [1988c] and Swarttouw [1992]. For other addition 
formulas, see Floris [1999], Koelink [1994, 1995a, 1997], Koelink and Swart- 
touw [1995], and Van Assche and Koornwinder [1991]. 

Ex.8.19 A short elementary proof of the formula in (i) was found by 
Ismail and Stanton [2000], and is reproduced in Suslov [2003]. Other proofs of 
(ii) are given in Ismail, Rahman and Stanton [1999] and Suslov [2003, §4.8]. 

Ex.8.20 The expression given for Cy, is symmetric in m and n, but is 
equal to the one given in Koelink and Van der Jeugt [1998]. 

Ex. 8.29 This is a g-analogue of the orthogonality relation for the mul- 
tivariable Wilson polynomials in Tratnik [1989]. Also see the multivariable 
orthogonal or biorthogonal systems in van Diejen [1996, 1997a, 1999], van 
Diejen and Stokman [1998, 1999], Gasper and Rahman [2003a,b,c], Rosengren 
[1999, 2001b], Stokman [1997a,b, 2000, 2001], and Tratnik [1991a,b]. 
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LINEAR AND BILINEAR GENERATING FUNCTIONS FOR 
BASIC ORTHOGONAL POLYNOMIALS 


9.1 Introduction 


Suppose that a function F'(z,t) has a (formal) power series expansion in ¢ of 
the form 


Fat So ae. (9.1.1) 
n=0 


Then F(z, t) is called a generating function for the functions f,(x). A useful 
extension of (9.1.1) is the bilinear generating function 


A(z, y,t) = > Onfn(Z)gn(y)t”. (9.1.2) 
n=0 


We saw some examples of generating functions in Chapters 7 and 8. Some im- 
portant linear generating functions for the classical orthogonal polynomials are 
listed in Koekoek and Swarttouw [1998]. In this chapter we restrict ourselves 
entirely to generating and bilinear generating functions for basic hypergeo- 
metric orthogonal polynomials. Of the many uses of generating functions the 
one that is most commonly applied is Darboux’s method to find the asymp- 
totic properties of the corresponding orthogonal polynomials which, in turn, 
are essential to determining their orthogonality measures. Darboux’s method, 
as described in Ismail and Wilson [1982], is as follows: If f(t) = 0°" 5 fnt” 
and g(t) = >>) gnt” are analytic in |t] < r and f(t) — g(t) is continuous 
in |t| <r, then fn = gn + O(r—”). In a slight generalization of this theorem 
Ismail and Wilson state, further, that if f(t) and g(t) depend on parameters 
Q1,---,Am and f(t) — g(t) is a continuous function of t, a1,...,@m for |t] <r 
and a@1,...,@m restricted to compact sets, then the conclusion holds uniformly 
with respect to the parameters. As far as the bilinear generating functions 
are concerned one of the most useful is the Poisson kernel K;(x, y) defined in 
(8.6.1). A related kernel, the so-called Christoffel-Darboux kernel, is defined 
for orthonormal polynomials p,(x) by 


? 


S pala)pe(y) = ee Peet )Pald) — Pola) (a. 
k=0 n+1 L 


where k,, is the coefficient of x” in p,(x). (9.1.3) is a fundamental identity in 
the theory of general orthogonal polynomials, see Szegé [1975], Chihara [1978], 
Dunkl and Xu [2001], Nevai [1979], and Temme [1996]. Some evaluations of 
Poisson kernels were given in Chapter 8. Here we shall derive some important 


259 
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bilinear generating functions for basic orthogonal polynomials and give some 
significant applications. 


9.2 The little g-Jacobi polynomials 


For the little q-Jacobi eee defined in (7.3.1), we shall first prove that 


57 (aa dn (aq; )n A998; Tn in (3), (x; a, b; q) 


<" (Gq)n 
—t; d) co —xt, bx 
= ee 203 +0 RC —aqt| . (9.2.1) 


Let G(az,t) denote the sum of the series in (9.2.1). Using (1.4.5) and (7.3.1) 
we have 


Caged n —(5) —n 1—n n+l 
Dea) q \2/ odi(q_”, bq; zq ";q,aq""”), (9.2.2) 


which, when substituted into the left hand side of (9.2.1), gives 


G(x, t) 255. Nese xt)” (aq”/2x)* 


n=0 k=0 K(G5 4 q)n— 

= — (bzq; Qk kk? 

=). a (—at)*q eas (—axtq*)” 
k=0 qd 

=) Gade ee fei :@) (—at)*g*” , (9.2.3) 
pp q3;q (—axtq* ds 


from which (9.2.1) follows ae Note that while the g — 17 limit of 


cS a+l1. 
G3 On mn (0 Ls as 
oo In (2) pn ( -q 054) 
is )0° 4) P®?(x)t", which has the value 2°*°R-1(1 t+ R)~*(14+t+ R)? 


with R = (1 —2xt + t?)2, see Szegd [1975, (4.4.5)], the last expression on the 
right side of (9.2.3) does not give this limit directly. Nevertheless, it can be 
used to derive an asymptotic formula for p,,(xz;a,b;q) by applying Darboux’s 
method. Observe that, as a function of t, the pole of G(z,t) that is closest to 
the origin is at —xz~', the next one at —(qx)~', the next at —(q?z)~', and so 
on. Clearly, 


| (bg; q)k (©~*}4) co k 
lim (1 + atq” G(a;t) = ——— ——(a/ 2)", 
t——(xq*)-1 ) ) (q; Qk (q; Foo / 
and so a suitable comparison function for asymptotic purposes is 


$3 (e0:0)e (2 3G) x5. (a zy" 


= (GQk (G5 Q)oo 1+ 2tq" 


(x7 ee 00 (abg™**; q 
= —xt)™. 9.2.4 
age arr es (9.2.4) 
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Combining (9.2.4) and the left side of (9.2.1) we find, by Darboux’s theorem, 
as extended by Ismail and Wilson [1982], that 


=e i 
Pn(2; a, b; q) oe (Deo (_pyng-(G), #7 0; 190,0" yess; 
(49; d) oo 
uniformly for x, a and b in compact sets. 
Now we shall reconsider the Poisson kernel for the little g-Jacobi poly- 
nomials given in Ex. 8.3, which has the right positivity properties but suffers 
from the flaw that it does not directly lead to the known gq — 17 limit: 


CO 


yp mace a2 


n p(a,f) (a,B) 
GOED OrU.C LD. = ee eee) 


n=0 
1-—t 


~ Gere | 


a+8+2a+B6+3 a’ 6? 
sa i rip ase ne 1 ne 2. 
Dg AFL B+ GG], (9.2.5) 


where a = sin@sin d@, b = cos@cos¢, k = 4 (t3 +t-2), 0<0,¢<7,0<t<l, 
see Bailey [1935, p. 102]. First, use the product formula Ex. 8.1(i) to obtain 
the following expression 


CO 


1 — abg?"** (abq, ag; ¢)n 
Ki(z,y) = >> ela nl OE ELLE) 


t/aq)” Pn(x; a, 6; q) Dn(y; a, b; 
Tas Cee ( qd) Pn(y; 4, 6; q) 


n=0 


CoO min(xz,y) 
( 


= abq’; q)2r+2s Gan q*)s t'+8q—Sq(etu)(r+s)—s°—2rs 
7: en (9, aq; @)r(9; bg; @)s 


1 abn 494 (aig gy 


aT Ge TO 028 


What is needed to compute now is a series of the form 


Peer Oe Oi ea aye 
a = Ga (—t)" = hi(a), say. (9.2.7) 


Tr 
Without the q(2) factor the computation is trivial via the g-binomial theorem 
(1.3.2). But with this factor the best one can do seems to be to consider this 
as the b —> oo limit of the very-well-poised series 


4W3(a; b; q, t/b) 
which, by (3.4.8), transforms to 


(t, aq*t?; q) 1 it tot 1 
Giaigeae ata? 3 We aW (agt; (aq)? , —(aq)?,ga?, —qa?, bat; q, t/ b) 


=(1-9 (—qta?, ~tg? a? : t(ag)? /b, tqa? /b; q) 0 
(—tq?, —tq, t/b, atq? /b; qd) x 
x 3W (atg? /6; tq?, (aq)? qa? , —a? /b, —(aq)* /b; 4, tq? ), 
(9.2.8) 
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from (2.10.1). Since 0 < t < 1, it follows by letting b — oo that 


) ee eis Q) oo 


h(a) = (1 —t 
a a2 a F 3 
eel | at ant, 5 q,ta? (9.2.9) 
—gta?2, —tq2a2 


So, if we replace a and b in (9.2.6) by g® and q’, respectively, and use (I.6) 
and (1.25), then K;(x, y) of (9.2.6) can be written in a more suggestive form 


1-—t 
Ki (x,y) = o_o 
(—tq2 59? Jat e+2 
oo min(z,y) (q2(ot6+2), g2(et+B+3) _@3(o+8+2) _93(o+8+3). q) 


x r+s 
dX = (ag ere te) tg errr) Gg) 2, 
: (q=2, q 9: q)s(tg@ tv)" t8q—8 —2rs—2s 
(9g, q°+1; q)r(q,q°t"; 9) 
gr tsta Sala gr tsta ee taq2 
X 302 tg" ts+2 (a+8+3) ,—tg’ testa ou (9.2.10) 


It is obvious that the q — 17 limit of (9.2.10) is indeed (9.2.5) and that the 
expression on the right side of (9.2.10) is nonnegative when 0 < ¢ < 1 and 
a,?>-—l. 


9.3 A generating function for Askey-Wilson polynomials 


There are many different generating functions for the Askey-Wilson polynomi- 
als rn,(x; a,b, c,d\q) defined in (8.4.4), of which 


“. (abed/q; q)n 
Gx(e5a,b,0,d\q) = J) EE De gry, (asa, b,c, dla), lt] <1, (9.3.1) 
n=0 y] nm 


is one of the simplest. By Ex. 7.34, 


ge“? /d i0 ~i6 
G;(x;a, b,c, d\q) = D71(6) / (due, due” , abedt/q; d)o0 
qe*® /d (dau/q, dbu/4q, dcu/q; q)oo 
abcd/q, be, q/u. 
male | ad,abedu/q >” mata dats (9.3.2) 


where D(6) is defined in Ex. 7.34. However, by (3.4.1), 


$ abcd/q, bc, q/u. we _ (abedt/q; 4) 
Br? 1 ad, abcdu/q ’ 2 (E99 ec 


ead ore —(abcd/q)? , (abcd)? , —(abcd)? , adu/q. F (| 
ad, abcdu/q, abcdt/q, q/t a 
(abcd/q, adt, abcdut/q, adu/q; q)x 
(ad, abcdu/q, adut/q,1/t;q) x 
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er t(abcd/q)? , —t(abcd/q)2, t(abcd)? , —t(abcd)? , adut/q. 
oi adt, abcdut /q, abcdt? /q, qt a 


(9.3.3) 


Substituting this into (9.3.2), using (2.10.18) and simplifying the coefficients, 
we find that 


(abcdt /q; ‘ts 
G x; a,b,c, d\q = 
(abed/q)?, _(abed/q)} , (abcd)? , —(abcd)?, ae®®, ae? 

X 605 | ab, ac, aa abcdt/q, q/t a 
abcd/q, abt, act, adt, ae’’, ae~*?; q) x0 
(abcd/q, abt, act, adt, ae”, ae~""; d) oo 

(ab, ac, ad, ate*®, ate—*®, t-1; q) oo 
x gs | labed/a)?, —t(abed/q)* , t(abed)? , —t(abed)* , ate", ate—? 

6 abt, act, adt, abcdt /q, qt vars 


+ 


(9.3.4) 
The generating function given in Ex. 7.34 is a special case of (9.3.4). 
A more difficult problem is to evaluate the sum of the series 
Hi, (a; a, b,c, d|q) = 57 (a5.a)n Cue Tn(x; a, b,c, dlq), (9.3.5) 


= (G4) 


where a is an arbitrary parameter. For a = ab this would, in particular, give 
a qg-analogue of the generating function of Jacobi polynomials given in the 
previous section. Note that 


A(x) = aor b,c, dlq) 


= eee te m ym | 
7 a =a (Gam a" Gtgm (x; a, b, C, d\q). (9.3.6) 


So, use of (9.3.4) in (9.3.6) gives 
(a, abedt/q; @)oo ~~ (t, abed/ ag; q)m 


H,(2) = ae 
a (t, abced/q;4)o0 —, (gq, abedt/q;4)m 
(abed/q)?, er , (abcd)? , —(abcd)? , ae*®, ae“? | 
X 605 | ab, ac, ad ag nC am re 


(a, abt, act, adt, ae”, ae~*?; q)oo a eae d)m 
(ab, ac, ad, ate*’, ate~?, t- “te (95 )m 


m=0 


(abt, act, adt, qt; q)m 
Sone tq’ (abcd/q)? ~tq' (abcd/q)2 tq’ (abed)?, _tg™ (abed) 3. 
an abtq™, actq””, adtq™, ae 


atg™e’?, atq™e—"” 
abcdt?q?™+! 19,4) - (9.3.7) 
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Since, by (1.4.5) 


21 (abcd/agq, abcdtq”—*; q, aq") 
— (atg”, abcd” *; Q) 0 


Sa Fen Ter aE ed Gidea nea. (09: 
(aq”, abcdtq?— ye Q) oc obi (q~ YO C /aq; a Cad 5g, atg ie ( 8) 


the first term on the right side of (9.3.7) becomes 


(at; Q)oo *\ (a, abed/aq, ae® ae~": g)ngl2) 2 
ts ths $ estan ae Fiat og 


x 706 q ee ’ —q" (abcd /q)2 ; q” (abcd) 2 2g " (abcd) 2, a 
abq”, acq”, adq”, abcdq?”—", 
—10 


aq” ei? , aq” e 
atq” aa 9, (| . (9.3.9) 


Interchange of the order of summation followed by the use of (1.4.5) and sim- 
plification in the second term of (9.3.7) gives 


(ab, ac, ad, at, abcdt2/q, t—!, ate, ate—; q)oc 
> (abed od, #15 dn (a2) 
“~ (q, abedt/q;q)n 
x db¢ at, t(abcd/q)?, —t(abcd/q)?, t(abed)? —t(abcd)? , ate, ate~ 
‘ abt, act, adt, at”, abcdtq”1, tq'—” 59,4] - 
(9.3.10) 


In the special case 6 = aq?, d = cq?, c— —c and a =ab= a2q2, both 7¢¢% 
series above become balanced 4¢@3’s, which along with their coefficients, can 
be combined via (2.10.10). Denoting the sum of (9.3.9) and (9.3.10) in this 
combination by G(x; a, cq), we get 


Gt (x; a, clq) 


1 ° 
(a*t, a*tq2, a*cte”’ , a*cte 


das 

(actq? akctq2 , ate”, ate—; q)oo 

x 57 len aca?, Pa? acl, ae d)n(aPcta? dan _ (4242g4)" 
= (q, at, a2tq2, a2ctq2 e%9, a2ctq2 e-9: q)n (a2c?; q)an 


x sWr(aPctg?"}; atq? /c, acq”™ acg’t 3, aq” e’’  aq’e*’: q, act). 
(9.3.11) 


Unfortunately, neither the gW7 series inside nor the outside series over n can 

be summed exactly except in the limit g — 1~. If we replace a and c by 
1 1 1 1 . . 

q2(¢t+3) and q2+2), respectively, in (9.3.11), then 


q- 17 
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=(= t)B+1 Ro B- pe id ba 7 


x oF " sae +94 Dyn Hock 9-2), 201—2) “| _ (9.3.12) 


By the summation formula Erdélyi [1953 Vol. I. 2.8(6)] we can evaluate the 
above 2F; series, and then do the summation over n in (9.3.12) by the bino- 
mial theorem (1.3.1) to obtain the well-known generating function Szeg6 [1975, 
(4.4.5)] for the Jacobi polynomials. 


9.4 A bilinear sum for the Askey-Wilson polynomials I 


We shall now compute the sum 


F(a, y|q) = D4 Ray oo (bed £9)" bat (=) rn (y), (9.4.1) 


where r,,(x) is the Askey-Wilson polynomial given in (8.4.4), 


k= K(G,.0.¢: ain ra(2)2w(e)de) (9.4.2) 


and f and g are arbitrary parameters such that the series in (9.4.1) has a 
convergent sum. By Ex. 7.34, 


ra(cosd) = B-*(0) | 1 (duel? bueW", abcdu/q; d)oo(eds 4/24; 4)m_ 
. 7 get? /b (bau/q, bcu/q, bdu/g; q)oo(ab, abcdu/q;q)n 
x (abu/q)"dqu, (9.4.3) 


ra(cos d) = C-1(4) ae (cve'?, eve", abedv/4; 4) o0(bd, 4/054) n 
. geit/e — (cav/q, cbu/q, cdv/q; q).0(ac, abedu/q; q)n 


x (acu/q)"dqu, (9.4.4) 
where 
_ _ 2g(1— 4) . 
B(@) = SA ac, ad, cd; q)oh(cos 8; b)w(cos6;a,b,c,d\q), (9.4.5) 
and 
p) a Oe (q, ab, ad, bd; Q)ooh(cos 0; c)w(cos 0; a, b, C, d\q). (9.4.6) 
Hence 
ae (bue’’, bue~*?, abcdu/q; 
es = q5 Vx 
z,ylq) = B-+(6)C7! / ST 
(ul) ees gei9 pb —— (bau/q, beu/q, bdu/q; q) co 


x / 1 "*/¢ (eyei®, cve*, abcdv/q; 9) cc 
ge’? /c (cav/q, cbu/q, cdu/q; qQ) oo 
x gsW7(abced/q; ad, f, 9,q/u,q/v;q, abc’ duv/fgq*)dgudqv. 
(9.4.7) 
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However, by (2.10.10) the above gW7 equals 


(abcd, bc/f, bc/g, abcd/ f 9; d) oo 
(bc, abed/ f, abed/g, be/ 9; qo 


a ad, f,g,abeduv/qr 
oe abcdu/q, abedu/q,qfg/be’ "4 


(abcd, ad, f, 9, abeduv/q”, ab*c*du/fgq, ab’c’du/ 99; q) 
(bc, abcd/f, abcd/g, abcdu/q, abcdu/q, ab2c?duv/ fgq?, fg/bc; qd) 


bc/f,bc/g, abcd/ fg, ab?c?duv/ fgq? . 
aes ceeds ab?c2du/fgq, beq/ fg ° 24)’ ee) 


which, when substituted into (9.4.7), leads to the sum of two terms, say, F' = 
Fy + Fo, where 


_ (abcd, be/ f, be/g, abed/f9;q)oo 5-1 = 
EGO = (oe ahealfabedlgbelig@a O°" 


en Cn ae 
2 (q,af9/bc; q)n 


: fait (bue® , bue~*’, abcdug”—*; q) oo 
qe*9 /b (bau/q, bcu/q, bdu/q; q)oo 


n=0 


ge"? fe (cve’?, cve—*?, abcduq”, abeduvgq-?; qd) x 
as ay SAS ae TS aS TaN ET TO 
qett/e —s (cau/q, cbu/q, cdu/q, abcduvg”—?; q) 00 
(9.4.9) 
and 
(abcd, ad, £95 Veo =| =| 
F: SBD 
ate vl) (bc, abed/ f, abcd/g, fg/bC; q) 0 ee 


~. (bc/ f, be/g, abcd/ f 9; q)n - 
x So! /f, be/g AFI; Dn g 
(q, beq/f939)n 
x / ae" /? (bue®, bue~®, ab?c2dug”/ fg; q) oo 
gei® /b (bau/q, beu/q, bdu/g; 4) oo 
, rr (cve’?, cve*?, ab?c*duq"1/ fg, abcduv/q?;q)co 
qei?/e —-—« (cav/q, cbu/q, cdu/q, ab?c*duvg"—*/ 95d) co 
xX du dgu (9.4.10) 


n=0 


with x = cos0, y = cos¢. The g-integral over v on the right side of (9.4.9) 
can be expressed as a terminating g@7 series via (2.10.19), which can then 
be transformed to a balanced 43 series that can be transformed back into a 
different g@7 series. The final expression for this g-integral turns out to be 


(de’®, de~*?, bdu/q; 4) n 
(ad, bd, d/a;q)n 
x gsWr(aq_"/d; ae’®, ae~*®, gq’ " /bd, q~”, abu/q;.q, q7/adu). (9.4.11) 


C(¢) 


9.4 A bilinear sum for the Askey-Wilson polynomials I 267 


The q-integral over u in (9.4.9) then has the form 


a (bue’?, bue~*?, abcdug”—*; DQ) oo 
dgu, 
q 


e9/h  (baug*—*, beu/q, bdug”*~*; q) oo 
which, by (2.10.18), gives 
(ae, ae-*9: q), (de®, de-®: q) ns 
(ad; q)n(ac; q)K (cd; q)n—x 
Substitution of (9.4.11) and (9.4.12) into (9.4.9) then gives 


B(0) (9.4.12) 


Fi(z, ylq) = (abed, be/ f, be/g, abcd/ f95 d) oo 
UID) © (66 abed/ f, abed/g, be/ f9; Qa 
~. (f, g, de®’, de~*’, de*?, de~**; q) n 
x S- (F,g,del de ™ det dei Mn gn 
4 (q, ad, bd, cd, d/a, qf g/bc; ¢)n 


b 
x 10Wo (aq-"/a: ae’, ae”, ae’?, ae~*?, q' -"/bd, q'-"/cd, q~-"; 4, —). 
(9.4.13) 


The q-integral over v in (9.4.10) equals 


Cg) abdue*/a abTedare*?/F95 deo 
(ab2cdug”—1te-*? / fg, abde—*?; q) oo 


x 3W7(abde~*? /q; ae? be—*?, de~*?, q/u, fgg ”/be; 4, ab*cduq”‘e*?/ fg), 
(9.4.14) 


which is a bit more troublesome than the previous case because the gW7 series 
is nonterminating unless fg/bc is of the form q~*, k = 0,1,..., which cannot 
be the case because of the factor (bc/ fg; q)o. in the denominator of F\(z, y|q) 
and of the factor (fg/bc;q)oo in the denominator of Fo(xz,y|q). So either we 
split up this gW7 series into a pair of balanced 4¢3 series via (2.10.10) and get 
bogged down in a long and tedious computation, or seek an alternative shorter 
method. In fact, by (6.3.9) the expression in (9.4.14) can be written as 


F , F 2 n 2 n nr 
C(#)(q, ae’, be'®, det? Poca, a, Set abu/g, bdu/g, adu/q; ) oo 


2m (ab, ad, bd, ab2cdug”—1e* / fg; q) s 


1 1 “4 1 4 
x / ed 9 te 9 ed 9 4) 
| d a b qd 


h(z;e—2*4 (abd)? ) 


Ge ee 9.4.15 
h(z; be(abd)2 gre 2°? / fg) ( 


assuming, for the time being, that 


mex ((F) CZ) 


y) } 


ay! |) rae (9.4.16) 
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If we make the further assumption that ad = bc, then the q-integral over u 
reduces to 


re (bue’? , bue~*’, ab2c? dug” 1/f9; q)codgu 
ge? /b — (ab2cdugq”—1e*#/ f g, q-1 (abd) 2 ue*?— 2*%, gq-1 (abd) 2ue~*?— 2 °F: G) og 
which sums to 
l(ae™, ce’, de®’; @)oo|? (ce *9; @) 00 
(ac, cd, ad, abcdg”e**+*9 / fg, abcdg”e'?—® / fg; q) _ 
: h(2z; be2q” (abd)? 2" / fg) 
h(z; e— 2*4(ad/b)2, e-*-2*4 (ad/b)2) 


BO 


(9.4.17) 


So the q-integral in u over the expression in (9.4.14) equals 


B(0)C(¢)(q, ae’®, be’?, ce~*?,, de®? q) 90 |(ae’’, ce*’, de®; q) o0|? 
21 (ab, ac, ad, ad, bd, cd; q) a 
(abedq” / fg, ab’cq” fg, b’cdq”/ F934) x 
(abcdg"e'?+#?/ fg, abedqre?—*9 / fg; @) oo 
, [ h(z;1,—1,q2,—q?) 

4 AZ; (ab/d)2e2**, (ad/b)2 e2**, (bd/a)2e2**) 

: h(z; (abd) 2 e~*9/2,, be? (abd)? 4" e2%4 / fg) 
h(z; (ad/b)2 e#°— 2**, (ad/b) 2 e—*°— 2**, be(abd) 2 qre—2**/ fg) 
‘ — =: (9.4.18) 
with ad = bc. Since this integral is balanced we have, by (6.4.11), as its value 


the sum of multiples of two balanced very-well-poised 19W 9 series. Combining 
this result with (9.4.13), we then find the following bilinear summation formula 


s Lear a : (b*c*q oe , ab, ac, f, 93 4)n fas )" 
a ee 1 (q, bea aT Fleant afl Bale) fga2 
X Pn(x; a,b,c, bca~*|q) Tn(y; a, b, c, bea *\q) 

OTe, bc/f, bc/g, b? c7/ 939) Ven pm (f,95@) n|(bca~ *e i" , bca~*e ge saa 
(be, bc? / f, b2c2/g, be/ fg; 4) (q, bc, bc%a Z ,b2ca—!, bca~?, fgq/bc; q¢)n 
x Pte - sae? ae? ae’®, ae —id ,ab~ 1 cgi ia ac tb~ 2 gi aaa) 

in (b?c*, f, 9g, 0°? /fg, 0c? /afg; doo 
(ac, b’ca~*, bc?a-", be, c/a, b*c*/f, b’c*/g, fg/be, ab?c*/f9; 4d) 


, ; 2 
| (ce®®, bea~te??, b8c2e"? / fg, ab*c2e"? / f g; a) | 


2 
| (b2ceiO+0 / fg, b2c2ei0-i6 / fg: a) | 


x 
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—_ ey 2 
00 (be/ f, be/9, ab3c?/ fg; q) (rcPei tit / Fg, Were / fg: q] a” 


x 
2 
n=0 (4, b2c8/afg, beq/ 9:4) | (d8ce / fg, ab?ce'/ fg; q) | 


b3 2n—1 b3 3.n-1 b2 2.n b2 n 
x 10Ws(——4 _ a ae ) —— ,ae’’,ae*”, be’®, be~*?; g, a) 
fg fg fg fg 
rn (b?c*, f,g,b°c?/fg, ab?c/f9; Qo 


(ab, ac, bc, b?ca—!, a/c, b?c?/f, b?c?/9, fg/be, 


2 


b3c4 , 
a4) 
x | (ae’®, be’? , b? Pe” /afg, b?c%e'?/ fg; a) 
ined So 2 
is (be/ f, be/g, bc4/afg; 4) (B2ctei rit /a fg, ore! / Fg: a) a” 


2 

n=0 (4 abc? fg, beq/ f 9; a) | (b8c8/ af ge, b*c3e'?/ fg; q)_, 
leet Maa b2¢2q” b3c3qr—} b2c3q” 
afg ° fg’ fg ° afg ’ 


x 10 Wa ( ce’’,ce~”, bce’? /a, bce~*® /a; q, q). 


(9.4.19) 


Note that by analytic continuation we may now remove the restrictions in 
(9.4.16) and require only that no zero factors appear in the denominators on 
the right side of (9.4.19). Note also that we have tacitly assumed that a, b, 
c and the product fg are real, although it is not necessary. An application 
of this formula is given in Rahman [1999]. For a more complicated formula 
without the restriction ad = bc, see Rahman [2000p]. 


9.5 A bilinear sum for the Askey-Wilson polynomials II 


Let {w}?2,9 be an arbitrary complex sequence such that )7;",|wz| < oo. 
Suppose 


Gi(2z, ylq) := > Vikintn (2) nly) (9.5.1) 


where r,,(x) = Tn(x; a, b,c, d|q), 


7 (bc, ad; q)n aid (adq ada :)j 
(abcd; q)an 520 (q, abedg*”; q); 


Tae (9.5.2) 


and k,, is the normalization constant given in (9.4.2). We shall prove that 


~. (dei®, de~®, de’, de~**; q)n 
G — an eo ee ey ee ee 
1 (2, y|q) eS (q, bd, cd, d/a; Ox 


n=0 
x 10Wo(aq-"/d; g'—"/bd, g'—"/cd, q~-”, ae’, ae~”, ae"*, ae~**; g, beq/ad). 
(9.5.3) 


Wn 


The proof is actually quite simple. Use (8.3.4) to write 
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Tn(x)rn(y) 
_ (bd, cd; q)n (a\" — (q—-”, abcdqg”"; q)x 
(ac, ab; eka) ia (q, ad; q)x 


(de*’, de~*, de*?, de~*?;;q)k 
(ad, bd, cd, d/a; Vk 
x 190Wo(agq-*/d; q'—*/bd, q’—*/cd, q-*, ae’, ae~”’, ae’®, ae~*®; g, beq/ad). 


(9.5.4) 
Observe that 
Scene |e 2n—1 = eee a 
a 1 — abcdq : (abcdq~~, ad; q)n (ad)-" - (bc, ad; q)n (—adyq(2) 
<< 1—abedq* — (4, 83.9) n (abcd; q)on 
(q-", abeq” "3 @)k > (adq",adq";9)j 
(ad, ad; q)x = (q, abcdq?”; q); nrJ 
cee, 2k+2n-—1 =f), " 
- 3 1 abcdq — (abcdq Q)2k+n —1)"ql2)-* 
= 1 -abcdq (4; @)n(ad, ad; q)x 
yO ad Diets ay 
<p (G% 9)5 (abcd; q)ans2K+, oon 
(abcd; q)ok _k < (ad, ad; q)mWm ee - 
= Pe 13 (bcd ge Ugg” 
(ad, ad; Deo — (9; Q)m—z (abcd; Q) mak 4W3( q q q,4 ) 
= Wkd 


by (2.3.4), which immediately gives (9.5.3). 


9.6 A bilinear sum for the Askey-Wilson polynomials ITI 


We shall now consider another bilinear sum, namely, 


where 
Tn = (be, ad/f5@)n n — a 
n (ad, bcf;q)n Vi d (q, bef gq”, fq'—"/ad; q)x (9.6.2) 


f #0 being an arbitrary complex parameter and {o;}?°) an arbitrary complex 
sequence such that 5°", |o%| < oo. Changing the order of summation in 
(9.6.1), we can write it as 


CO 
OF 


J 


Go(z, y|q) = 
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= (be, adq4/f; Q)n q\n 
x d “Ghee. 4 )"Kntn(z)Tnl(y). (9.6.3) 


In the case ad = bc, which is what we shall assume to be true, the sum over n 
in (9.6.3) is the special case of the left side of (9.4.19) with f and g replaced 
by bc and bcq74/f, respectively. Note that in this special case the first term 
on the right side of (9.4.19) vanishes while the other two double series become 
single series. Thus, 


= (beq7F/ 39) / 2 j 

d berg a (£97) knt'n(Z)rn(y) 

(b2c?, f, cf /a; Q)oo|(ce”’, bea~te*?, bfe’?, afe’®; q) oo" 
(abf, bef ;q);|\(fer®**?, fe? *?; q),|? 
(f, cf /a; q);|(afe*?, bfe**; q),|? 

—, 's be fq? Hts ais vac, ae", belt, bes 49) 
(ab, ac, ic, boca, mare bef, be fam sq) lj er r'?, fer"? g) a? 
(bcf, bc? fa"; q)5|(fe?t?, fe? —*?; g),|? 

(f,af/c;q);\(befa-1e%, cf e'%; q);|? 

x 10Wa (be? fa *g? ‘sbcfq?—*, fa’, = 


ce’? ce? beat e’®, bca~ ns q, a) 
(9.6.4) 


Hence, 


Go(z, y|q) 
(b2c?, f, cf /a; Q)co| (ce, bea~*e*?, bf afe’?; q)co|? 


: y (abf; q)l(fe?*"?, fe? **; q) 5? 
(a f,ef/a, af/ac; q);|(bfe”, afer*; a) |? 
(b?c?, f, af /C5q)o0|(ae’’, be*®, be fate", cfe*?; ool” 
(ab, ac, bc, b?ca~!, a/c, bef, bc? fa-1; q)oo|( fer? t*?, fer?—*9; q) o0|? 
<> (be? fa"; asl(fe’**?, fet"; a) Poy 
(a, f af Jac, af /c; q)jl(befa-2e™, cf; q);P 


cfq 
a 


xX 10W9 (bc? fa-tqi1; befq’*, fe, ce”, cer, bea *e'?, bea. ee q, 4). 


(9.6.5) 


Zt2 Linear and bilinear generating functions 
Exercises 


9.1 Show that 


(C939) n 
——_ —.— P,, (aa, b,¢;q)t" 
4 (9, bg; @)n \ 
= 261(aq/x,0; aq; 9, qxt) 161 (bx/c; bq; 4g, cat), 
when P,,(x;a,b,c;q) is the big q-Jacobi polynomial defined in (7.3.10). 
Prove also that 


P,,(x;.a, b,c; q) ~ (aa/2, ca/25 d)o0 ad 
(aq, C3 Q)oo 


as n — oo, for fixed x 4 0, ag™™!, cqg™*!, m = 0,1,..., uniformly for z, 
a, b and c in compact sets. 
(Ismail and Wilson [1982]) 


9.2 Prove that 


pn(q";a, b3q) ~ q6 2 )(—ag)"-™"(bg"*4; q)o0/ (aq; Qe 


as n > oo, m= 0,1,..., uniformly for a and b in compact sets. 
9.3 Show that 
, (2,85 9)n (2) ‘ 
i ————— g\2/ pn (x; a, b; q)t 
0) 2 (q, 6g; @)n ( 


= 3 s (a, 8; ate aa n2 n(—atymtn 


a 
(q, 4g; )n(q, bg; G)m 


(ii) 
5 (abg I) n (atin (aa. b: 
d, Gane @ (qt) pn (2; a, b; q) 
(Ged). Gee (q, aq, qt(ab) 2, gt(abq)?; q)x 


k 4 k+l 4 
, (ab)2 , —tq2 i 
(ab) 1 oe Q; —tq? 
q’**,t(ab)2q**2 


9.4 For the g-Hahn polynomials defined in (7.2.21) derive the following gen- 
erating functions: 


(i) 
N 


(q7*;Q)n 
d, (9, bg; @)n \ 


= 2¢1(q* 0; bq; q, tq~”) 1¢1(q~*3 aq; 4, aqt), 
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am 
-N.g 
5 (ana Nia)n ou Un (2) Qn (a; a,b, N; q)t” 


n=0 
= a zi 71,0; g, -atg?-"*") obo(q?-™, aq?**; —; q, -tq™*). 
(See Koekoek and Swarttouw [1998]) 
9.5 For the dual g-Hahn polynomials defined in (7.2.23), prove that 


N 


() (qi dn p (u(a);,0, Niq)t" 


“% (Ga)n 
oh : qs ; bq; qd; bctg***)(tq7 ae ;q)N— xr) 


; “ (qk “1b , 
a) Be Ny; a 


= 9¢1(q"" bases ‘q—%; q, tq~*) (beqt; q) «- 


(See Koekoek and Swarttouw [1998]) 


md 


——__——— Rn (tu(a); b, c, N; q)t” 


9.6 Al-Salam—Chihara polynomials Q,,(x; a, b\q) are the c = d = 0 special case 
of the Askey-Wilson polynomials defined in (7.5.2). Prove that 


y Gal (x; a ee (at, bt; q)c 
; = fl ry 
——— Qn (x; a, b|q)t” 
Gi : De Qn(sa, 0) 
_ (at, ct /03 GQ) o0 ab/c, ae’, ae~*? 
tei alc 392 ab, at ;q,ct/a} , 


where x = cos, |ct/a| < 1, |t| < 1. 
(See Al-Salam and Chihara [1976], Askey and Ismail [1984], and Koekoek 
and Swarttouw [1998].) 


9.7 Using the recurrence relation of C(x; G|q) in Ex. 8.28 show that 


Ycrte ; B|q)t” 


___l-a te”, Bte~?, q, 
= (1 — 2at +) 302 gte®®, qte~® 5, 


Deduce that 


nr 


C8 (a: la) = Y> 8" (0 4/ 8a) Cnu(03 Ba). 


k=0 


(Bustoz and Ismail [1982]) 
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9.8 Prove that 
La x; 3|q)t” 
ar 


Z (A atihe: és 2 /X, te’? te 
7 (82, te*?, te—; q) oo 2 Bte*®, Bte-% Qs 


a 
where |A| < 1, |t| < 1. Using Ex. 7.35 show that 


oe alae 
n=0 


7 (q, q(X+8+2)/2 g(a-B)/2. gf. q) es (q(22+3)/4 68, g20+3)/4e—18. q'/?) 


Dn (qe tga te tts). ~ 


: h(yj1,-1, 92/2, —q2/2, tqSo+8+8)/4) 
/ ; ipa ies Cee al ili 
. Go oe tq (3a—8+3)/4 pid ,tg8o- B+3)/46— ; dy 
aye jqlo+8+5)/4¢ id “tq Sat8+5)/4@ id Sau ae a 


where y = cos @¢, provided 0 < G <a. 
9.9 Show that 


yo Maleate 


< (gq, ab, cd; @)n 


= 261(a/z, b/z; ab; q, zt) 261 (cz, dz; cd; q,t/z), 


where ¢ = 5(z2 +27"), |tz| < 1, |tz~*| < 1, and deduce the asymptotic 
formula (7.5.13). 
(Ismail and Wilson [1982]) 


9.10 (i) Prove that, for a@ = ab, 


CO 
(at/a)” 
S- a On a, big)hQn(y; a, Blq) 
n=0 q; ae | Tm 
(bt /a, ate” /a, a?te~*” /a, ate’®, ate~*?; q) 
7 (at, ate+*? /a, ate—*4 /a, ate’?— /a, ate—*°—*% /a; q) ie 


x gW7(a*t/q; ae’’, ae~”’, ae’®, ae~*?, at/B;q,bt/a), |bt/a| <1. 
(Askey, Rahman and Suslov [1996]; Koelink [1995a]) 


(ii) Show that the continuous qg-Hermite polynomial defined in Ex. 1.28 is 
related to the Al-Salam—Chihara polynomial by 


L a 
H,,(z\q°) = Qu(x; q?, —@? |q). 


Exercises 275 


(iii) Using (i), (ii) and the summation formula Ex. 2.17(ii) deduce the q- 
Mehler’s formula 


OO t? 
Ze n(2|q)An(ylq) ao 
Cancies 


— [feWTid, 1g eid pe-10-16, g) HI < 1, 


where x = cos6, y = cos @. 
(See Carlitz [1957al]) 


9.11 Use Ex. 7.33(ii) to prove that 


>> od "Cm (cos 6; qg?2|q)C. m (Cos @; q 2\q) 


n=0 m=0 
; 2 
(qetO+?), gei(9—-9). q) Ae 
(q2 et(O+9) | g2 et(9—-9). q) = 


(Ismail and Rahman [2002b]) 


9.12 Show that 


CO 


aE, an Cn(c08 6; 8|q)Cn(c08 43 Blq)t” 


n=0 
"8 B, BEE, tHO+9), 10-9), te), te HOD), a 


a3, (37/7, tetOt¢) | te(9- ) tee @) tee Pe) -d)n (Bt?; q)an yn 
= (4, Bt), tei ?) “Bt "), Bte~PF); q)n(t75 @)an 


x Ws ( GEG? Bee igus hte. tga G78), 
where max(|t|, |G], |y|) << land0<6,¢< 7. 


(Ismail, Masson and Suslov [1997]) 


9.13 Prove that 


— n (1 = q’*” \(q; Q)n n(n+2v)/4 
ye 2vV q 

x J (b; q)Cn(cos 6; A (cos 6; ”|q) 
SOTA ela a", “4 ie a i 


(q,q°",.=—Q’ Ts q 


n= 
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. ( — jq't-¥-7)/2 gil8+4) _jg(l-v—n)/2¢—16+9). a) 


Tr 


Gg ORee-o), iq t8vtn)/2 6i(o—#). a) 
(igh +y+n)/2ei(0-9), iqiitvtn)/2ei(o—8), a) 
x sWr( sg ag Oe re) fg eee ene) 


ig ee). iqgh—¥—7)/2 (9-4). g ’) 


(Ismail, Masson and Suslov [1997]) 


9.14 Show that 


~ [ee v+n ; 
se 1 a gninty)i2 7) (a(l — q)a; q) I (b(1 — q)x;q)Cy(cos ¥; q” |q) 
n=0 
abx?\"__ | a?(1 — q)2x? 
=() Fete +n(- 9) 
b . ob ae ° a2(1 — q)2x? 
x adr (<q +2/2el, 7 a vg +1. g ( q) 


7) 


where Rev >0,0<b<a,and0<w<r. 
(Rahman [1988c]) 


9.15 If k =0,1,2,..., and aG = ab, prove that 


Tr 
d, Galabegeg ono O:a, blq)Qn+k (cos Q; a, B\q) 
— eke (ae~*?, Be~?, ate’?, bte’?; q)co 
(af, te*O+#), tetlO-9) e295 g) 50 
i i i(0 i(p—@ 
x 43 i . ie | 4; a 
4 e tke (ae’?, Be'?, ate~*?, bie q)co 
(aG, te(—-9), te-10+9) , e249: 9), 


X 403 | ge~ 2! ate~*?, bte-‘? 59,4 


where0<@0<a7and0<¢<T. 
(Ismail and Stanton [1997]) 
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9.16 For k=0,1,2,..., show that 


CA cos 6; 3|q)Cn (cos $; y|q)t” 


n=0 


ive (8, Be 18 ytelO+)  vte(9—9): @)., 
(q, tet(9+¢) tei(9—¢) e720. “alg 


q/B, 4e2i9 /g, teil0+8), pei O) . % 
X 103 | ger"? vtet(Otd)  ytei(9—4) 59,9 q 
(Biber te P=) ate OO) a). 
(q, tet(o—9) , te—t9+¢) , 6278: g) 


q/B, ge —2i0 , tet(o— 0) te H+) 
x 43 | qe 28 vytei(e— 0) yte—i(6+8) 3q,8 q ) 


ae e tke 


where0<@<7 and0<6< 7. 
(Ismail and Stanton [1997]) 


9.17 (i) Use (9.5.1)-(9.5.3) to prove that 


3 (q~% ,aBy6qy—";@)n (1 — abcdg?”—*)(abcdgq~*, ab, ac, —ab; q)n 
(aB, —76; g)n (1 — abcdq-1)(q, bd; ¢)n (abcd; q)an 


n=0 
n n—N n+N-1 
CS.) n q’-” , aByéq , abq” , —cdq” 
xq (d/a) 403 abcdq2”, aBa", nba" 59,4 
X Tn(z; a, b,c, d\q) io oe b,c, dlq) 
_ (-ab, 6;9)N 1 wee eee 1 —ab; q)m|(de*’, de*?; q)m|q™ 
7 (ab, — 6; q)N (q, ad, aa bd, —a, 70, d/a; Q)m 
x 10Wo(aq™/d; gq’ ™/bd, q. ™/cd, q”", ae, ae", ae’?, ae"; qd; =<), 


(ii) From (i) deduce the projection formula 


Pe Gray =-S- gig) PO? "(a.a), 
n=0 


where P\?” (x; q) is the continuous g-Jacobi polynomial defined in (7.5.25), 
and 


ath gh th. a) (gett, —a3@)n 


(q, —43 4) m(q?t PT! gon 


(Qa a og 


(93) m—n(q*t?, —g°*45 @)n 
n—mM gn ae. qcnere a 


X 463 get O+2t2n, gatntl _gbtnti 59,4] - 
y) 


g(n, m) = (9 


n(n—m) 


(Rahman [1985]) 
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9.18 In (9.5.2) and (9.5.3) take ad = bc and 
(bc, bc, beq/f, oByb f/D8C?; Q)n 
Also, in (9.6.2) and (9.6.3) take ad = bc and 
_ (af [be, Bf [bey yf [be, 6f [bcs an mn 
(aByé f?/b*c*; d)n ) 
Choosing appropriate multiples of (9.5.1) and (9.6.1), show that 


ct (1 = Be? gt") (bc? gq", ab, ac, 0, 8,1, 65 DnB YF/bC Dam 
n=0 (1 — Oceg=*) (4 bc?a~t, bca~1, au wee oP amet ) Qn (b2c?; Q)an 


be ’ be 
O0UF OE ORY Cee ee ne OL VT TY 
x sWr ( hp ’ b3¢3 ’ 5 » Ad , Bq 57d 34; =| a2 


X Tn Gz a, b, C, bea" lq) ln (y; a, b, C, bea" Iq) 


_ (af /be, Bf /be, yf /be, oB yf /be; q) 0 
 (aBf /bc, ayf /be, By f /be, f /bc; q) 0 
— (a, 8,7, 55 @)n| (bea *e, bea *e**; q)n|?q” 
<— (q, be, be, b’ca~*, be? bea~?, aB 6 f/b8c%, beg/F;9)n 


Wn = 


x 


x 10Wo (a?q-” /be: aq'—” /b*c, aq’—” /be?, q~™, ae’, ae”, ae’®, ae—**; q, a) 
(a, 8, 7,6, aByf/be, aBy6f?/b*c*, f,af/C5 Moo 
(aGf /bc, ayf /bc, Byf /bc, 6f /bc, ab, ac, bc, b?c/a5; q) cx 
|(ae®”, be*?, bc fe’” /a, cfe’?; q)o0|? 
* le be? f /a, be/ f, aByY6f/bFc%; q) oo|( Fert), fetP—%); q)oo|? 
: 3 aries Bf /be, yf /be, 6f /be, be* f /a;q)n (FeO, feel; dnl?g” 
<< (4, f,af/be, af /c, aBy6 f?/b*c*;q)n (ce fe*®, be fe” /a; q)n|? 
x 19Wo(be? fq" +/a; fq”, befq"*, cfq”/a, ce’’, ce~*”, bce’? /a, bce *? /a; q, q) 
i" (a, B, 7,6, ab yf /be, f, cf /a, aBY5 f?/b*c*; Q) 0 
(aGf /bc, ayf /bc, Byf /bc, 6f /bc, ac, bc, b?ca~", bc2a-1; q) ao 
|(ce*’, bce’? /a, bfe®’, af e*?; q)oo|? 
* a, abf, be/ f, oBy5f /B8c7; q) col (feet, fet); q) oo? 
JS (of be, Bf be, 1f [be 5f [be abfa)n fet *4),fe¥-; ala 
(af af/be,cf/a,aBybf?/b*ct;q)n — |(afe*?, bf es; q)n|? 
x 10Wo(abfg”—*; fa”, befq"—*, afq"/c, ae”, ae~”, be'®, be~**; g, ). 


(Rahman [1985]) 


+- 


9.19 Show that the special case a = be = —7y, GB = beg? = —6, f =t of the 
formula in Ex. 9.18 gives the Poisson kernel for the special Askey-Wilson 
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polynomials r,,(x; a, b,c, bea~*|q): 


> (1 — b?7¢7q?"—1) (b2c7q71, ab, ac; q)n (1 /a2)” 
ew (1 — bc? te bc2a-}, Pagal: Q)n 


X Tn (x; a, b, ©, boa la) rales b,c, bea” *|q)) 


) (beat doo q) oo is —be, —bcq? :q n|(bcea~ te, bca~e??: gq), |2Q” 
=e atid: §* 
ees q) oo = (q, bc?a—1, b?ca~!, bc, bca~?, beqt, beq/t; q) 
(tdt/ C0" -G)aa|(ae" be wete’. bea. te" 3G) a6 |" 
(ab, ac, bc, ac~!, b?ca~!, bce?a=1t, be/t; q) o0|(te* 9+), tel $—®); g) |? 
x 3 (—t, tq? ’ —tq? ) bc?a~'t; q)n|(te®?*?), te'(9-9), qQ)nl? n 
— — (a, at/be, qt?, at /c; q)n|(cte’?, thea~*e*; q) n |? 
x 19Wo(be?tq" | /a; tq”, betq”*, ctq” /a, bce’? /a, bce~*? /a, ce’’, ce~”; gq, q) 
(t, ct/a, b?c?; q) ol(ce’, bea Te"? ate, bie’; g) 00? 
(ab, be, b?ca~!, bc2a—!, abt, bc/t; q) o0| (te*P+%), te*9—-%); g) |? 
x 3 (—t, tq? , tq? abt; q)n|(te*O*, te; q)a|?_, 
<* (4, qt /be, qt? ct /a; q)n|(ate’?, bte?; q)n/? 
x 19Wo(abtq” 1; tq”, bctq” 1, atq”/c, ae’”’, ae~””, be’®, be~*?; g, q), 
whereO<t< 1. 
(Rahman [1985]; Gasper and Rahman [1986]) 


9.20 Prove that 


OO 

> g "2dr (ste, ste; 5?; g, —q"t 7) ad (se™” /t, se /t; 87; g, —q”) 
n=— oo 

(1 — qt?) (4.4, —q°t? /s*, —s?/qt*; a) 

7 € a ou cos @ + | (—qt?, —t-?, =), =; —q, —q, a Se, a; qs~*; @) co 

. h(cos 6; st, —st, gst, s/t, —qt/s) 

h(cos 0; q? ’ —q? »q, —, qt/s) 
x gWr (ai?: q, ste’”’, ste~””, qte’’/s, qte~” /s; q, a) 


where |t| < 1, 0 < 6 < a, and appropriate analytic continuations of the 
291 series are used as necessary. 


(Koelink and Stokman [2003]) 


9.21 The continuous g-Hermite polynomial H,,(cos 6|q) in base q~t becomes 


n 


hy, (sinh 0|q) = ele I, (—1) k gre 1) o(m—2k)0- 
k=0 
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Show that 
; > a2) inh ola)e" =< 2 
" x (93 q)n eee (te~°, —te?; q) oo’ 
(i) S q\2/ hy (sinh 6|q)h, (sinh |q) in 

= (934) 


= (te?~?, te?" te? ?, te FF: a) c0)/ (875 G00 
(Ismail and Masson [1994]) 
9.22 (i) For |ja/@| < 1, prove that 
(q, 0*/B"; 9) 00(98"5 1" oo 


E,(cos 6; a) = (qa2; q2) 
r Qi p—2ip. 
x = _ (ee doo op E, (cos W; 9)dy). 
T JO h( cos db; $ Le? Be i 


(ii) Prove that 
E “ 0; a)Eq re 0; 3) 


2. ee (—aZ-! (1—n)/2. ie 
= 1 te ya ete aa) Un B"q” /4C;,(cos 6; |g) 
= a e, = ~1_(n+1)/2 
x 21 | Bar $ a aa 4,0? ; 


(See Bustoz and Suslov [1998] for (i), and Ismail and Stanton [2000, (5.8)| 
for an equivalent form of (ii).) 


9.23 Prove that 
3 (abcdq—', ac, ad, a'b’,a'c’,a'd’; q)n(bb' cdt; at t )" 
— (q, cd, bc't, b’ct, bd’t, b'dt;q)n(abcdq-';q)on aa’ 
x gW (bb/catq?”—"; bcq”, bdq”, b’c'q”, b'd’q”, bt /a’; q, a’t/b) 
x Tn(z;a, b,c, dlq) rn(y3a’, b,c, d'|q) 
_, OU edb dtc tte’ .bte*? .cle’? <cte Pte’ Vie *°.cte’ ete 39) 3 
—— (be't, b/ ct, bd’t, b'dt, bb't, cc’t, te*O+%) , te*(9—-4)  tet(d—-9), te—-*(9+ 4); g) 
xX 3W, (o6't/q; be” be”, b’e’®, b’e®, bt /a’; q, a't/b) 
x gW (cc't/q; ce’ ce? ce’? he? ct /d; q, d't/c) 
where ab = a’b’, cd = c'd’, x = cos, and y = cos@. 


(Koelink and Van der Jeugt [1999]) 
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§9.3 The special case a = ab, b = ag?, d = cq?, c > —c of (9.3.7), in 
which case the expression on the right side of (9.3.7) can be combined into a 
sum of gW7 series, was given by Ismail, Masson and Suslov [1997]. However, 
formula (3.6) in their paper does not directly lead to the generating function 
S- Pio?) (x)t” when one sets a = q®/2+1/4, ¢ = q/2+1/4 and takes the limit 
n=0 

q-— 1. 

Ex.9.14 A product formula for Jackson’s q-Bessel function I) (x: 4), 
which is obtainable from this formula, is used in Rahman [2000a] to evaluate 
a Weber-Schafheitlin type integral for these functions. 

Ex.9.18 This is a g-analogue of Feldheim’s [1941] bilinear generating 
function for the Jacobi polynomials. 

Ex.9.20 Rosengren [2003e] computed a more general bilinear generating 
function in an elementary manner. Bustoz and Suslov [1998] gave a bilateral 
bilinear sum that generalizes the classical Poisson kernel for the Fourier series: 


(oe) 1 t? 
3 gimlemm(@—y) = —___- = tL. 
1 — 2tcos(x — y) + t? 


TL= — CO 


Ex.9.21 The continuous g-Hermite polynomials in base g~! were intro- 


duced by Askey [1989b] who also gave an orthogonality measure for those 
polynomials on (—oo, oo) and computed the orthogonality relation. Ismail and 
Masson [1994] gave a detailed account of the family of extremal measures for 
these polynomials. See also Carlitz [1963b], Ismail and Masson [1993], and 
Ismail [1993]. 
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q-SERIES IN TWO OR MORE VARIABLES 


10.1 Introduction 


The main objective of this chapter is to consider g-analogues of Appell’s four 
well-known functions F,, fF), F3 and F4. We start out with Jackson’s [1942] 
6), 6) 6%) and 6) functions, defined in terms of double hypergeometric 
series, which are g-analogues of the Appell functions. It turns out that not 
all of Jackson’s g-Appell functions have the properties that enable them to 
have transformation and reduction formulas analogous to those for the Appell 
functions. Also, starting with a g-analogue of the function on one side of a 
hypergeometric transformation of a reduction formula may lead to a different 
g-analogue of the formula than starting with a qg-analogue of the function on 
the other side of the formula. We find, further, that the alternative approach 
of using the qg-integral representations of these g-Appell functions can be very 
fruitful. For example, it immediately leads to the fact that a general ®() 
series is indeed equal to a multiple of a 32 series (see (10.3.4) below). The 
q-integral approach can be used to derive g-analogues of the Appell functions 
that are quite different from the ones given by Jackson. In the last section we 
give a completely different g-analogue of F,, based on the so-called g-quadratic 
lattice, which has a representation in terms of an Askey-Wilson type integral. 
We do not attempt to consider Askey-Wilson type g-analogues of Fy and F%3 
because these are probably the least interesting of the four Appell functions 
and nothing seems to be known about these analogues. Instances of Askey- 
Wilson type g-analogues of Fy, have already occurred in Chapter 8 (product 
of two q-Jacobi polynomials) and then in Chapter 9 (§9.5, 89.6, Ex. 9.18, and 
Ex. 9.19). Since in this chapter we will be mainly concerned with deriving 
and applying q-integral representations of g-Appell functions, in many of the 
formulas it will be necessary to denote the parameters by powers of g. Once 
a formula has been derived via the q-integral techniques, if it does not contain 
any qg-integrals or g-gamma functions, then the reader may simplify the formula 
by replacing the q%,q°, etc. powers of g by a,b, etc., as we did in the formulas 
in the exercises for this chapter. 


10.2 g-Appell and other basic double hypergeometric series 


In order to obtain g-analogues of the four Appell double hypergeometric series 
(see Appell and Kampé de Feériet [1926]) 
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10.2 g-Appell and other basic double hypergeometric series 283 


Sod / 
Fy(a,b,0;¢2,y)= >> amin Om Jn pmyn, (10.2.1) 
au. of. = — (a) m+ 
F(a;b,b;c,c¢;2,y) = ) gy”. (10.2.2) 
_ m ‘ m b Tm 
F3(a, a’; b, 0’; c:2,y) = \- ROZACRLAO LACS Le (10.2.3) 


_ mrn b m+n 
Fala, bje,c;2,y) = Y> Lmin\Omin gmym (19.2.4) 


Jackson [1942] replaced each shifted factorial by a corresponding q-shifted fac- 
torial giving the functions 


% (0; 4) m (8's On 
Ee (a; b, b!: cq; ty) = (45 Q)m-tn (Oi Dn (Os Dre gong (10.2.5) 
2 (95d) m(Q; q)n (c; Oren 


o(a;b,bisc,csq;a,y) = > Ee ee 
m,n=0 (95 @)m( qd; Q)n (c dn (C5) 
(oe) ‘ as . n(0; q) (b De 
@(3) a,a’;b, b's cq; x,y = (45 Qo (a's Qa (05 arm (O'5 a) ay n 10.2.7 
| | Ds, (G5 7) m(G5 @)n(C @)mtn » | ) 
(4) (a, bse, c'; q; — So __ (GG) min(Bi mtn myn 
O(a, b5c,C39;2,y) = iy (5 Qan(G; Dns Qn(Ci Dn ee (10.2.8) 


The series in (10.2.5)—(10.2.8) are absolutely convergent when |q], |x|, |y| < 1, 
by the comparison test with the series are, xy”, and then their sums 
are called the g-Appell functions. Jackson also considered qg-analogues of the 


m,n=0 


Appell series with y” replaced by yrqi2) in each term of the series. 


Similarly, one could obtain a g-analogue of the general double hypergeo- 
metric series 


= (a4)m+n(bB)m(Cc)n mn 
= Do minolta ne e028) 


where we use the contracted notations defined in 83.7 by replacing each shifted 
factorial by a q-shifted factorial, such as in Exton [1977, p. 36] and Srivastava 
[1982, p. 278]. However, such a basic double series might not be of the same 
form as its confluent limit cases or as the double series obtained by inverting 
the base as in (1.2.24) or in Ex. 1.4(i). Therefore, with the same motivation 
as given on p. 5 for our definition of the ,@, series hypergeometric series, we 
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define the g-analogue of (10.2.9) by 


pABc | aa: bB;CC 
oe Open ir 


ae.y) 


> (aa; q)m-+n(bB; q)m(co; d)n 


x [cayman 2) T(—aymgl2)] 7 (ayn) amy 
(10.2.10) 


where gq 4 0 when min(D — A,1+ E-—B,1+ F—C) <0. This double series 
converges absolutely for |x|, |y| < 1 when min(D—A,14+E—B,1+F—C)>0 
and |q| < 1. Also, confluent limit cases of (10.2.10) have the same form as the 
series in (10.2.10), and if one of the parameters b,,...,08,C1,...cc equals 1, 
then the double series in (10.2.10) reduces to a single series of the form in 
(1.2.22). Since the series in (10.2.9) is called a Kampé de Fériet series when 
B=C and E = F, the series in (10.2.10) can be called a g-Kampé de Fériet 
series when B = C and E = F. 


10.3 An integral representation for B1) (g2: gg? q°3q; x,y) 
Since, by (1.11.7) and (1.10.13) 
(q°; d)m+n = Pg (c) ‘i parmtrn—l (qt; q) co d.t (10.3.1) 
(G°5@)mtn Ua(a)Pg(e— a) Jo (tg°=2@) ag: 
for 0 < Rea < Rec, we find that 
D,(c) 
Py (a)lg(c — a) 
x [ pa—1 (gt, atg?, yta? 5 doo 4 t, (10.3.2) 
; (gt yt tae fsd)e, 


which was given by Jackson [1942, p. 81]. This is a qg-analogue of the well- 
known integral representation of F{: 


_ Te) ; a—1/1 _ 4\c—a-1 _ > —bfy _ _p’ 
Taree) ea et oes 


0 < Rea < Rec. It follows from (10.3.2) and the definition of Jackson’s 
q-integral (1.11.3) that 


1) (gq; g?, gq? 34°; q;2,y) = 


Fi (a; 6, 0’; c; 2, y) = 


a b b’, — 
@o() a. 2 b. Cor y) = (q »Ld , Yd | Q)oo i aoe : 
(5050 549° G2,Y) (G2, 2,43 Q)oo Doo 392 ag’, yg? qq 


Andrews [1972] gave an independent derivation of (10.3.4). 
Some reduction formulas, analogous to the ones for F\ listed, for example, 
in Erdélyi [1953, Vol. I], can be derived from (10.3.4). 
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Case I. Let y = xq’. Then (10.3.4) and .1) give 


(1.4 
BY (g2; g?, gq’; 4°sq; 2, xq") 
CcC— 


(q*, xq°t®’; q) ay 
= 36 di ghte 140" 


(9°, 2} Doo 
= - a 4, | | (10.3.5) 
which is a q-analogue of the reduction formula 
F,(a;b, 0's; 2,2) = oF, (a,b+0';c; 2). (10.3.6) 


Case II. Let y = q°~2~®.. Then (10.3.4) and (1.4.1) give 


&% (q";q° P5452, co) 


ge 0a) ss i ah 
g°, g° ey |, aX; “Doo 201 | rq? 59,q 
=p’ 


~ ( 

_ (¢ ra - ie ) q° | 

~ 291 qo b' 39,0 

P(oL,(e— —a-—0U’) 

2 (sae) 10.3. 

I (e—a)Dy(e— py 2oula' 3 qe 34,2), ( 0.3.7) 
which yields a g-analogue of 
One e) 
[T'(c— a)I'(c — 0’) 


Case III. Let c= b+ 0’. The 32 series of (10.3.4) in this case becomes 
a series of type II, and hence by (3.2.7) 


F(a; 0, 6';c; 2,1) = oF (a, b;c — 0’; x). (10.3.8) 


b+b’ — 
q DY 
302 aks yg 59,q i 
_ yg Doo . 5, ae 5 | 
(q*, yg’; dco zq’,qhte 0” 
So (10.3.4) gives 
OY (gq; ¢°, gq? sq°t? s q;2,y) 
(xq®, yar"; q) oo Lar q’, xq? /y sa 
_ Ts -g, | 10.3.9 
(2, y; Doo 302 get? aq q, Yq ( ) 


provided |yq*—°| < 1, which is a g-analogue of the reduction formula 


F,(a;6,6/:b +.0's2,y) = (1—2)7°(1 — y)- oF (6, b+b! —asb4+U; = a =), 


(10.3.10) 
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10.4 Formulas for 8) (q*; q°, gq”; 4°, q° 9; x,y) 


Integral representation. Since it follows from (10.2.6) that 


ae Cg gq? 34°,4° 395 2,Y) 


u a" q m Pike c! 
(ghd dm adr (q*t™, a” 34°59), (10.4.1) 
2 Gian 
and, by (1.11.9), 
Pic) [ (qu, uyqr ts doo p41 
SO ee 
2o1(q° Pa 59; y) T,(b')Tg(c = b’) P (wy, uge —': q)oo U qu, 


when 0 < Re b’ < Re d, we find that 
B)(g2; ¢°, g? 54°, 4° 3q52,Y) 
To (e’ 1 (qu, wyg"; @)co 0 , 
— | CHEE '< re a3d,2 o| u : ‘dq, 


Py (0')Pg(c' — 0’) TET hmaslen s q°, wyq 
(10.4.3) 
provided 0 < Re b’ < Red’. _ (1.11.7) 
b. 
(q ) Qn _ [. b+n— 1 (og Doo dau, (10.4.4) 
(q°;q)n  Vq(b)P'g(e— 6) ORG Jes 


when 0 < Reb < is C. pal by combining Cae and (10.4.4) we obtain 
the following nee cee 


B)(q2; °° 30°,0° 3G 25) 


Moe Nse= 8:4 a) ft [tia 
x 261(q", 0; uyg*; q, cv) dgudgu, (10.4.5) 
when 0 < Re b < Rec and 0 < ReD’ < Re d’, which is a g-analogue of 
ete b’;c,c'3 2, y) 
‘(b,c — b)B-'(0'",c — 0’) 


os [o b'—1yb—1 71 _ e814 — 8-11 — wy — vn) duo, 
(10.4.6) 
since 
oe 21(q*, 0; uyg*; q,2v) = (L—uy)*(L—uy—vz)*, [xv] <1. 


Transformation formulas. ‘To derive g-analogues of the transforma- 
tion formulas for F> note that 


atm. 
CU mabe ape 7 


CHES 


atm _c’—b 


igo e.g eg sya" a0" 
(10.4.7) 


261(qQ* Pog 5HY) = 
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by (1.5.4), and hence (10.4.1) and (10.4.7) give 
&) (q%;q°, Pia igo. y) 
aride x = eS +7 (2°; d)rntn(Gs drnalG—” 34) _ymc_yymgne!+(3) 


(yO°s Gd) 4 07 g°3 Q)m(G,9°59)n 


m=0 n=0 


(10.4.8) 


which is a q-analogue of Erdélyi [1953, Vol. I, 5.11 (7)]. Similarly, we get a 
q-analogue of Erdélyi [1953, Vol. I., 5.11 (6)] by interchanging 7 o y, b= U’, 
cod. 


Reduction formulas. Let c’ =a. Then 


;q 7 _p 
ae )o0 odi(g™,g* "sq a,yg 1”) 
9 CO 
naas(a’ oa): a ge 


qd 9 Y 
= So 8 hn ee OG 
(y; Q)co(q*3q)m gee 
(10.4.9) 


by (III.2) and (III.7), and hence, with a bit of simplification, we find that 


a gs Uuqd 
ogr(q2t™, g? ; q?; a 


sist a ce Pia, y) 
fut" idee ee) (q°; q) Pewery 6s) ab yy. Qn (q’3a)n m+n.mb’ 
— TGs Fae Go 3 
lays Veto? 20) avai 


m=0 n=0 


(10.4.10) 
This can be written in the notation of (10.2.10) in the form 
ae es 9°34 2,Y) 
(yq" 5 d)oo @2:2:1 a OT ie pee 
= Re Gg. || 4 10.4.11 
Gale 9) ae OO ene 


which is a g-analogue of Bailey [1935, 9.5(6)]. 
If we specialize further by setting c = c’ = a, then we can use the trans- 
formation 


opi (q7t™, g” 39° Y) 
b’ 
yg? 3g He 
is (aa) IES 4. mg? sa" ga 2d,0g° (10.4.12) 
y] CO 


to get 
BOG, q’ it q°3q2,y) 
ae ‘hs gh yan a (34)m ae gee Barre = 
CO 
Gt ia oe ee > Ge a m+n(q q? 3Q)n(zy)” a” grin-ltan 


q, 9%, yg” 3 d)n (G3 @)m 


_y)Pgiatm)n+(5) 
(q,9%, yq? 


m=— 0 n=0 
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Oo De . is AG) re Pe Sa ag a Oe ae 
7 LY fae 
S Sarath (q,q° ith - es Xu (434) 
7 : a b/ b. q 
fete = 7 YD? ,2N34)n 
(xq’, ya” 5 d)00 ir. gg? | 
5 ee -g,qtay| . 10.4.13 
Gea Slate ag ( ) 
which is a g-analogue of Bailey [1935, 9.5(7)]. 
Finally, let c = b. Then (10.2.6) gives 
ee ad, 1 i929) 
ant (q* if 5m > (Q°7s Qo 
“On 0 (9; Ym 
ad" va to ,@? "0 | 
= KEG nd Jee a: 10.4.14 
(2; Q) oo 392 q° tact »G,Y ( ) 
which is a g-analogue of Bailey [1935, 9.5(3)]. 
10.5 Formulas for ®°)(9¢%,q%;q°, gq ;9q°; 4; 2, y) 
From (10.2.7) it follows that 
0) (¢°, f30°,0° 59°54; 2,9) 
(25039) mm b!. etm 
= opi(q* ,q° 39°" 4,9): 10.5.1 
-> (G95Qm ar ar 
Using 
: vybtm—1_ (qs Doo g 4, = PalbPale =) @ idm Dn 9.5.9) 
O (uge—°T™: Goo F T,(c) Cera pares 


for 0 < Reb < Rec, and 


1 / / b’ 
/ 4 rove) T T Sy ) n 
/ y? +n—l1 (a dgv = q(b ) g(c b b ) (q i (10.5.3) 
0 (vqrP- "5; doo Pg(e—b) (9 dn 
provided 0 < Re b’ < Re (c—b), we obtain the following integral representation 


B39) (gg? ; 4°, q° - q;2,Y) 


= Dg [ [fu b-1 wot meek ia qv, LUQ*; J) oo 
T,(b)P'4(b')P'g(c — b — b’) (Og = b’) (uge—*, vge-2-*',, cuz d) oo 


x of1(q* , ug? °; 0; g, vy) dqudgu. (10.5.4) 
Since 
lim 261 (q* ,ug*;0;4, vy) = (L—vy(1—u))™, (10.5.5) 
q— 


(10.5.4) is a q-analogue of Bailey [1935, 9.3(3)]. 
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The function &@) (q°, g* ; g°, g° sq°s 9; 2, y) does not seem to have any use- 
ful transformation formulas, just as F3(a, a’; b, b’; c; x, y) does not, as was noted 
by Bailey [1935, §9.3]. 


Reduction formulas. Suppose a + a’ = c. Then 


89) (92, g° 934°, 4° 39 G2,Y) 


a b 
qd ml + mom Cc crm 
=a. — \e sid 2g 3) 
“= (4,95 G)m 
b’. SS a. b. oe A 

(Urd)ec. Aa Ag eG DalQut? Dy 

(10.5.6) 
by (1.5.4), which is a g-analogue of Bailey [1935, 9.5(4)| 

F,(a;b,b',c;z,y) = (1—- y)~° Fs (a, c—a;b,b';c2, ; -). (10.5.7) 


When a+a’ = 6+0' =¢, the right hand side of (10.5.6) can be reduced to two 
403 series in the following way. 


Using 
3 (5 Q)m om _ a tds =, y ide qo = yr = GEO Doo. 
£= (GM) = (Y5 oo 


and, by Ex. 5.14, 


b 
eta tg 4g ae 
/ Ea eee Dade Onde 
q? ’ ’ ioe) 


— PANG 7, Doo (9° P53 Dm (G7, 75 Dn 
(979°, 4o*, 9°83 D) 00 (9° 4) m+n | 


it follows that 
@) (g?, g°-*; "°° g°3. 5 2, y) 
_ C Ge 7 a Oe 
(139) (qq 3g) 70° G) os @, U5) es 


[ (tqi—*, tq'—°, xt, ytqe- a— b. Q)o0 ; 
a (00S 7g) 


_ Ty(o)Pq(a = 8) (29°, ya° 75 9) 00 as Lae q*,0,0 ‘ 
[g(a)g(e—b) (2,954) oo a “2g ug 
T'g(c)I'g(b — a) (xq, yqo "5 G) 00 F g*, ge", 0,0 | 
=r Z 4 ee pA c— ) ’ , 
TOP g(e—a) (a, ysdoo 48 | gtt®P, 2g?, yg? 4 
(10.5.8) 
The limit of the right side of (10.5.8) as gq > 17 is 
= _.f (ol (b— a) 1 
1— “(1 — ef oF —b;1 — 6; ———___—_—_~ 
( 2 y) T(b)r'(c — a)* (a, ¢ nee *(1-2)(1 = 
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[(c)I'(a = b) ag = a—b iii ane 1 
+ Far(eray (b- 2)G—w))" oF (je-a1+b-a 7 oe >} 
= (1—y)*t?"°2Fi (a, bj 52 + y — zy), (10.5.9) 


by Bailey [1935, 1.4(1)]. So we can regard (10.5.8) as a q-analogue of the 
formula 


F3(a,c — a;b,c — b;¢;2,y) = (1—y)2t? “oF, (a,b;e;n +y—ay), (10.5.10) 


Bailey [1935, 9.5(5)). 
If instead of starting with 6) (q*,q°—*; g°, go; g°; g; x, y) we started with 
GM (g2; q?, qo"; q°; q; x, y) we would obtain a different g-analogue of (10.5.10). 


BY) (gq? g?, qo: g°3 G5 2, Y) 
— (q*;q)m4n(q" 5) m(I° "3 Dn pmyn 


=») ie (4° m+n(G3 V)m(G5@)n 


n 

 (9%,4°5 9) 

= dX agi ae 219 BPs GP gone ay) 
=0 y) 
qo 


es ha Sak ee CEC GER aR OY ee COE Coe 
~ ae Ee Ee CE Cae a (—y)"q\2 
m=0 n=0 (9° @)m-+n(9; @)m(9, 99° 3 G)n ) 


CcC—a 


(10.5.11) 


by (1.5.4), and 
BY) (g2; g?, gq? G5 G5 2,9) 
a b c—b. c—a 
gq ',z@q ,yq 1D Joao , wt 
= (qh, @q' ya's Vow p2 i cA 59,4 | 


(9°, 2,Y3 Veo rq’, yq° 


a+b—c c—b 


xget ©, yg? "3 G00 EG GT, scabs 
= SE ees 4, | 4 - a5 / 14,24 badd I (10.5.12) 


qd; yd 
by (10.3.4) and (3.2.7), and hence 


= (9,93 q) mG, 9° 3 Dn _my_, yn (2)-Hatm)n 
Dae “_2™(—y)"q 
X= & (9% QD mtn(G G)m(q yar? Mn 

a+b—c. c—a — c—b 

Lq 1) 00 ’ ’ L a+0—c 

= Eo at k _ on / 14, 2q a | (10.5.13) 
If we take the limit gq — 17 of (10.5.13) and replace y by y/(y — 1) we obtain 
(10.5.10). This is an example of a situation where one gets different q-analogues 


by starting with opposite sides of the same formula. 


10.6 Formulas for a q-analogue of F4 


Appell’s F4 function is probably the most important of the four Appell func- 
tions because of its applications in the theory of classical orthogonal polyno- 
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mials. It has the integral representation 


F4(a, b; C, c; z(1 = y); y(1 7 x)) 
= P(c)T(c’) : ' yet yet =e c—a-—1 _y c'’—b—-1 
= T@rorc ale =)) / / ee ee 


(Suzy ee" (= yy) tb-e-e' (4 — ux — vy)te—*—*-1 du du, 
(10.6.1) 
which was derived by Burchnall and Chaundy [1940] from their expansion 


F(a, b;c,¢;2(1 — y), y(1 — 2)) 


CO 


7(0)-(1 b— ie 
a ee ae ad "y ofi(atrib+r;c+7;2) 
= r'(c)r(c') 
XoFi(atr,b+rjc +r;y). (10.6.2) 


Jackson’s ®), given by (10.2.8), does not seem to be useful in any applications 
that we have come across, and it does not have any formulas with its arguments 
x and y replaced by x(1 — y) and y(1 — z), respectively, so our approach will 
be to transform (10.6.1) and (10.6.2) into forms that we can find q-analogues 
of. First observe that, since 


oFi(at+r,b+r3;ce+7r;2) = (1-2) (atrje—be+r; — -): 


oFi(atr,b+r;¢+r;y)=(1 —y) "Fy (b +r, 0 —a;cd +r; ; z | 


by (1.5.5), the expansion formula (10.6.2) transforms to 
F(a, b;c,c;x(1 — y), y(1 — 2)) 


= (1 — 2) ea 


xX oF scauechnadiaae —ajce +7; ——). (10.6.3) 
xr y— 


Replacing x and y by x/(x — 1) and y/(y — 1), respectively, (10.6.3) becomes 
L Y 
F (a, b: c,d: re 
me a NU aa=w) 
— (a),(b)-(1+a+b—ce—d¢); 
=(=2)°(1=9)’ ee De 
nde (C)r(c')r 
x oFi(atr,ce— b c+r3x) oF\(b+r,c —a;c+r';y). (10.6.4) 


Analogously, the integral representation (10.6.1) transforms to 
_ - L Y 
f=)" (.=y) Fk (a, b; ¢, ¢§; —-——___, --__7__ 
ii aaa Ta aaa a) 
(c)1'(c') 
[(a)T (6) (c — a)T'(¢ — a) 
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h [ou a—1,,b— L =e ees el = 7") ae Ol = ux)’-°(1 _ vy)*¢ 
(1 — wvxy)ct? —2— 1 du du, (10.6.5) 
where 0 < Rea < Rec and0 < Re b< Rec’. Let 


> (a, b, abq/cc’; @)r Garay 
<= (a6,cC5Q)r abq 

x 2$1(aq", c/b; cq"; q, 2) 261(bq",c'/a;c'q";q,y), (10.6.6) 
which, via (10.6.4), is a g-analogue of the left side of (10.6.5) on replacing a, 
b, c, c by g*, g®, g°, g° , respectively. Since 


atr gc—b. gtr WAC q°;@)r 
ob1(q** gga) = al) id) 


Pg(a)0'g(c — a) (973 q)r 


1 c—b. 
x | yotr—1 (qu cua Doo gy (10.6.7) 
0 (xu, ugq® 2 0)e 


M(z,y) = M(z,y; a,b,c, cq) = 


if0< Rea < Rec, and 


Pg(c’) (q° ; Q)r 
Pg (b)Pg(c’ — b) (4°; ar 
porr—1 (2; yg? ~%3 Q)oo ; 
x [> OE Oe dye, (10.68) 


if 0 < Reb < Re d, we have the integral representation 


_ Py(e)P g(c’) a—1 1 
M(2.9) = parE (e— aFae —b) [ [. or 


(qu, qu, cug?°, yog® —%, LYUV; J) oo 
(xu, yu, uge-%, ug? =) ayuagere a1 G00 


soig a Og Gy) = 


x dgu dgv, 


(10.6.9) 


which is an exact analogue of (10.6.5). However, (10.6.9) is, by the definition 
of qg-integrals, the same as the double sum 


(q*, q°, zqo—°, yq° ~*, LY; Q) co 


M os, EE EJ 00 
(2,9) (q°, he ego r eg 


Soe (yin tnl dine an gut 
(xy; q d)m+n (q, a ame q)m(q; ge se q)n 


m=—0 n=0 
_ _(9%,¢°, 29°, ya® —, 2Y5 Doo 
(0 go 5, Bg ro es 
1:25;2 eygrre eI - a, roe sy q° =e 
x Or | Ly ; xq? -yge —a a @ 
(10.6.10) 


by (10.2.10). This double series looks more like the series in (10.2.5) for &@) 
than the series (10.2.8) for ®. Note that the term-by-term q — 17 limit can 
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be taken on the expression on the right side of (10.6.9) but not on its double 
sum in (10.6.10). However, it is in the form given by (10.6.6) that the function 
M(a,y) seems to be most useful. First of all, when cc’ = abq the series in 
(10.6.6) becomes a product 


21 (a, c/b; ¢5 9,2) 261(b, c/a; ¢'54,y) 
which corresponds to a q-analogue of the right hand side of the product formula 


F,4(a,b;c,a+b+1—c¢2(1—y),y(1—=2)) 
= 9F\(a,b;¢;x) 2oFi(a,b;a+b+1—c;y) (10.6.11) 


in Bailey [1935, 9.6(1)]. 

We shall now manipulate the series in (10.6.5) in order to obtain an ex- 
pression that closely resembles the F4 function. First, it follows by combining 
the terms in the obvious manner, that 


M(a, y) = Ss" SS (a, c/b; q)m(0, c/a; qQ)n gy” 


(9,6 9)m(GsC54)n 


q_™,g ", abg/cc 
200] —™ Ho, aq! n Ic! 134,4| - (10.6.12) 


Since the 3¢2 series above is balanced it can be summed by (1.7.2). A bit of 
simplification then leads to 


Ge ere, oss 


m=0 n=0 


which has a straightforward q — 17 limit, but is not very useful because of the 
dependence of the terms (cq~"/b; q)m and (c’q~™/a; q)n on m and n. However, 
since 
(eq "10; dm 
(C5 @)m 


= o¢1(¢ ™, bg"; c;¢,cq™ ”/b) 


and 
(c'q-™/a;)n 


(CQ) 
by (1.5.2), we have 


= ooi(¢ ”,aqg™;c'3q,cq” ™/a), 


= AOU (a; O) wise (b; iq) eee LV 
M(a,y) = > 2 dW dW (95 @)m—r (95 9)n—s(4, 6 @)r(9, C5 @)s 


x (—1)"t8(c/b)" (ce! /a)eq™—™s-"r+ (2) +(9) 
Sr yr Gb Drts ff _ tyr _ vy? 
“LE Gaaaca\o) (a) 


x qiata)-rs— (10.6.14) 
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where 
EC) 
2 feces a™y"¢q 

2d (4; @)m(4; 4) 
b q"3) co 

= IE Dee oy a, y; by”; q, x) 
axq’ , byq"; q)co ee Te 

— ee ae 202(aq", bq"; axq", byq’;q, ry). (10.6.15) 


Since (xq?t?t8, yq?*"*8: Gq) oo/(£,Y3 Moo is simply a g-analogue of the product 
(1—x)~2-"-8(1—y)—°-"-5 and the above 2¢2 series approaches 1 when q > 17, 
in view of oe 6. 6), we may introduce the following function 


x) Cee Des (—aqo—?)" (—yq? ~*)* (4. (2) re 


q 
= £* (4,953 9) r (9, 9° 5 9)s(9°2, VY; rts 
x pee Grete pgertrs yg t's. q ry) 
as an appropriate g-analogue of 
= 2 L y 
(l—2)"*(1-y)? Fi (a, S66 -_—+__.). 
(l=a)l=y) Ueaj(l—y) 


10.7 An Askey-Wilson-type integral representation 
for a g-analogue of F; 


The q-integral representation for 6” (a; B, 8’; y;4q;z,y) given in (10.3.2) (with 
a=q*,B=¢, p= g, 7 = q°) is related to the q-linear lattice with respect 
to which the q-derivative D, is as defined in Ex. 1.12. There is, however, 
a second integral representation of an analogue of F;, that is related to the 
q-quadratic lattice z = $(e”” + e~”), with respect to which the q-derivative 
Dy, is the Askey-Wilson derivative defined in 87.7. ‘To make the connection 
explicit let us first rewrite (10.3.3) in the form 


1— w 
Fi (a; B, 8’; ¥;2,y) = rotons (1 — cosw)*"2(1+ cosy)? % "2 


—B —p' 
x (1-5 +5 cosy] (1-5 + 5 cos) dw, 
(10.7.1) 
provided 0 < Rea < Rey. This suggests the following integral representation 


®1 (a; B, Bs 7395 2, y) 
=af(e (e” e iY: ,q? Die. ate eg? aed, 
0 2 4 
x ih re”; g)-g(pe™, we; q)_ ard, (10.7.2) 
where A is a normalizing constant, and A, p are related to x and y by 


ee An Au 
== eae = Gee 


(10.7.3) 
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A more general form of the integral in (10.7.2), namely, 
S(a, b, c, d, f,9;A, 1-4) 
i h(cos W; 1, =a, q?, —q? ’ r, 11) 
= id 10.7.4 
|. tee en 


was evaluated in Nassrallah and Rahman [1986]. It was found that 


S(a, b,c, d, f,g;A, ls) 
(q/abcd, aq/b, aq/c, aq/d, ra, A/a, Wa, 11/0; q) 00 
(qa?, q/bc, q/bd, q/cd, af, f/a,a9, 9/43 4) 00 

x 10Wo(a"; ab, ac, ad, af, ag, aq/d, aq/p; 4, Aug/abedf g) 

+ idem (a; f,g), (10.7.5) 
with |Auwq/abcdfg| < 1. The proof in Nassrallah and Rahman [1986] is long 
and tedious. We will give a shorter proof here. By (2.11.7) and (2.10.1) 

h(ziA, mw) _ (Aa, A/a, 1a, 1/03 Q) 00 
h(z;f,aq) — (qa?, fa, f/a, 939) 00 
x gW7(a?;af,aq/d, aq/p, ae’, ae”; q, Au/af) 
h(z;a, fa) AL A/F UA H/FS Dx 
h(z; f,aq) (af?, af, a/f, 45 4) 00 
x sWr(f?;af, fa/A, fa/u, fe, fe“; a, Au/af), (10.7.6) 
where z = cosw. Substituting (10.7.6) into (10.7.4) gives 
S(a,b, c,d, f,9; A, H) 
_ Qa, A/a, pa, w/a; 9) ! x =p has 1 — a2?” (a?, af, aq/A, aq/ 159) ey 
(qa?, fa, f/a,q54 l—a? = (q,aq/f,Aa, wa;q)n \af 
[ h(cos w; 1, ay q? ’ —q? ’ a 
0 h(cos W; b, C, d, 9; aq") 
+ idem (a; f). (10.7.7) 
By (6.3.7) the integral displayed in (10.7.7) equals 


= K(a, b,c, d) 


27 (a*q2""1, abcdq”, acdgq”, abdgq”, abcgq”; q)co 
(bc, bd, bg, cd, cg, dg, abg”, acq”, adq”, agq”, a*bcdgq?”; d) oo 
x gW7(a*bedgq?"*; abq”, acq”, adq”, agq”, bedgq”*; 4, ¢) 
27 (abcd, q/abcd, aq/b, aq/c, aq/d; q) x 
7 (ab, ac, ad, bc, bd, cd, ag, g/a, q/bc, q/bd, q/cd; q) x 
: (ab, ac, ad, ag; q)n ( q , 
(aq/b, aq/c, aq/d, aq/g;4)n \bedg 
_ 2nq 2m (bedg/q, q°/bedg, 9q/b, 94/¢, 94/4; 4) x 
beds (4, be, bd, ed, bg, cg, dg, 49; 4)oo(1 — aga”) (1 — 2) 


x sW7(g’; bg, cg, dg, agq”, gq" /a; g, q/bcdg), (10.7.8) 
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by (2.11.7) and (2.10.1). So we get 


S(a, b, c, d, f, 954; L) 
=p coy A Pn a Oa AGA OHI os 
ee (q/be, q/bd, q/cd, af, f/a, ga, g/a, qa?; q) co 
Aug 
Zz: _ eee Soe 
x 10Wo9 (a ; ab, ac, ad, af, ag, aq/X, aq/ LL; qd; a) 


+ idem (a; f) 
_ 2nq (bedg/q, g*/bedg, 94/0, 94/¢, 94/45 9) 00 
bedg _— (q, bc, bd, cd, bg, cg, dg, ag”; are 


= 1 — q*q?™ : ,bg, cg, dg, ag, 42 7 A ve 
>> gq (9 an q)m ( | 


4 1-9 (a,94/b,99/¢, 94/4, 99/0, “22; q)m abcdfg 
bie , A/a, La, p/a, *# an 1 $53 Woo 

(fa, f/a, ag,a/g, AB OF; @)c0 
x We (EE A/F, u/f,du/a.ag0",aq-" (954.4) + idem (a; f)} 


(10.7.9) 


Using (2.11.7) to evaluate the expression in { } above and simplifying, we 
obtain (10.7.5), which can be regarded as an extension of (10.3.4) of Askey- 
Wilson type. 

In the special case Au = abcdfg the integral in (10.7.4) was evaluated 


in (6.4.11). If we replace a,b,c,d, f,g by g?~ 3, git, a ae ae 
Aq~? and ug ® , respectively, then this condition amounts to y = 6+ #’, 
and therefore this case corresponds to (10.3.12) and (10.3.13). Note also that 
if A = g or p = f, which would imply A = uqve or pu = Aq—”, then the 
integral in (10.7.4) becomes an g¢7 series (see §6.3) and hence an analogue of 
the Gaussian series 2F). This, then, corresponds to (10.3.5) and (10.3.6). 

It can be shown that ®;(a;G, 0’; 7; x,y) has a q-Appell type double series 
representation that corresponds to (10.2.5), see Ex. 10.16 for more on the 
general function S(a, b,c, d, f,g; A, [). 


Exercises 


10.1 Show that 


(b', bx, b'y/23 qd) oo 


i o) (b' /a; b, b’; bb’; q; 2, y) = 7 
0) \ i _ GAY) (bb', ©, Y; V)oo 


(ii) oY (—q/y; b, qx/y?; —qbx/y; 4; 2, y) 

_ (=4, 623 9) 00(z9q"/y", 2g" /Y"3 F) 00 
(x,y, qx/y, —9bz/Y; 1) c0(X} g?) co 

(Andrews [1972]) 
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10.2 Derive the transformation formulas 
(i) &) (a: b, b'; c, oe oY) 
= oe (c/b, 2; q)m(a, 5; Q)n 
= a ry 
(c, DL, -d)os core (ax; ae | ietnlk@ Dmlaye3 Qin 
(ii) 8) (a,a'5b,05cq;2,y) 


= (a, bx; Doo — > (c/a; Q)m+n (x; Q)m(a’, b’; Q)n a™y” 
(C,23Q)oo “=~ << (q, 623g) m (9, €/45 Y)n 
and their special cases 
(iii) &() (a; b, b's c, a; G5 2, y) 
(b, ar, "a ee (3) / 
= ——\_\_<_—— © c/b,0; x, b'; ax; q; 6, y), 
(G2 Qc (e/ ) 
(iv) 69) (a, a’; b, b’; aa’; q; 2, y) 
(a, bx; q) 


a NAS. GE) - b’: b 0: ‘ : 
(aa’, £;q) ox (a’; 2, » OL, ;q;a, y) 


(Andrews [1972]) 
10.3 Prove that 


2 
(1)/,,. Seed de: _ = a, aq, b Se nD 
® (a; b, b; c; q; x, x) 392 | Cc, cq 5F vt | : 


Deduce the quadratic transformation formula 
c/a,£,—Z _ (¢; q) sol". I) oo a, aq, b ei. 32 
32 | bx, —bx es | 7 (a; Doo (b? 2"; gq?) oo 302 C, Cd Tl 
10.4 Show that 
& (bq? ; b, b; b?; gq; 2,9) 


(1g? 34) co 1 a 1 
= ————  2¢1((by/x)? by/x)2;—b;q2,2x). 
(Y; doc 21 ((by/x)? , —(by/x)?; ) 
Hence, prove the quadratic transformation formula 
x,y, bq 1 
3D bx, by >, bq 
2, Y, 07; Doo 1 1 1 
= EUV Deo 54, ((by/x)?, -(by/2)*; —b:q?, 2) 


(bx, by, bg? ; q)o0 
10.5 Derive the quadratic transformation formula 
= b;c; 2, y) 
aS (a, b oq? /'y; Qn n 
= ena 
n—0 (q, ¢, bg?3q)n 


. ee q""/?, —q-"/?, (by/x)?, —(by/x)? ga ; 
—b, g'/4-"/2(y/x)3, —qi/4-"/? (y/a)2?* ’ 


Nie 
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10.6 Prove that 
ae b';c,c'3q;2,y) 
2 a5 > jeileeel eal a bar)” (—bly)%q(2)+(2) 
(a2; q)m+n(% 6 @)m(95C59)n 
y. (823 Doo 
(£3 q)oo 
Note that this gives a q-analogue of Bailey [1935, 9.4(8)]. 


m=0 n=0 


261(aq™*”, 0; axq’"*”; g, y). 


10.7 Show that a general 3¢2 series with an arbitrary argument is a multiple 
of Jackson’s ®“) series, in particular, 


a, b,c (azt,b, 6; )o0 (0) 
te ae = ® -d/b aoe 
302 | d, e 1; 7 (x, d, e; as (z; / By AG ad, q; b, c) 
10.8 Show that 
Fo 5 obi amsn(—26/0)™(—vb/A)” 9) (S) mn 
(9, C5 Q)m (4; 0; @)n (ax, bY; d) m+n 


Lee, bg, m+n byg™t” 


X 2¢2(aq ;q, ry) 
_ (&,yb/4; Qo 
(ax, by; q) co 


and that this is a q-analogue of Bailey’s [1935, Ex. 20(ii), p. 102] reduction 


formula 
L Y 
F,(a, 6; ¢, 6; -_—__,-___?__) 
(l—a)(l1—y) (l1—2)(1—y) 
=(1-—2)"(1—y)*Fi(a;l+a—c,c—b;c;ry,2). 
10.9 Show that 
yi oS (2, 0; d)m+n(—aa/b)™ (—yb/a) gl2)+(a)—mn 
(4; 4; 7) m(4; 6; 7) n (ax, by; d)m+n 
x 2G2(ag™™™, bg™™™; axg™*™, byg™™"; g, zy) 
_ __ (by/a,ax/b;q)oo 
(by, a2; q)oo(1 — ry/q)’ 
and that this is a g-analogue of Bailey’s [1935, Ex. 20(iii), p. 102] formula 


a ca 
F(a, 6; , 0; a ee <a 


= (1—ay)~*(1-2)’(1—y)*. 


ard 


&) (a; aq/c, c/b; ¢; q; cxy/aq, 2), 


lzy| <q, 


10.10 Prove that 
> 3r LeFiDcinl —ee/ YC U hal” ('3)+(3)-mn 
m=0 n=0 (4; aq/b; q) m(Q; b; Q)n(ax, by; Otin 
x ada(ag™'”, bg”; aag™™, byg™™; g, xy) 


_ (by/4; dQ) 00 a, b, ing 
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and that this is a g-analogue of Bailey’s [1935, Ex. 20(v), p. 102] reduction 
formula 


sid giacth Git a 
F(a, b;1 + 04; (1—2x)(1—y)’ aaa) 


= 
—(1-y) 2Fi(a,b;1 44-020), 
=. 


10.11 Using (10.6.15) prove that 


s 3 (a, b; q)m+n(—ca/b)™(—ay/c)” gl2)+(g)-mn 


g,€39)m(4; aq/C; )n (ax, by; q)m+n 


_ 3 $3 (Q; @)m+n(B; @)m (0; @)n (- CL )( _ Ua?) gom—n2 


(q,c,ax;q)m(q,aq/c, by;q)n\ bq? C 


where |cz/b| < 1 and |y/c| < 1. This is a g-analogue of Bailey’s [1935, 
Ex. 20(i), p. 102] reduction formula 


ee ae ee ee: ee 
Fi(a,be,1+a—c (l—a)(1—y)’ a=aaw) 


= F,(a;b,b;c,1 +a—G—-, +). 
z—ly-l 


10.12 Show that if f(x,y) = ®” (a; b, b'; c;q; x,y), then 


(i) (abr — c/q)f (q°x, ay) + (1 — bx) f (qa, y) 
+ (c/q — a) f (qx, ay) + (x — 1) f(z, y) = 9, 
(ii) (aby’ — c/q)f (qx, q°y) + (1 — by) f(a, ay) 


+ (c/q—a)f(qz, ay) + (y— 1) f(x,y) = 0. 
10.13 Show that if f(x,y) = ®) (a; b,0';c,c';q; x,y) then 
6 
ab’ f(q°a, qy) — mi (q°x,y) — axf(qz, gy) 
Cc / 
ate (1 ve b x) f(ge, 9) +(x —1)f(z,y) =0. 
10.14 Show that if f(x,y) = ®@) (a, a’; b, ';c;q;z,y) then 
Cc C 

abx f(q°x,y) — a (qx, qy) + gf (ae, qy) 

10.15 Show that if f(x,y) = ® (a,b; c,c';q;z,y) then 


abz f(q°z,q°y) — cf (q°z,y) — (a+ b)xf (qa, ay) 
+ (1+c)f(qz,y) + (a — 1) f(x,y) =0. 
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10.16 Using (6.3.3) twice show that 
S(a, b,c, d, f, 9; A, ) 
ab(1 — q)*(q,4,4, ed, f/a,aq/f,9/b, 96/9, af, 69; I) 00 
. | * (qu/a,qu/f,rU; doo f° (qu/b, qu/g, Hv, CU; g) o0 
r (cu, du, Au/af;d)oo Jg (cv, du, uv, wv/b9; Yc 
7 27 (abcd, A/a, Aa, 14/b, Wb; q). cx 
(q, ab, ac, ad, bc, bd, cd, f/a, fa, g/b, 9b; d) x 
(ab; q)m+n(ac, ad, A/F; q)m(be, bd, H/95 In m+n 
* >» 3 (abcd; 7)m+n(q, aq/f, Aa; Q)m(q, 90/9, 1d; d)n ° 
+ ea fe f) 
i 2n(acdg, X/a, Aa, 11/9, HY; Ico 
(q,ac, ag, ad, cg, dg, cd, f/a, af, b/g, 69; 4)oo 
(a9; 7)m-+n(ac, ad, / f;q)m(cg, 4g, H/0;4)n mtn 
. ew (acdg; q)m+n(q, a9/f, AQ; q)m(9,94/0, 195 I)n ° 
+ idem (a; f). 


dgu dgv, 


10.17 Extend (10.3.4) to 
Dp (CDi gears OOO Tig eto Be) 
_ s (Q; Q)nitetiny - (bk; 7) np nk 


(C5) na +---+n, pa (G34)m, 


M1 s.03hy=—O0 


(a, 0121,...,0rLr3Q)oo c/Q,21,...,2 
= : r+1Pr "3q,a 
(Ce Birsden dd ce b121,...,0,2, 


where ®p is a qg-Lauricella function. 
(Andrews [1972]) 


10.18 Prove that 


es Gs. ihe c/e ;c/a,b/d, b/e 
taste hy Bb. ia a4 


where n = 0,1,... . Deduce the summation formula 


Sy > alereld, cles a)s(c/a, b/d, b/65 Dk pi gk git 


j=0 k=0 (bc/de; q)j+n (4; a3 9)5(@, 55 Q)k 


(Gasper [2000]) 
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10.19 Show that 
(5 9) 5 (G5 De (9/95 Dm (73 Di-+k—m j,k ym 
» ( 


Ley & 
eee q,q a); (q; ¢)& (43 ¢)m(aG; q)j+k— m 


_ (9%, 42/7) BY, Vy, 02/7; BYZ; Qo 
(x, aBz/7, BYY, Y, £2, YZ Q)oo 
x sWr(Byyg*3 8,7, 1y/a, 7/2, By/23 4, arz/7). 
(Krattenthaler and Rosengren [2003]) 


10.20 Extend (1.9.6) to 


oe i eat 
n=0 m=0 (d1,.--; b- 3 Q)m+n(q, bg; Q)n (q, dq; q)m 


x (a tq) oe (ertg. 


_ (4,9, 09/4, dg/C; 9) 00(b1/ db; 1) ms ++ (br /b4; Fm, (bd)™ 
(bq, dq, q/a, G/CC; @)00(b13.¢)m, ++ (br3 7), 


where m1,...,™M, are nonnegative integers, M = m,+---+™,, and 
lg | < min(al, |e)). 


(Denis [1988]) 


Notes 


810.2 B. Srivastava [1995] introduced some elementary bibasic extensions of 
(10.2.5)—-(10.2.8). For a quantum algebra approach to multivariable series, see 
Floreanini, Lapointe and Vinet [1994]. Sahai [1999] considered the q-Appell 
functions from the point of view of universal enveloping algebra of sé(2). See 
also Jain [1980a,b] and, for connections of Appell functions with BC, root 
systems, Beerends [1992]. 

§§10.3-10.6 Agarwal [1974] evaluated some q-integrals of the double se- 
ries in (10.2.5)—(10.2.8). Also see Nassrallah [1990, 1991]. 

Exercises 10.1-10.2 Upadhyay [1973] gave some transformation and sum- 
mation formulas for g-Jackson type double series. 

Ex. 10.3 This is a g-analogue of a quadratic transformation formula for 
F(a; b, b;c;x, —x) obtained by Ismail and Pitman [2000]. 

Exercises 10.12-10.15 Agarwal [1954] gave some 3-term contiguous rela- 
tions satisfied by ®),...,@), including formulas connecting them with the 
q-derivatives. 

Ex.10.17 For an application of the g-Lauricella series, see Bressoud [1978]. 

Ex.10.18 See Van der Jeugt, Pitre and Srinivasa Rao [1994] for more 
summation formulas of this type. For similar results when q — 1, see Pitre 
and Van der Jeugt [1996]. 
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ELLIPTIC, MODULAR, AND THETA HYPERGEOMETRIC SERIES 


11.1 Introduction 


Since the series }) uy, is called a hypergeometric series if g(n) = un4i1/Un is a 
rational function of n, and a q-(basic) hypergeometric series if g(n) is a rational 
function of g”, it is natural to call this series an elliptic hypergeometric series if 
g(n) is an elliptic (doubly periodic meromorphic) function of n with n consid- 
ered as a complex variable. One motivation for considering these three classes 
of series is Weierstrass’s theorem that a meromorphic function f(z) which sat- 
isfies an algebraic addition theorem of the form 


P(f(u), f(v), flu t+ v)) = 0 


identically in u and v, where P(z,y,z) is a nonzero polynomial whose co- 
efficients are independent of u and v, is either a rational function of z, a 
rational function of e** for some A, or an elliptic function (see, e.g., Erdélyi 
[1953, §13.11], Rosengren [2001a, 2003c], and, for a proof, Phragmén [1885]). 
Elliptic analogues of very-well-poised basic hypergeometric series were intro- 
duced rather recently by Frenkel and Turaev [1997] in their work on elliptic 
67-symbols, which are elliptic solutions of the Yang-Baxter equation found by 
Baxter [1973], [1982] and Date et al. [1986-1988]. Frenkel and Turaev showed 
that the elliptic 6j7-symbols are multiples of the very-well-poised 12v1, elliptic 
(modular) hypergeometric series defined in §11.3 (recall from 87.2 that the or- 
dinary g-analogues of Racah’s 67-symbols are multiples of balanced 43 series, 
which are transformable to g¢7 series) and then used the tetrahedral symmetry 
of the elliptic 6j-symbols and the finite dimensionality of cusp forms to derive 
elliptic analogues of Bailey’s transformation formula (2.9.1) for terminating 
10¢9 series and of Jackson’s g¢7 summation formula (2.6.2). This quickly led 
to a flurry of activity on elliptic hypergeometric series, resulting in several re- 
lated papers (listed in alphabetical order) by van Diejen and Spiridonov [2000- 
2003], Gasper and Schlosser [2003], Kajihara and Noumi [2003], Kajiwara, 
Masuda, Noumi, Ohta and Yamada [2003], Koelink, van Norden and Rosen- 
gren [2003], Rosengren [2001a—2003f], Rosengren and Schlosser [2003a,b], Spiri- 
donov [2000—2003c], Spiridonov and Zhedanov [2000a—2003], Warnaar [2002b— 
2003e], and others. In particular, general elliptic hypergeometric series and 
their extensions to theta hypergeometric series were introduced and studied by 
Spiridonov [2002a—2003a], who also considered theta hypergeometric integrals 
in Spiridonov [2003b]. Transformations of elliptic hypergeometric integrals are 
considered in Rains [2003b]. 

We start in §11.2 with the elliptic shifted factorials, Spiridonov’s [2002a] 
“multiplicative” ,,1£, theta hypergeometric series notation and its very-well- 
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poised ,41V; special case, and then point out some of their main properties. 
The “additive” forms of these series ,41,e, and ,41vU, are presented in 811.3, 
along with their modular properties, and the Frenkel and Turaev summation 
and transformation formulas. In 811.4 we present a simpler derivation of the 
elliptic analogue of Jackson’s g¢7 summation formula via mathematical induc- 
tion, which is a modification of proofs that were kindly communicated to the 
authors by Rosengren (in a June 13, 2002, e-mail message), Spiridonov (in a 
Nov. 22, 2002, e-mail message) and Warnaar (see §6 in his [2002b] paper). 
Central to this method of proof and, in fact, to all of the formulas in this 
chapter is the theta function identity given in Ex. 2.16(i) which is simply the 
elliptic analogue of the trivial identity 


(1 — @d)(1—2/A)(1 — wv)(1 — p/v) — (1 — av) (1 — a/v)(1 — Nu)(1— p/A) 

= 5 (1 ~xp)(1 —2/p)(1 — Av)(1 — A/V). (11.1.1) 
The elliptic analogue of Bailey’s 19¢9 transformation formula is derived in 
$11.5, along with some other transformation formulas. ‘Theta hypergeometric 
extensions of some of the summation and transformation formulas in sections 
3.6-3.8 are derived in §11.6. Some multidimensional elliptic hypergeometric 
series are considered in §11.7, where we present Rosengren’s [2003c] elliptic 
extension of Milne’s [1985a] fundamental theorem and related formulas. Many 
additional formulas involving theta hypergeometric series and elliptic integrals 
are presented in the exercises at the end of the chapter. 


11.2 Elliptic and theta hypergeometric series 


Define a modified Jacobi theta function by 
asp) =@,p/Td)e5 0 Gigssegeasp) =| | O@eD), (11.2.1) 
k=1 


where %,2%1,..-,%m # 0 and |p| < 1. Since O0(x; p) = (2; p)o0(p/2;p)oo is the 
product of two infinite p-shifted factorials, analogous to the name of the triple 
product identity (1.6.1), we will call 6(x;p) the double product theta function 
(with argument x and nome p). From (1.6.9) and (1.6.14) it follows that 


1 (a, e7") = te e7" 4 (p; p) .0(€**;D) (11.2.2) 
and 
9(4°;P) (—a)/2 
a;o,T| = ——~q * 11.2.3 
oT) = Gap) —— 
with 
_ _2710 _ (~2n1T 
Geoc™. pae. (11.2.4) 


where a,o,7 are complex numbers such that Im(7) > 0 and o 4 m+nzr for 
integer values of m and n. We set g® = e277" and p* = e2™7%, Following 
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Warnaar [2002b], we define an elliptic (or theta) shifted factorial analogue of 
the q-shifted factorial by 


a ‘ 0(aq*; p), a Oa 
(439, P)n = n=0, (11.2.5) 
Ucn *O(aq™**;p), n=—1,-2,..., 
and let 
(Q1,@2,---,Am3;P)n = ] [(ex3a,0)n, (11.2.6) 
k=1 
where a, @1,...,@m #0. Analogous to the name q-shifted factorial for (a; q)n, 


we also call (a;q,p)n the q,p-shifted factorial in order to distinguish it from 
the o, T-shifted factorial defined in the next section. Notice that 0(2;0) = 1-2 
and thus (a;q,0)n = (a;q)n. Since q is called the base in (a;q), and p is called 
the nome in 0(a; p), we call g and p in (a;q, p)n the base and nome, respectively. 
Similarly, in order to distinguish the modular parameters o and 7, we call o 
the base modular parameter and T the nome modular parameter. For the sake 
of simplicity, we decided not to use Spiridonov’s [2002a,b] notation O(a; p; q)n 
for the elliptic shifted factorial. 

Corresponding to Spiridonov [2002a], we formally define an ,1,EF, theta 
hypergeometric series with base g and nome p by 


oa (a1, Ga, sae , Ar+13 01, o. Ors Gap: Zz) 


= 3 (a1, a2,. 1 Or415QP)n on (11.2.7) 
n=O Cen Sree 


where, as elsewhere, it is assumed that the parameters are such that each term 
in the series is well-defined; in particular, the a’s and 6’s are never zero. Un- 
less stated otherwise, we assume that gq and p are independent of each other, 
but we do not assume that the above series converges or that the numerator 
parameters a1, Q@2,...,@,-+1, denominator parameters b;,...,6,, and the argu- 
ment z in it are independent of each other or of g and p. Note that if a;p* is 
a nonpositive integer power of q for some integer k and aj € {1,2,...,r+1}, 
then the series in (11.2.7) terminates. Clearly, if z and the a’s and 6’s are 
independent of p, then 


_ r+1E,(a1, 2263 Or+1;5 bi, a b,; qs P; z) 
= Te (GAs wie OHA Diya dey OA, Q; z) 
= bt OO1523 6 Op 4A G Oink OF; O, Z) (11.2.8) 
where the limit of the series is a termwise limit. 
As is customary, the notation ,41F,(@1, @2,...,@r41301,...,b-3q,p;z) is 


also used to denote the sum of the series in (11.2.7) inside the circle of con- 
vergence and its analytic continuation (called a theta hypergeometric function) 
outside the circle of convergence. Unlike nonterminating ,.,F; series and non- 
terminating ,41¢, series with 0 < |q| < 1, which have radius of convergence 
R = 1 (as can be easily seen by applying the ratio test to (1.2.25) and (1.2.26)), 
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for 0 < |q|, |p| < 1 and any R € [0, oo] there is a nonterminating ,1,E,. series 
with radius of convergence R. In particular, there are nonterminating ,+,F, 
series with 0 < |q|,|p| < 1 that converge to entire functions of z, which is 
not the case for nonterminating ,,,F; and ,41¢, series with r = 0,1,... 
and 0 < |q| < 1. For example, consider a nonterminating ,,,E, series with 
0 < |q|, |p| < 1 and 


bh =app”™*, k=1,...,r+], (11.2.9) 
where m1,...,M,41 are integers and 6,4, = q. Since the double product theta 


function identity 0(ap™; p) = (—a)-™p- (2) (a; p) implies that 


(ap”™; Q,P)n = (a; q,P)n(—a) 7p" 2 )q~™a) 
for m,n =0,+1,..., we find that 


CO 


n 
r+iE,(ar, 26+) Qr41;5 ap", Re Arp"; q,P; z) = S_(zpr)"g (a), (11.2.10) 
n=0 
with a@r41 = qp """+?, pr = rth (—an)™p2"), and M;, =m, +--+ + ™,r4i. 


From (11.2.10) it is clear that this series converges to an entire function of 
z when M,. > 0, converges only for z = 0 when M,. < 0, and converges to 
1/(1 — zp,) when M, = 0 and |zp,| < 1. 

As in Spiridonov [2002a], we call a (unilateral or bilateral) series }}c, an 
elliptic hypergeometric series if g(n) = Cn41/Cn is an elliptic function of n with 
n considered as a complex variable, i.e., g(x) is a doubly periodic meromorphic 
function of the complex variable x. For the ,41F, series in (11.2.7) 


g(t) =z 1 Fangs P) (1.2.11) 


with b,4; = q. Clearly g(x) is a meromorphic function of x. From (11.2.4) it 
is obvious that g@+? ~ = q® and hence g(x +07!) = g(z). Since, by (11.2.1), 


O(ag*t*? ;p) = (—ag”)~*0(aq"; p), (11.2.12) 
it follows that 
r+1 b 
g(t + ta") = g(x) (11.2.13) 
k 
k=1 


Thus g(x + to~') = g(x) when 
Q1942°°°*ar41 = (b1 be see b,)q, (11.2.14) 


in which case g(x) is an elliptic (doubly periodic meromorphic) function of 
x with periods 0-1 and to~*. Therefore, we call (11.2.14) the elliptic bal- 
ancing condition, and when (11.2.14) holds we say that ,,,E, is elliptically 
balanced (E-balanced). In Spiridonov [2002a] an ,.1£, series is called, simply, 
“balanced” when (11.2.14) holds, but here we need to distinguish between the 
different balancing conditions that arise. Notice that, unlike the requirement 
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that z = q in the definition of a balanced ,.1¢@, series, no restrictions are placed 
on the argument z in the above definition of an E-balanced ,4,£E, series. If 
z = q, then, by the definition of a k-balanced ,41¢@, series in §1.2, the ,41@, 
series in (11.2.8) is (—1)-balanced if and only if the elliptic balancing condition 
(11.2.14) holds. 

Analogous to the basic hypergeometric special case, we call the ,1,F, 
series in (11.2.7) well-poised if 


qa, = agb, = agbg =... = Ap41b,, (11.2.15) 
in which case the elliptic balancing condition (11.2.14) reduces to 
Gia, ears = (ag) (11.2.16) 


Via (11.2.5) and the n — oo limit case of Ex. 1.1(iv) with q replaced by 
p, we find that 


1 1 1 1 1 oi1 
O(aq?";p)  (qa?, —qa?, ga? /p? , —qa2p?;9q,P)n _n 
: = T rt. 2.2 inet —q) (11.2.17) 
O(a; p) (a2, —a2,a2p2,—a2/p2;q,D)n 


is an elliptic analogue of the quotient 


1—aq?” — (qa?,—qa?;q)n 
1 — @ 7 (a2, —-a2;q)n 


) 


which is the very-well-poised part of the ,,,W,. series in (2.1.11) with a, = a; 
see Ex. 11.3. Therefore the ,,,E, series in (11.2.7) is called very-well-poised if 
it is well-poised, r > 4, and 
i i i it i 4 
a2 = qa?, a3 = —qa?, a4 = qa? /p2, as = —qa7p?. (11.2.18) 


Corresponding to Spiridonov [2002b, (2.15)], we define the ,,1V, very- 
well-poised theta hypergeometric series by 


r+1Vr(Q1; Gg, A7,-+-,Or413Q, D; Z) 


< O ae eer agaa’ 
sae! Ss (aig ; Dp) (a1, a6, G7, ,a 413% P)n (qz)”. (11.2.19) 
“ Oai;p) (9,419/46,019/47,---,419/4r415 9; P)n 


It follows that if (11.2.15) and (11.2.18) hold, then 


r+1Vr(G1; Q6, @7,---, Or+1; 4; D; Z) 
= -41,(a1, G2,..-,@r41301,..., 673g, p; —Z), (11.2.20) 
and that ,41V;, is elliptically balanced if and only if 
(agaz---a2,,)q*° =(a1g)" ”. (11.2.21) 


As in Warnaar [2003c], when the argument z in the ,,,V, series equals 1 
we suppress it and denote the series in (11.2.19) by the simpler notation 
r+1V,-(@1; Ag, @7,---,@r413q, p). If ay, ag, a7,..., 4,41 are independent of p, then 


lim r+1V,(@1; a6; a7, ee 8y Qr+1; qd; P) 
p—0 


= r—1W,—2(a13 Q6,--+,4r415 9, q); (11.2.22) 
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which shows that there is a shift r — r—2 when taking the p — 0 limit, and that 
the p — 0 limit of an ,11V;,-(a1; ag, @7,..-,@r4+13q, Pp) Series with a1, 4g, @7,...,Gr44 
independent of p is an ,_1W,_2 series. 

As mentioned in the Introduction, Frenkel and Turaev showed that the 
elliptic 6j7-symbols, which are elliptic solutions of the Yang-Baxter equation 
(formula (1.2.b) in their paper) found by Baxter [1973], [1982] and Date et 
al. [1986-1988] can be expressed as j2Vj1 series (in the additive notation dis- 
cussed in the next section). Then they employed the tetrahedral symmetry of 
the elliptic 6j7-symbols, which is analogous to the symmetry of the classical, 
quantum and trigonometric 6j-symbols (see Frenkel and Turaev [1995, 1997]), 
and the finite dimensionality of cusp forms (see Eichler and Zagier [1985]) to 
derive (in their additive form) the following elliptic analogue of Bailey’s i9¢¢9 
transformation formula (2.9.1) 


12Vi1(a;b, c,d, e, f,Aag™** /ef,q-”; 4, P) 


(aq/e,aq/f,Aq/ef, AG; 9, P)n 
x 12Vi1 (A; Ab/a, Ac/a, Ad/a,e, f,Aaq”** /ef,q-";q,p) (1.2.23) 


for n = 0,1,..., provided that the balancing condition 
bede f (Aaq"*" /ef )q—"q = (aq)’, (11.2.24) 


which is equivalent to \ = qa*/bcd, holds. Note that both of the series in 
(11.2.23) are E-balanced when (11.2.24) holds. Setting A = a/d in (11.2.23) 
yields a summation formula for j9 Vg series that is an elliptic analogue of Jack- 
son’s gf7 summation formula (2.6.2) and of Dougall’s 7Fg summation formula 
(2.1.6), which, after a change in parameters, can be written in the form: 


Viniedeu tae = (aq, ag/be, aq/bd, aq/cd; 4, P)n_ (11.2.5) 


~ (aq/b, aq/c, aq/d, aq/bed; q, p)n 
for n = 0,1,..., provided that the balancing condition bede = a?q"*+, which 
can be written in the form 


(bedeq—")q = (aq)’, (11.2.26) 


holds. Clearly, if a,b,c, d,e are independent of p, then (11.2.25) tends to Jack- 
son’s gf7 summation formula (2.6.2) as p — 0. Unlike in the basic hyper- 
geometric limit cases of (2.6.2) discussed in Chapters 1 and 2, one cannot 
take termwise limits of (11.2.25) to obtain a 3 analogue of the q-Saalschiitz 
formula (1.7.2), 2&, analogues of the q-Vandermonde formulas (1.5.2) and 
(1.5.3), or even a 1 Eo analogue of the terminating case of the g-binomial the- 
orem (1.3.2) in Ex. 1.3(i). Therefore one cannot derive (11.2.25) by working 
up from sums at the ; Eo, 2&1, and 3E2 levels as was done in Chapters 1 and 
2, and so one is forced to employ a different approach, such as in the above- 
mentioned Frenkel and Turaev derivation, or by some other method. Rather 
than repeating the Frenkel and Turaev [1997] derivation of (11.2.25), we will 
present in §11.4 a simpler derivation of (11.2.25) via mathematical induction, 
which is a modification of those discovered independently by Rosengren, Spiri- 
donov, and Warnaar. We will then show in 811.5 that (11.2.23) follows from 
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(11.2.25) in the same way as in our derivation of Bailey’s 19¢9 transformation 
formula (2.9.1) from Jackson’s g¢7 summation formula (2.6.2). 
Observe that if we set e = +(aq)?, then (11.2.25) reduces to 


(aq, aq/bc, aq/bd, aq/cd; q, P)n 


Vg(a;b,c,d,q_”; SS T2207 
9 3 (a; »C,4,q_ ; qd; P) (aq/b, aq/c, aq/d, aq /bed: q,P)n ( ) 
for n = 0,1,..., provided that the balancing condition 
a 1\3 
(bedq~”)q = (+ (aq)?) (11.2.28) 


holds, which is equivalent to the elliptic balancing condition b?c?d? = a°q?"t!. 


In view of (11.2.24), (11.2.26), (11.2.28), and of the required balancing con- 
ditions for other significant special cases of the Frenkel and Turaev transforma- 
tion formula (11.2.23) to hold, analogous to the definition of a VWP-balanced 
series given in §2.1 we call the series ,41V;(a@1; @6,@7,...,@r4+13,p; Z) a very- 
well-poised-balanced (VWP- balanced) series when the very-well-poised balancing 
condition 


(aga7---Ar41)gz = (+ (a1q)?)" (11.2.29) 


holds. It follows that ,11V,-(a@1; a6, @7,.-.-,@r+1;q,P) is VWP-balanced if and 
only if 
(aga7---@r41)¢ = (+ (a1q)?)", (11.2.30) 
and that the summation formulas (11.2.25), (11.2.27) and the transformation 
formula (11.2.23) hold for n = 0,1,..., when the series are VWP-balanced. 
Note that (11.2.30) reduces to (aga7---d2;+6)q = (aig)? when r = 27 +5 
is odd. It should also be noted that if either (11.2.30) or (ag---a,41)q = 
—(+(a,q)2)"~> holds, then ,41V;(a1; a6, @7,---,@r+413q,p) is E-balanced, and 
hence an elliptic hypergeometric series. If ,-41V,-(a@1;@6,@7,---,@r+13q,p) is 
E-balanced, then it is VWP-balanced when r is even, but not necessarily when 
r is odd. In particular, the elliptic balancing condition (11.2.21) is not a 
sufficient condition for the Frenkel and Turaev transformation and summation 
formulas (11.2.23) and (11.2.25) to hold; the series in these formulas need to 
be VWP-balanced in order for these formulas to hold for n = 0,1,.... 
Since, if 41, is a well-poised series satisfying the relations in (11.2.15), 


pi Lr (Qi; G35< 205 O-4:13 O1;.2.25, O¢3 G; Pi 2) 
ee 
= r+9Vr+8(a1; a7, —a; , A; p*,—ay /p? , 2,43, ..-, Qr415 Q, D —z), (11.2.31) 


we find that the very-well-poised balancing condition for the above ,+9V,+8 
series is equivalent to the well-poised balancing condition 


ae 


(a1A2°+-@r41)z = —( + (a19)? (162.32) 


for the ,14,E;, series in (11.2.31). Hence, a well-poised ,,1F, series is called 
well-poised-balanced (WP-balanced) when (11.2.32) holds. In particular, the 
well-poised 4 £3 series in the transformation formula in Ex. 11.6 is WP-balanced. 
Clearly, every VWP-balanced theta hypergeometric series is WP-balanced and, 
by the above observations, every WP-balanced theta hypergeometric series can 
be rewritten to be a VWP-balanced series of the form in (11.2.31). 
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Analogous to the bilateral ,-~),. series, we follow Spiridonov [2002a] in defin- 
ing a ,G,. bilateral theta hypergeometric series by 


rG,(a1, cee , Ar; by,. ‘ 5 Or; qd, D} Zz) 


1o@) 


(a1, -++5Qr, Q,P)n 
= ) aad SE EMAL UN 11.2.33 
(b1,.--,0734,P)n ( ) 


m= — CO 


Note that 


rGr(a1, ++, 4r,q, bi, bo, coe SORA OSD; z) 
=p Pipa Oisisas On 0g 021s GSD; 2) (11.2.34) 


and, more generally, as in the bilateral basic hypergeometric case in (5.1.5), if 
the index of summation in an ,41£, series is shifted by an integer amount, then 
the resulting series is an ,.1G,41 series multiplied by a quotient of products of 
q, p-shifted factorials. Also note that corresponding to (11.2.9) we can consider 
nonterminating ,G,. series with 0 < |q|, |p| < 1 and 


j-=arp*... ha Tp 


where ™m1,...,™m, are integers. As in (11.2.10) we find that 
ons 7m 
rG,(a1, 262 Gr; ap", 8 App”; q,P; z) = » (zo,)"qhr(a) (11.2.35) 
n=—0o 


sd © 


witho, = [In _4(—an)™*pl 2") and N, =m +:::+m,, which clearly converges 
for any z ~ 0 if and only if N, > 0. 

If, as in Spiridonov [2002a], we replace r+ 1 by r in the upper limit of the 
product in (11.2.11) and proceed as in the derivation of the condition (11.2.14) 
for an ,41£, series to be elliptically balanced, we find that the series ,G,. is 
elliptically balanced (E-balanced) if and only if 


Q1Q2°**Ar = b1bo-++ bp. (11.2.36) 
If ,G, is a well-poised series with 
a,b, = agbg =... =a,),, (11;:2:37) 
then the elliptic balancing condition (11.2.36) reduces to 
ajaz---a2 = (a,b,)". (11.2.38) 


In view of (11.2.32), (11.2.34), and (5.1.7), it is consistent to call a well-poised 
rG, series well-poised-balanced (WP-balanced) when 


(ajaq-+-a,)z = —(+ (a1b1)2)”. (11.2.39) 


In our consideration of modular series in the next section we are led to 
consider additive forms of special cases of the rather general power series 


rLH5(a1, a2, cee , Ar; b4,. . .»bs3q,p; A, z) 


= (Q1,G2,-.-,Ar3q,P)n 
Sg ese eee ea Ly ae 11.2.40 
SB (q,b1,-.-,0s39;D)n < ( ) 


n=0 
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and the Laurent series 
7rG,(a4, 2225 Gr; bi, re) bs; q,P; A, z) 


— (Gis iin Op OSD) a 
= Sa Rd eA 11.2.41 
D (b1,...,0539;P)n ( ) 


where A = {A,,} is an arbitrary sequence of complex numbers. Some spe- 
cial cases of these series with A,, = q?("—))/2 or, more generally, with A, = 
exp(ajn+a2n?+a3n°*) are considered in Spiridonov [2002a, 2003b]. If A, = 
for all n, then we will suppress A from the left sides of (11.2.40) and (11.2.41). 
When we encounter series with more than one base or nome, such as in 
Ex. 11.25(i), Ex. 11.26 and in several of the formulas in §11.6, or multivari- 
able formulas, such as the multivariable extension of the Frenkel and Turaev 
summation formula in §11.7, we will write the series in terms of elliptic shifted 
factorials. 

To help keep the size of this book down we will not repeat the main 
elliptic identities and summation and transformation formulas in the appen- 
dices. Nevertheless, for the convenience of the readers we collect below some of 
the most useful identities involving O(a; p), the q, p-shifted factorials, and the 
q, p-binomial coefficients. 


O(a; p) = O(p/a; p) = —aO(1/a; p) = —a O(ap; p), 
0(a*;p”) = O(a, —a;p), 


nm=— CO 


1 


( 

( 
6(a;p) = 0(a, ap; p”) = O(a2, —a?, (aq)?,—(aq)?;p), 
6(a; p) = 0(ap”; p)(—a)"p'2), 
n9(aq”; p) = (434, P)n+1 = 9(a; p) (aq; 9, P)n; (11.2.46 

( 
( 
( 


a; q,D) 

Q;9,P)n+k = (459, P)n(aq"; 9, P)k: 
P) 

q; P) 


NN 


n = (q'-"/a34,P)n(—a)"q(2), 
(434, P)n &. : 


( 
( 
(a; q, 
( 


Q, Wk fee ? 
(qi-"/a;q,p)k\ a 
(aq”"34,P)n = (@/a; 4,P)n( — 7) 7), (11.2.50) 
—n, = (a; q,P)k(q/@3 4, P)n —nk 
(aq~"39,P)k = ane ar ae (11.2.51) 
(a;q7!,p)n = (07134, P)n(—a)"q7 (2), (11.2.52) 
os — 1 9/2)" 8) 
(5 P)—n (aq-"39,P)n (4/G3G,P)n rhe 28) 
i _ (a;4,P)e(a9"39,P)n (434, P)n+h 
ne (a; 9,P)n ~ (59;P)n Ghee 
(a;q,p)n = (ap*; 4) n(—a)"*p"(2) g(a), (11.2.55) 
(a7; 97,0") n = (a, -439,D)n, (11.2.56) 


a i al il, 
(a; 9, P*)an = (a2, —a?, (aq)? , —(aq)?;9, P)n, (11.2.57) 
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(4; 9, P)an = (4,09; 9°, P)n, (11.2.58) 
(4; 4, P)3n = (a,49, 49°; 9°, P)ns (11.2.59) 
(a; qs P)kn = (a, aq,.-- age q’,D)n- (11.2.60) 
Corresponding to the g-binomial coefficient is defined in Ex. 1.2, we define 
q 
the q, p-binomial coefficient (or elliptic binomial coefficient) by 
Hy 7 (G45 P)n 1.2.61) 
Klan (959,P)n(959,P)n—k 
for k = 0,1,...,n. Then 
n n q "34,2 a ee 
q,P q,P G39,P)k 
For complex a we can employ (11.2.62) to define 
—a. k 
q,p (q; Q,P)k 
when k = 0,1,.... As in Ex. 1.2 it follows that bed satisfies the identities 
q.P 
l . _— (PTS GP )e (1.2.64) 
K lap = (GG P)k 
= = k 
ol sth (—g-*)*g- 2), (11.2.65) 
k; k; 
q,P q,P 
a _ |a@ k? —ak 
i in a q , (11.2.66) 
q- 1p q,P 


Similarly, additional elliptic identities can be obtained by replacing each 
(a;q)n by (a;q,P)n and making any necessary changes in the other identities of 
Appendix I that do not contain any infinite products. Elliptic analogues of 
(1.6), (1.41), and of some other identities containing infinite shifted factorials 
and/or q-gamma functions can be obtained by using the Jackson [1905d] and 
Ruijsenaars [1997, 2001] elliptic gamma function defined by 

CO 7 4-1 j+1,)k+1 
aap) = []] — =. (11.2.67) 


fo zo 


where z, g, p are complex numbers and |q|, |p| < 1, whose main properties are 
considered in Ex. 11.12. Since 


T'(zq"; q, p) 


, neZ, 11.2.68 
ae) Cree) 


(Zz d,P)n = 


and 
Dy) = ha) aaa" 950). 0 gt, (11.2.69) 
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one can extend the definition of (z;q)q in (1.6) by defining 


['(zq%; 9, P) 
PG p\p 11.2.70 
a T(z; 4,p) 
and extend the definition of in (1.41) and of iz in (11.2.63) by 

q q,p 
defining 
T at+l. (a: 
Plan P(a?**s4,p)P(qe-P**; ap) 


for |q|, |p| < 1 and complex a@ and 3. The Felder and Varchenko [2003a] elliptic 
analogue of the Gauss multiplication formula (1.10.10) and of its g-analogue 
(1.10.11) is considered in Ex. 11.18. 


11.3 Additive notations and modular series 


In what follows it will be convenient to employ the standard notation C for 
the set of all complex numbers, and Z for the set of all integers. In terms 
of the elliptic number [a; 0,7] defined in (1.6.14) the (additive) elliptic shifted 
factorials (or o, T-shifted factorials) are defined by 


[Mizola + &; 0, 7], fal een 
n=0, (11.3.1) 


la;0,T|n = 1, 
1/2) latnt+k;o,7], n=-—1,-2,..., 


where a, o, 7 € C and the modular parameters o, 7 are such that that Im(r) > 
Oando ¢Z+7Z with Z+7Z= {m+7n:m,n€ Z}. Let [n; 0,7]! = [13 0,7]n 
and 


Gis Go. x05 Og OT ye — | [lexse, Tle (11.3.2) 
k=1 


Then we can formally define the additive forms of the ,,,/, and ,+1V, 
series to be the series 


r+1€r(@1, @2,---,Ar41501,.-.,bp3 0,75 2) 
_ $3 [a1, a2, -++)4r415 9, Thr yn (11.3.3) 
<< [1,61,..-,6r30,T]n 
and 
r+1Ur (a1; Gg, @7,-. ->4r41;9,T; z) 
_ 3 [ay + 2n; 0,7] [a1, 4g, @7,---,Ar4130,T7|n on 
—s laz;0,7) [1,1 +a, —ag,1 +a, —a7,...,1 +a, -—Gp4130,T]n ’ 
(11.3.4) 


respectively, where, as usual, it is assumed that the parameters are such that 
each term in these series is well-defined. When the argument z in the 410, 
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series equals 1 we suppress it and denote the series in (11.3.4) by the simpler 
notation ;41U;(@1; @6,@7,--.-,@r4130,7). Since, by (11.2.3) and (11.3.1), 


la; O, The = (9°54, P)n n(b—a)/2 (11.3.5) 


[b;0,T]n (9°59, P)n 


and 
la + 2n; 0, T| _ O(q2**":p) qo” (11 3 6) 
[a; 0,7] 9(q*; p) 
we have that 
pine Oisanes Opis 0154.25 0-20) 7 12) 
— rt Ey, (a, aa! girth: ght. es q?: q,D; gq eat beara a arta) /2) 
(11.3.7) 
and 
r+1Ur (a1; 46, 47,+-++;Q4r+41;9,7; z) 


a7 
97° 


ead Per ee oie) 


(11.3.8) 


SVG 4G hd Gee Gy, 2g 


From (11.2.4) and the multiplicative form of the elliptic balancing con- 
dition in (11.2.14), it follows that ,41e, is an elliptic hypergeometric series 
when 


ola; tag +---+ a4, —(1+0, +02 +---+5,)] EZ, (11.3.9) 


which is the additive form of the elliptic balancing condition. Hence, ,+1€;,. is 
called E-balanced when (11.3.9) holds, and it follows that 


PATCH G15 oy Opts Ol jsa5 0p} 0; 732) 
Stel sata od” ee yg apes) (11.3.10) 


holds with the plus sign of the + when ola, + ag +--+ + @r41 —-(1 +0) + 
bo +---+5,)] is an even integer and the minus sign when it is an odd integer. 
Using (11.2.4) we find that the additive form of the multiplicative well-poised 
condition (11.2.15) is 


o|1 + a, — ax41 — Ox eZ. Klock. (11.3.11) 


in which case ,4 1e, is called well-poised, and the elliptic balancing condition 
(11.3.9) reduces to 


age! 
2 


20 ja; tag +---+ Ar+1— (ay + 1) EZ. (11.3.12) 
Note that (11.3.9) and (11.3.11) are not equivalent to the additive forms of 
the “balanced” and “well-poised” constraints in Spiridonov [2002a, (20) and 
(26)], respectively, which correspond to requiring that the expressions inside 
the square brackets in (11.3.9) and (11.3.11) are equal to zero. 
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If ,11¢€, is a well-poised series that can be written in the very-well-poised 
form (11.3.4), e.g., when, via (11.2.17) and (11.3.6), 


ay ay 1 ay T ay 1+7T 
ae oe ey ee eee Si 2 
ce ee ee a a a ae ea 
(11.3.13) 
then the elliptic balancing condition reduces to 
20 | + 0g bay ++ bans = 7S (a +1)| EZ, (11.3.14) 


which is the condition for the ,.,v, series in (11.3.4) to be elliptically balanced 
(E-balanced) and hence an elliptic hypergeometric series. Since e?7*(F1)/4 — 
+1, it follows by setting z = q” that the additive form of the very-well-poised 
balancing condition in (11.2.29) is 


r 1+1 
g [wb 1+ a6 bay ++ bars — (a +1)] + - (r+1) eZ, 
(11.3.15) 
which, via (11.3.8), is the condition for the series 
r41Ur (G1; 46, @7,..-,Or4130, 7; (£1)" te?) (11.3.16) 


to be very-well-poised-balanced (VWP-balanced), where, as elsewhere, either 
both of the upper signs or both of the lower signs in +1 and +1 are used 
simultaneously. In particular, setting w = 0, it follows that if r is odd, then 


r+1Ur (1; 46, 47,---,;@r4130,T) is VWP-balanced when 
rf —= 
o fb ag + ay bot args — (a +1)| EZ, (11.3.17) 
and if r is even, then ,41v,(@1;a6,@7,...,@r41;0,T7;+1) is VWP-balanced 
when 
r—o j= | 
o [1 bag + ar bot drs — 5 (a +1)] +t ez. (11.3.18) 


Thus, by replacing the parameters a, b, c, d, e in (11.2.25) by q’, q’, a°,q%, ¢°, 
respectively, and applying (11.3.8), we obtain the additive form of the Frenkel 
and Turaev summation formula: 


10V9 (a; b, C, d, €,—nN, 0, B) 
_ fat+i1,a+1—b-—c,a+1—b—d,a+1—c—d;o,T|n 
~ fa+1—ba+1—cat+1—djat+1—b-—c—da,T|n 
for n = 0,1,..., provided that the series is VWP-balanced, i.e., 
olb+c+dt+e—n-—2a-1] EZ. (11.3.20) 
Similarly, it follows from (11.2.27), (11.2.28), and (11.3.8) that 


(11.3.19) 


gvg(a; b,c, d, —n; 0,7; +1) 
_ fat+iati—b—c,a+1—b—-dat+1—c—do,7]\n 


=) ae ee ce ee 
lat+1l—ba+1—ca+1—d,a+1—b-—c—d;o,7T]n ( ) 
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for n = 0,1,..., provided that the series is VWP-balanced, i.e., 


3 1 1-1 
o a eae ar mee + EZ. (iig22) 


This formula also follows by setting e = (a+1)/2+k/2o for k = 0,1 in (11.38.19) 

and using the fact that [(a+1)/2+k/20;0,T]n = (—1)*[(a+1)/2—k/20; 0,7]n. 

In addition, the Frenkel and Turaev transformation formula (11.2.23) has the 

additive form 

12011(a;b,c,d,e,f,At+at+tn+] =e Jf, ny OyF) 

lat+i,a+1l—e-—f,A+1—e,A4+1-f;0,T]n 

lat+l—e,at+1—f,A+1—e-—f,A+1la,T|n 

xX 2U11(A;A + b—a,A+c—a,A+d—a,e,f,A+at+n+1-—e-— f,—n;0,T) 
(11.3.23) 


forn =0,1,..., provided that the series is VWP-balanced, i.e., 
olb+c+d+rA-2a-1] €Z. (11.3.24) 


The summation formula (11.3.19) follows from (11.3.23) by setting 4 = a — d. 

Frenkel and Turaev [1997] used a slightly different notation for the z = 1 
case of the series in (11.3.4) (with ,_1w,_2 denoting an ,41, series when z = 1) 
and assumed that the series terminates (to avoid the problem of convergence) 
and satisfies the balancing condition 


r—9 
1+ (a6 + @7 + +++ + @p41) = 


(a; +1). (11.3.25) 


They called the function that is the sum of their terminating series a modular 
hypergeometric function and justified the name “modular” by showing that if 


the series -41U;(@1; 46, @7,---,@r4130,7) terminates and (11.3.25) holds, then 
these functions are invariant under the natural action of SL(2,Z) on the o and 
T variables, i.e., if a1,a6,@7,...,@r41 € C, then 
oO aT +b 
r+1Ur (ai; Q46,47,---,Qr41; er are =) 
= 741Ur(G1; 46, @7,.--,Gr4150,T) (11.3.26) 
for all p : E€ SL(2,Z), where SL(2,Z) is the modular group of 2x2 ma- 


trices such that a,b,c,d € Z and ad — bc = 1. Therefore, we call (11.3.25) 
the modular balancing condition, and when it holds we say that the series 
r+1U, is M-balanced. Note that if the series ,41v,(@1; a6, @7,.--,@r41;0,T) is 
M-balanced, then it is E-balanced and VWP-balanced, but if it is E-balanced 
or VWP-balanced then it is not necessarily M-balanced. Frenkel and ‘Turaev 
also showed that if a1,ag,@7,...,@r41 © Z, (11.3.25) holds, and the series 
r+1Ur(@1; 46, @7,---,@r41;0,7) terminates, then the sum of the series is invari- 
ant under the natural action of Z* = {(m,n): m,n € Z} on the variable o, 
1.€., 


r+1Ur (G13 G6,-..,@r413;0 +m + nT,T) 


= mi. (ay; Q6,-+-,4r41,9, T) (11.3.27) 
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for all (m,n) € Z?, and hence is elliptic in o with periods 1 and rT. 

A formal unilateral or bilateral series of the form }°,, cn(o,7) is called a 
modular series (or modular invariant) if it is invariant under the natural action 
of SL(2,Z) on the o and 7 variables, i.e., 


Go aTtt+bd 
) a =) my Cor 13.2 
= 5 (2 ~~") = Cn(9,7) nee) 


for all ( . ) € SL(2,Z), where, as usual, two formal series are considered 


to be equal if their corresponding nth terms are equal. Spiridonov [2002a]| 
extended (11.3.26) by proving that the unilateral theta hypergeometric series 


Pes Qian at Vigtses Us, 01732) 
=A, Aiud ae Cele 
= a ee ee 11.3.29 
Di a seen Ror ig ( ) 
is modular if 
p= sk, (11.3.30a) 
ay +agt-+++4s41 =14+0, +bo4+---+ dg, (11.3.30b) 
and 
at tagte++ +024, =14+b3+054+--- +02, (11.3.30c) 


and, more generally, that the bilateral theta hypergeometric series 


AGEN Cig.twes G5 U0, 60 7 22) 
[a1 .--, rj 0, T]n 
= a a a 11.3.31 
de Disacon Oar Oot a ( ) 
is modular if 
c= (11.3.32a) 
Qa, +ag+t---+ta,-=6, +bo+---+5,, (11.3.326) 
and 
attagt: tae =b) + 05+ +--+ 0%, (11.3.32c) 


where it is assumed that z and the a’s and b’s are complex numbers such that 
the series are well-defined. Hence, -e, and ;g, will be called M-balanced when 
(11.3.30a)—(11.3.30c) and (11.3.32a)—(11.3.32c), respectively, hold. Notice that 
if ,g, is well-poised with 


Qy +b, =at+l1, a — ia ene a (11.3.33) 
then 


Tr Tr 


S (ag — bg) = (@+1) > (ax — be) = 2(a +1) (Sa — 5(a+ »). (11.3.34) 
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and so this well-poised ,g, series is modular when the modular balancing con- 
dition 


aj +ag+-:-+a,= 5(a+1) (11.3.35) 
holds. Similarly, a well-poised ,4 e, series with 
Qp41 +b, =a, 4+1, 2 ree (11.3.36) 
is modular when the modular balancing condition 
r+1 
a, +a9+---+4,41 = =o +1) (11.3.37) 


holds, which reduces to (11.3.25) if (11.38.13) also holds. 

In order to prove the Frenkel and Turaev, and the Spiridonov modularity 
results, (11.3.27), and some more general results, we start by observing that, 
by (1.6.9) and Whittaker and Watson [1965, §21.11 and §21.5], 04(a,e7’7) 
satisfies the modular symmetry relations 


O1(x, e™TTD) = eT4/49, (x, eT"), (11.3.38) 
01(z/T,e-7/7) = —4(-ir)2e* /77 9, (a, e*'), (11.3.39) 


where the square root of —i7 is chosen so that its real part is positive, and the 
quasi-periodicity relations 


04(x + 7,e7"7) = —0, (xz, e7"7), (11.3.40) 
84(a@ + m7, e™7) = —e 79, (x, e7"7). (11.3.41) 

Hence, by (1.6.14), the elliptic number [a;o,7] has the modular symmetries 
[a;o,7 + 1] = [a;0,7], (11.3.42) 
la; 0/7, —1/7] = e™(@ —YO"/T Ta: g, 7], (11.3.43) 

and the quasi-periodicity relations 

[k3o + 1,7] = (—1)**"[k; o, 7], (11.3.44) 
[k;o0 +7,7| = Gai) erga 8 Get) Leverage (11.3.45) 


where k € Z. See, e.g., van Diejen and Spiridonov [2000, 2001b], but note that 
(11.3.43) corrects a typo in both of these papers. 

Let us first consider when the bilateral series ,g, is modular. Since the 
modular group SL(2, Z) is generated by the two matrices 


€ 7. 6 ea) (1.3.46) 


which, respectively, correspond to the two transformations 
(0,7) > (0,7 +1), (0,7) — (o/7, -1/7), (11.3.47) 
it suffices to consider when each term 


11.3.48 
(cael ( ) 


Gte.7) = 
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of the series in (11.3.31) is invariant under these transformations. From (11.3.1) 

and (11.3.42) it is clear that [a;0,7 + 1], = |a;0,7|n for n € Z, and hence 
CGF + 1) =—t2 (a, 7), ne€Z. (11.3.49) 


For the second transformation in (11.3.47) observe that from (11.3.1) and 
(11.3.43) it follows that 


la; /T,—1/T])n = e™"""/TTa:5,7]n, neZ, (11.3.50) 
with v,(a) = nla? + a(n — 1) + (n — 1)(2n — 1)/6 — 1], and thus 


Cn(o/T, -1/T) = e™? /"e,(0,7), neZ, (11.3.51) 
with 
An =nlaj +a5+---+a2— (bf +05 +---+05)| 
+ n(n —1)[a, + ag +--+ +a, — (6) + bg +-+- + bs) 
+n(r —s)|(n —1)(2n — 1)/6 — 1]. (11.3.52) 
Consequently, 
GlO/T=1/7) = enlo,7) (11.3.53) 
if and only if 
etirno/T — |] (11.3.54) 


whenever c,(o,7) # 0. Obviously, (11.3.54) holds for n = 0 since we have 
Ago = 0, and in order for it to hold for any n # O with (0,7) replaced by 
(c/(er + d), (ar + )/(er + d)) for (: / 


sufficient that A, = 0. Setting A, = 0 in (11.3.52) gives 


) € SL(2,Z), it is necessary and 


aitagt:-+a2=b'+b5+---+be+r—s, (11.3.55) 
which, with a; = —1,b, = 1, is a necessary and sufficient condition for the 
series 
r9s{—1,ao,...,@r31,b2,...,0330,7;2) = r€s—i(—l, Ga, ..., Gp} bo, ...,0s30,73 2) 


to be modular when a, 4 O for k = 2,...,r. Setting A41 = Ag = 0 gives 
(11.3.55) and 


aj +agt-:-+a,=b; +b24+---+b,+(s—1r)/2, (11.3.56) 
which, with a; = —2,b; = 1, are necessary and sufficient for the series 
Og 20) ys28 5s lj 0o552.55 0s Ost: 2) = Hepa (= 2) Gas sy Gps Don S04 03205 TZ) 


to be modular when a, # 0,-—1 for k = 2,...,r. Similarly, if N and M are 
nonnegative integers, then 


rgs(—N, a2, 43,..., Ar; M +1, bo, bg,...,bs3 0,7; 2) 


N | 
—N,a2,a3,..., oO, 
= ) a i a a a 11.3.5 

n= ol | , bo, b3,..-,0330,T|n ( () 
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is modular for arbitrary values of the a’s and 6’s if and only if 
An = 0; —-M<n<QN, (11.3.58) 


which, since A, is a cubic polynomial in powers of n, is equivalent to (11.3.32a)— 
(11.3.32c) if and only if N+ M > 3. In particular, when N+ M < 3 the 
restriction r = s is not needed for the series in (11.38.57) to be modular. It 
follows from the above observations that the ,g, series in (11.3.31) is modular 
for arbitrary values of its parameters if and only if (11.3.32a)—(11.3.32c) hold. 
Replacing s by s+ 1 in,g, and then setting 6,4; = 1 yields that the ,e, series 
in (11.38.29) is modular for arbitrary values of its parameters if and only if 
(11.3.30a)—(11.3.30c) hold. 

It should be noted that, since the modularity of the above ,e, and ,;g, 
series hold termwise under the stated conditions, when we extend ,e, and ;g; 
to 


r€s(Q1,-.-,@r301,...,0330,7; A, Z) 
_ [is wee Oot a 

ig ee eee aL ee 11.3.59 
d [LDiisacey0er Oy Ty : ( ) 


and 


POs (Oise i5ss BUR OTF AGS) 
(©. @) 


(a1, ee Ope CO; ls 
: ihn 11.3. 
ane [ere Pere @ ( 60) 


respectively, where A = {A,,} is an arbitrary sequence of complex numbers and 
@1,042,.--,@4r41,2 € C, we obtain that the series in (11.3.59) is modular when 
(11.3.30a)—(11.3.30c) hold, and series in (11.3.60) is modular when (11.3.32a)- 
(11.3.32c) hold. This is also true when A = {A,,(o,7)} is a sequence of complex 
numbers such that the series )),, An(o,7) is modular. 

Rather than just proving (11.3.27), we will now consider when a bilateral 
series -gs(@1,.--,@r301,..-,bs30,7) with a,,...,a,,b1,...,0; € Z is invariant 
under the natural action of Z? on the variable o, i.e., 


r9s(Q1,---,@r3b1,...,b6;;0 +m+nT7,T) 
Gal Qsccay Ops Des eeu y0Z OF) (11.3.61) 


for all (m,n) € Z?, and hence is doubly periodic in o with periods 1 and rT. 
Let a1,...,@,,01,...,b, € Z. Using (11.3.1) and (11.3.44), we find that 


Cn(o + 1,7) = (—1)"cn(,7) ne€Z, (11.3.62) 
with 
Yn = nlai +--+ +a, — (61 +--+: +65) + (n+ 1)\(r — 8)/2] (11.3.63) 
and c,(o,7) defined as in (11.3.48). So, 
CNOA AsF) = CG, T) (11.3.64) 


if and only if 
Vee 27 (11.3.65) 


320 Elliptic, modular and theta hypergeometric series 


whenever c,(a,7) 4 0, where 2Z = {2m: m € Z} is the set of all even integers. 
Via (11.3.1) and (11.3.45), 


n+l ; 
kio +7, 7]n = (—1)PtC 2 Dental Ct I E.G c= kn © Z, (11.3.66) 
with pn(k) = —n[k? + k(n — 1) + (n—1)(2n — 1)/6 — 1], and hence 


Cn(o +7,7) = (—1) e772 Cte, (6,7) (11.3.67) 
for n € Z with A, as defined in (11.3.52). Thus, if (11.3.65) holds, then 
CORT T= GAG) (11.3.68) 
if and only if 
ern (2o+7) — 1 (11.3.69) 


when c,(0,7) 4 0. Clearly, (11.3.69) holds for n = 0 since Ao = 0, and in order 
for it to hold for any n 4 0 with o replaced by o +m-+mr for (m,n) € Z?, it 
is necessary and sufficient that A,, = 0. 

As in the modular case, it follows that if N and M are nonnegative inte- 
gers, then 


r9s(—N, a2, 03,...,@7;M +1, ba, bg,..., bs; 0,75 2) 
N 


[-N, A2,03,..-,4r30,T]|n 
7 FY eoR ee ee 11.3.70 
2» [M+ 1,bo,b3,...,05:0,7]n ( ) 


is invariant under the natural action of Z? on the variable o for arbitrary values 
of the a’s and 0’s if and only if 


\n=0, Ww €2Z, —-M<n<QN, (113.71) 


which is equivalent to (11.3.32a)—(11.3.32c) when N + M > 3. Consequently, 
the ,gs series in (11.3.31) is invariant under the natural action of Z? on the 
variable o for arbitrary values of its parameters if and only if (11.3.32a)-— 
(11.3.32c) hold. Replacing s by s+ 1 in ,g, and then setting 6,4; = 1 yields 
that the ,e, series in (11.3.29) is invariant under the natural action of Z? on 
the variable o for arbitrary values of its parameters if and only if (11.3.30a)— 
(11.3.30c) hold. In addition, since the invariance under the natural action 
of Z? on the variable o in the above ,e, and ,g, series hold termwise under 
the stated conditions, it follows that the series in (11.3.59) and (11.3.60) are 
invariant under the natural action of Z* on the variable o when (11.3.30a)- 
(11.3.30c) and (11.3.32a)—(11.3.32c), respectively, hold. 

Spiridonov [2002a] called a (unilateral or bilateral) theta hypergeometric 
series 4c, totally elliptic if g(n) = cnii/cy is an elliptic function of all free 
parameters entering it (except for z) with equal periods of double periodicity. 
He proved that the most general (in the sense of a maximal number of inde- 
pendent free parameters) totally elliptic theta hypergeometric series coincide 
with the terminating well-poised M-balanced ,e,_ 1 (in the unilateral case) and 
rgr (in the bilateral case) for r > 2. 


11.4 Elliptic analogue of Jackson’s g¢7 summation formula 321 
11.4 Elliptic analogue of Jackson’s g¢7 summation formula 


Recall from (11.2.25) that the multiplicative form of the Frenkel and Turaev 
summation formula (11.3.19) is 


(ag, aq/be, aq/bd, aq/cd; q, P)n 
(aq/b, aq/c, aq/d, aq/bed; 9, P)n 
with a2qg”"*! = bcde and |p| < 1. When p = 0 it clearly reduces to Jackson’s 
summation formula (2.6.2). We will give a simple inductive proof of (11.4.1), 
which is a modification of those found independently by Rosengren, Spiridonov, 
and Warnaar. When n = 0 both sides of (11.4.1) are equal to 1, and for n = 1 
it becomes 


10 V9 (a; b, C, d,e,q_";q,P) = (11.4.1) 


0(aq*; p)(a, b,c, d,a°q?/bed, q~*; 4, P)1 
O(a; p)(q, aq/b, ag/c, agq/d, bed/aq, aq?; q,P)1 
_ (aq, aq/be, ag/bd, aq/cd; q,p)1 
~ (aq/b,aq/c, aq/d, aq/bed; q,p)1° 
By using (11.2.5) and (11.2.42), (11.4.2) can be rewritten as 
6(aq/b, aq/c, aq/d, aq/bcd; p) + 0(b, c, d, aq? /bcd; p)aq/bed 
= 6(aq, aq/bc, aq/bd, aq/cd; p). (11.4.3) 
However, (11.4.3) is equivalent to the identity in Ex. 2.16(i) if we replace z, 4, 
yw and v by aq/(be)?, (bc)2, aq/d(bc)? and (c/b)2, respectively. So (11.4.1) is 
true for n = 1. Let us now assume that (11.4.1) is true when n = m. We need 
to prove that 


» 9(aq?*; p)(a, b, c, d, a2g™*? /bcd, q~™—*; g, D) k k 
0(a; p)( 


)(q, aq/b, aq/c, aq/d, bedq~™—1/a, aq™*?; q, D)k 7 


2 om aq/be, aq/bd, aq/cd; q, P)m-+1 
(aq/b, aq/c, aq/d, aq/bed; q, P)m+1- 
Observe that, by (11.2.43), 
(a*g™*? /bed,q~™—*; 4, P)k 
(bedq-™~*/a, ag™**; q, DP) k 
_ (a’g™** /bed, q~™5 4, P)k 
~ (bedq-™/a, aq™*4; q, p)s 
6(a2g™t*+! /bed, bedg*—™—1 /a, ag™*1, q~™—1; p) 
Glagrrkt.g* 4 argh * (bed, bedg- ™—"/a;p) 
However, by Ex. 2.16(i) the ratio of the 6-terms inside the brackets in (11.4.5) 
is equal to 
bedg-™—* 6(aq", q®, a/bcd, a2q?™*? /bed; p) 
a O(agMtktl gk-m-1 g2q™t+! /bcd, bedq-™—1/a;p) 
When we multiply (11.4.6) by 
O(aq"*; p)(a, b,¢,d,a?g™*! /bcd,q-™;9,D)k ig 
(a; p)(q, aq/b, aq/c, aq/d, bedq~"™ /a,ag™*1; g, p)K” 


1+ 


(11.4.2) 


(11.4.4) 


(11.4.5) 


L4+ (11.4.6) 
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and sum over k from 0 to m+1 we find that the first term in (11.4.6) contributes 
a zero term at k = m+1 because (q~™;q, P)m+1 = 0, while the second term 
contributes a zero term at k = 0 because of the factor 0(q*;p). After some 
simplifications it follows that 


10V9(a; b, c,d, a*q™** /bed, q~™~*; q, Pp) 
= 10Vo(a; b, c,d, a*qg™** /bed, q~™; 4, P) 
bcdq—™ (aq; q, p)29(b, c, d, a/bed, a2q?™*? /bcd; p) 
ae a (aq™*1, bedq-™— 1 /a; q, p)29(aq/b, aq/c, aq/d; p) 
x 10V9(aq*; bq, cq, dq, a°q™** /bed, q~™; q, p). (11.4.7) 
However, by the induction assumption both 19V9 series on the right side of 
(11.4.7) can be summed. Thus, from (11.4.7) and the n = m case of (11.4.1), 
10V9(a; b, c,d, a*q™**/bed, q~™~*; q, Pp) 
_ (ag, aq/be, ag/bd, aq/cd; q,P)m 
~ (aq/b, aq/c, aq/d, aq/bed; q, P)m 
bedq—™ (aq; q, p)29(b, c, d, a/bed, a2q?™*? /bcd; p) 
a = (aq™*!1, bcdq-™— 1 /a; q, p)29(aq/b, aq/c, aq/d; p) 
(ag’, ag/be, aq/bd, aq/cd; q, P)m 
(aq*/b, ag*/c, aqg?/d, a/bcd; q,P)m 
_ (aq, aq/be, ag/bd, ag/cd; q, P)m 
(aq/b, aq/c, aq/d, aq/bed; q, P)m 
0(b, c, d, a2q2™*? /bcd; p) 
O(ag™+1 /b, ag™+1/c, ag™+1/d, bedq-™—1/a; p) |’ 
by use of the identities (11.2.42) and (11.2.43). Applying Ex. 2.16(i) once again 
we find that 


+ 


x |1— (11.4.8) 


0(b, c, d, a2q?™*? /bcd; p) 
A(ag™*! /b, ag™t! /c,ag™t! /d, bedg—™—" /a;p) 

_ Oag™**, ag™** /bc, aq ** /bd, aq™** /ed; p) 11.49) 

— O(ag+4/b, ag™+1/c, ag™+1/d, ag™+1/bed; p) - 
Substituting (11.4.9) into (11.4.8) and using (11.2.43) shows that (11.4.1) is 
true for n = m+1 whenever it is assumed to be true for n = m. This completes 
the proof of (11.4.1) by induction. Another proof of (11.4.1) by induction is 
indicated in Ex. 11.4. 

Note that by letting e — aq”t+ in (11.4.1) we obtain the summation 

formula for a truncated g V7 series 


3 0(aq?*; p) (a, b, C, a/be; qd, P)k k 

—  O(a;p) (q,aq/b, aq/c, beg; 4, P) 

_ (aq, bg, eg, aq/bc; 9, P)n (1.4.10) 
(aq/b, aq/c, beg, 934, P)n’ 


which is an elliptic analogue of Ex. 2.5. 
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As alluded to in §11.2 the limit of the summation formula (11.4.1) as one 
of three parameters b, c, d tends to infinity does not exist when p # 0, even 
though these limits do exist when p = 0 yielding formula (2.4.2). Similarly, 
one cannot take the limit a — O after replacing d by agq/d in (11.4.1) to 
get an elliptic analogue of the q-Saalschiitz formula (1.7.2), as was done in 
the basic hypergeometric case in §2.7. The root cause of the nonexistence 
of these limits is the fact that limg—o 0(a; p) and limg_... (a; p) do not exist 
in the extended complex plane when p # 0. Nevertheless, one can obtain 
an elliptic analogue of the q-Saalschiitz formula (1.7.2) at the 19Vo level by 
employing Schlosser’s observation (see Warnaar [2003e]) that by making the 
simultaneous substitutions {a, c, d,e,p} — {dp, dqp/c, a, ep, p*} in (11.4.1) we 
obtain the summation formula 


(c/a, c/b, dgp, dqp/ab; q, p*)n 
(c, c/ab, dqp/a, dqp/b; q, p”) n 
with cdq" = abe, |p| < 1, and n =0,1,..., which tends to (1.7.2) as p > 0. 


10V9(dp; a, b, dqp/c, ep, q-"3.q, Pp”) = (11.4.11) 


11.5 Elliptic analogue of Bailey’s transformation formula 
for a terminating j9¢9 series 


Recall from (11.2.23) that the multiplicative form of Frenkel and Turaev’s 
transformation formula (11.3.23) is 


12Vi1 (a; b, ¢,d,e, f,Aaq”™* /ef,q-"5 4, P) 
_ (a9, ag/ef, Adfe, Ag/ fi dn 


(aq/e,aq/f,ra/ef, G5 Qn 
x 12Vi1(A; Ab/a, Ac/a, Ad/a,e, f,Aaq”** /ef,q-";9q,p) (11.5.1) 


with \ = qa*/bcd. This formula reduces to the Frenkel and Turaev summation 
formula (11.4.1) when aq = be, bd, or cd, and it reduces to Bailey’s transforma- 
tion formula (2.9.1) when p = 0. It can be proved by proceeding as in (2.9.2) 
and (2.9.3) with the q-shifted factorials and the g¢7 and i10¢9 series replaced 
by q, p-shifted factorials and 19 V9 and j2Vj1 series, respectively. In view of the 
importance of this transformation formula and for the sake of completeness, 
we decided to present its proof here. First observe that by (11.4.1) 


10 V9(A; Ab/a, Ac/a, Ad/a, aq’, q 5 qd, Pp) 


— AGG GYD) (11.5.2) 


(a/A, aq/b, aq/c, aq/d;q,P)m’ 
and hence the j2Vi1 series on the left side of (11.5.1) equals 
5 Maa’ ip) __ (ae, frag" ef. id P)m __ (0/4 P)m gm 
O(a;p) (q,aq/e,aq/f,efq-"/a,aq"*';q,P)m (AGs4,P)m 


5 cee) (A, Ab/a,Ac/a,Ad/a,ag™,a~"iGP)i 
A(A;p) (q,aq/b, aq/c, aq/d, Aq!—™/a, Aq™*"; q, p); 


m=0 


j=0 
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n 


yo ag Ere 14; P)m-+j(a/A; q; P)m-— —j m 
=0:5=0 \OASP) — (AQ3 GP) mn4.j (95 9; P)m—J 


(e, f, Aag’t*/ef,q—"5 4, P)m(A, Ab/a, Ac/a, Ad/a; q, p); (2)' 
aq/e,aq/f,efq-”/A,aq"**; g, P)m(q, aq/b, ag/c, aq/d; q,p)j \A 
et (A, Ab/a, Ac/a, Ad/a, e, f, \aq"** /ef, q~ "3.4; P); 

(q, ma aq/c,aq/d,aq/e,aq/f,efq-"/X, aq”*"; q,p); 
CCE 


=> Gre 


a 
(ag ; (QQ; 9; P)2j 


1=0 
Cee ( ay 10V9(aq”4; a/A, eq’, fq’, Aaq”"*" /ef, q?—"; q, D) 
’ J 


(11.5.3) 
However, by (11.4.1) 


10Vo(aq~;a/d, eq’, fq’, Aagh*?** /ef,@’—"; GP) 
— (ag? tt, Ag? * /e, AG? **/f,aq/ef; 4 P)n— 
 (Ag?I+4, agi+t/e, aqit4/f, Aq/ef; 4; P) 
_ (aq, Ag/e, Ag/f,ag/ef; 9, P)n 
(Aq, ag/e, aq/f, Aq/ef34,P)n 
(Aq; q)23(ag/e, aq/f,efa_"/Asq)5 (A)3 
gat a (=) | (11.5.4) 
(aq; q)25(Ag/e, Aq/f, efa-"/a; q); \a 
Substitution of (11.5.4) into (11.5.3) gives (11.5.1) 
Note that by applying the transformation formula (11.5.1) to the 12Vi4 
series on the right side of (11.5.1), keeping e, Ac/a, Ad/a and q~” unchanged 
we obtain that 


12Vi1(a;b, c,d, e, f, Aag”** /ef,q~” g, P) 
(aq, aq/ce, aq/de, aq/ef, Aq/f,6; 9, P)n 
(aq/c, aq/d, aq/e,aq/f,Aq/ef, b/e; 4, p) 
x 12Vis (eq "/b; e, Ac/a, Ad/a, aq/bf,eq "/a,efq "/Ab,q-"34,P); 
(11.5.5) 


which is the elliptic analogue of Ex. 2.19. Setting f = qa*/bcde in (11.5.1) 
gives the transformation formula for a truncated j9Vg9 series 


3 0(aq?*; p)(a, b, c, d, e, ga /bcde; q, p)k : 
6(a;p)(q, aq/b, aq/c, aq/d, aq/e, bcde/a; q, DP) k 4 
_ (aq, bed/a, a*q* /bede, eq; 4, P)n 

~ (aq/e, bede/a, a*q?/bed, q; 4, P)n 


x 12Vi1(¢qa*/bcd; aq/bc, aq/bd, aq/cd, e, qa* /bcde, ag” **, q~”; q, Pp) 
(11.5.6) 


in which the ;2Vj; can be transformed via (11.5.1) and (11.5.5) yielding other 
12Vi1 series representations for the above truncated series 
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11.6 Multibasic summation and transformation formulas 
for theta hypergeometric series 


First observe that by replacing a in (11.4.1) by a/q it follows that the n = 1 
case of (11.4.1) is equivalent to the identity 


= Ubeha pet). MaraionnieietD). aaa 
6(a/b,a/c,a/d,bed/a;p)  0(a/bed, a/d, a/c, a/b; p) 6. 


Next, corresponding to (3.6.12), define 


ee Qn; m™m a nN, 
Tle=4! m=n+l, (11.6.2) 


Cacsaetaes ‘Gm—1)"', m>n+2, 
for n,m = 0, +1, +2,..., and let 


O(ax/bp, An /Ck, An /dp, bpCKdk/An; Pp)’ a 


for integer n, where it is assumed that the a’s, b’s, c’s, d’s are complex numbers 
such that un is well defined for n = 0,+1,+2,.... Then, by using (11.6.1) 
with a, b, c, d replaced by ag, by, cx, dy, respectively, we obtain the indefinite 
summation formula 


U-m — Un+1 = S- (te — Uk+1) 
k=—m 
7 -> O(ax%, Ak /bKCk, Ak / Onde, Ak /CKdK; D) 
0( " 


ee 11.6.4 
(ax/bpcndg, ak / dk, Ak/Ck, Ge /dx} P) (\ 


for n,m = 0, +1,+2,.... 
Since ug = 1 by (11.6.2), setting m = 0 in (11.6.4) gives the summation 
formula 


3 O(ax, Ak /dOnCk, On /bedy, Ae /CKAK; P) 
6( aeaiomeinanets Pp) 


j=0 Ta /a;3P) 
- 0(b;, cj, d;, a4 /b;c;d;; p) 


=1- (11.6.5) 


2p (a5 /b 5, 05/€5, 05/4; bje5dj/053) 


for n = 0,1,..., which is equivalent to formula (3.2) in Warnaar [2002b]. When 
p = 0 this formula reduces to a summation formula of Macdonald that was 
first published in Bhatnagar and Milne [1997, Theorem 2.27], and it contains 
the summation formulas in W. Chu [1993, Theorems A, B, C] as special cases. 

Notice that in (11.6.1), (11.6.3), (11.6.4) and (11.6.5) we have arranged 
the components of each quotient of products of theta functions so that the 
well-poised property of these quotients is clearly displayed; e.g., in (11.6.5) 
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the quotients of the theta functions that depend on k are arranged so that 
each product of corresponding numerator and denominator parameters equals 
az /bycyd,, and each of the corresponding products that depend on j equals 
Qj. 

If we set 


a, = ad(rst/q)*, by = br, cy = cs", dy = adt* /bc, 
then u,, reduces to 


— (a; rst/q?, P)n(b5 7, P)n (G5 8, P)n (ad? /be; t, DP) n 
(dq; 4, p)n(adst/bg; st/q, p)n(adrt/cq; rt/q, p)n(bers/dq;rs/q,P)n 
and it follows from (11.6.4) by applying (11.2.42), (11.2.43) and (11.2.49) that 
we have the Gasper and Schlosser [2003] indefinite multibasic theta hypergeo- 
metric summation formula 


> 6(ad(rst/q)*, br* /dq”, cs* /dq*, adt® /bcq*; p) 
6(ad, b/d, c/d, ad/bc; p) 


k=—m 
’ (a; rst/q°,p)n(0;7, P)K(C; 8, P)K(ad* /be; t, P)k fF 
(dq; q, p)x(adst/bq; st/q, p),(adrt/cq; rt/q, p)x(bers/dq; rs/q, P)k 
_ O(a, by e, ad? /bc; p) 
~ d0(ad, b/d, c/d, ad/bc; p) 
(arst/q?;rst/q?, D)n(br3 7, P)n (CS; 8, P)n(ad?t/bc; t, P)n 
(dq; q; P)n(adst/bq; st/q, p)n(adrt/cq; rt/q, p)n(bers/dq;7s/q,P)n 
_ (c/ad; rt/q, P)m-+1(d/be; 78/9, P)m41(1/d; q, P)m-+1(0/ad; st/q, P)m-+1 
(1/c; 8, D)m41(bc/ad?; t, p)m41(1/a; rst/q?, P)m+i1(1/05 7, P)m41 


(11.6.6) 
for n,m = 0,+1,+2,.... Formula (3.6.13) follows from (11.6.6) by setting 
p = 0 and then setting r= p ands =t=4gq. 

If p = 0 and 


max(q|, |r|, |s|, |¢|, Irs/al, |rt/al, |st/al, Irst/q°|) <1, 


then we can let n or m in (11.6.6) tend to infinity to obtain that this special 
case of (11.6.6) also holds with n and/or m replaced by oo, just as in the special 
case (3.6.14). Even though one cannot let n — oo or m — oo in (11.6.6) when 
p ~ 0 to obtain summation formulas for nonterminating theta hypergeometric 
series since limg_.9 9(a; p) does not exist when p # 0, it is possible to let 7 — oo 
or m — oo in (11.6.4) to obtain summation formulas for nonterminating series 
containing products of certain theta functions. For example, if we let 


O(bx, Ch, dx, 0% /DeCKdK; p) 
O(ax/by, ax%/CK, ax /d, bycedy/ ax; P) 
denote the Ath factor in the product representation (11.6.3) for u,, and observe 
that when a is not an integer power of p 


hae (a/b; P) 


2k = 
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then it is clear that there exist bilateral sequences of the a’s, b’s, c’s, and d’s 
in (11.6.4) such that Re z, > 0 for integer & and the series 


Ss log z, converges, (11.6.7) 
k=—o0o 
where log zy, is the principal branch of the logarithm (take, e.g., b,, cz, and 


1 
dy, so close to a? that | log z_| < 1/k* for k = +1,+2,...). Then limp_oo un 
and limm—oo U-m exist, and we have the Gasper and Schlosser [2003] bilateral 
summation formula 


Ss O(a¢, Oe /OnCk, Ak/ bee, Ok /CKAk; DP) 
po, Hk /beChdk, Ok/dk, Ok / Ck, Ok / bk; P) 
: Tl 0(b;, cj, dj, a4 /b;c;d,; p) 
70 O(a; /bj, a3 /cj, a5 /d;, bjC545/A5; Dp) 


: Qk Gp ap brcrdy an 


2 Ak Ak Aan Oncedg. 
k=—oo 0(b:, Ck, de, poi P) Kno O( Gk, Se, Sk, Peek») 


(11.6.8) 


provided that (11.6.7) holds. However, such bilateral sums do not appear to 
be particularly useful. 
It is more useful to use the m = 0 case of (11.6.6) in the form 


3 6(ad(rst/q)*, br® /dq®, cs* /dq* , adt® /bcq*; p) 


=n 6(ad, b/d, c/d, ad/bc; p) 


: (a; rst/q?, p)k(0; 7, P)k(C; 8, DP) R(ad? /be; t, p) x Gf 
(dq; 9, P)n(adst/bq; st/q, p)x(adrt/cq; rt/q, p)(bers/dq; rs/q, P)k 
O(a, b, c, ad* /bc; p) 
~ d0(ad, b/d, c/d, ad/bc; p) 
(arst/q?; rst/q°,p)n(br; 7, P)n (C8; 8, P)n(ad*t/be; t, p)n 
(dq; 9, P)n(adst/bq; st/q, p)n(adrt/cq; rt/q, p)n(bers/dq;7rs/q,P)n 
7 6(d, ad/b, ad/c, bc/d; p) | (11.6.9) 
d0(ad, b/d, c/d, ad/bc; p) 


its c= s ™ special case 


O(ad, b/d, s—” /d, ads” /b; p) 


: (a; rst/q?,p)e(b; 7, p)e(s—”; 8, p)p(ad7s” /b; t, p) x. df 
(dq; q, p)n(adst/bq; st/q,p)n(ads"rt/q; rt/q, p)e(brs'—" /dq; rs/q, P)k 
_ 6(d,ad/b, ads”, ds” /b; p) 
~— (ad, d/b, ds”, ads” /b; p)’ 


k=0 


(11.6.10) 
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and the d — 1 limit case of (11.6.10) 


3 O(a(rst/q)*, br* /g*, s*—"/g*, as"t* /bq*; p) 
O(a, b, s—”, as” /b; p) 


k=0 
; (a; rst/q?,p)k(b;r, p)e(8~"5 8, P)k(as" /b;t, ps - 
(4; 4, P)x (ast/bq; st/q, p)x(as"rt/q;rt/q, p)e(brs!—"/q;73/4, Dk 
= (11.6.11) 


where n = 0,1,..., which are generalizations of (3.6.15), (3.6.16), and (3.6.17), 
respectively. In particular, replacing n, a, b, and k in the s = t = q case 
of (11.6.11) by n—™m, ar™q™, br™q—™, and j — Mm, respectively, gives the 
orthogonality relation 
yo aie Son (11.6.12) 
j=m 
with 
— (-1)"*9 (ari q!, brig; p)(arq”, brq— "57, P) n—1 (1.6.13) 
"I ~ (459,P)n_j(arg”, brq—”: 7, p);(bg!—2" a; 9, Pn; oe 
939; P)n—j\Orqd, 97rd “37; P)j\O" 99;P)n—j 
m~m m~a—-mM. ; — i 
big = Pim (— Sgt?) PC"), (11.6.14) 
(q, agi t?™ /b; d, P)j-m b 
which shows that the triangular matrix A = (a@,;) is inverse to the triangular 
matrix B = (bj;m), and gives a theta hypergeometric analogue of (3.6.18)— 


(3.6.20). Proceeding as in the derivation of (3.6.22), it follows that (3.6.22) 
extends to the bibasic theta hypergeometric summation formula 


— — (aq*, bq—*; 7, p)n—10(aq?* /b; p) 
O(a/r, b/r; 2 
au P) (959; P)k(93 9; P)n—#(aq*/; 9, P)n+1 


for n = 0,1,..., which reduces to 


gV7(a/b; q/b, aq” *,¢- "34, P) = Ono 


when r = q. 

The summation formula (11.6.10) and the argument in §3.8 can be em- 
ployed to extend (3.8.14) and (3.8.15) to the quadratic theta hypergeometric 
transformation formulas 


y A(acg**;p) (a,b cg/by, RF, CG /f,g "5a Dk : 
<~ O(ac;p) (cq?, acq?/b, abg; q?, p)k(acq/f, f/acq?”, acq?”*"; g, D)k 


_ (acq; 9, P)an(ac’q*/bf, abq/f; 9°, P)n 
(acq/f; 4; P)2n(abq, ac*q?/b; 7, PD) n 
x 12Vi1 (ac*/b; f,ac/b, c,cq/b, cq? /b,a°c* qe" /f,q-*";q°,p) (1.6.16) 
and 
2n+1 ,_- 


a O. Dk ‘ 


yer ot (d, f,a°c*q/df; q7, p)k(a, cq ; 


— (ac; p) ‘oe d, acq/f, df /ac; q, p)k(cq?, aq*—°", acg?”*?; q*, D) k 
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__ (acq, acq/df; q, p)n(acq'—"/d, acq’—"/f39q°,P)n 
(acq/d, acq/f; 4, P)n(acq'—”, acq'—"/df;.q?,P)n 
x 12Vi1(acq?"*; C, d, ie a*c*q/df, or gr "eee q’, Dp) 
(11.6.17) 


for n = 0,1,...; see Warnaar [2002b, Theorems 4.2 and 4.7]. 

As in the derivation in Gasper [1989a] of the quadbasic transformation 
formula in Ex. 3.21, indefinite summation formulas such as in (11.6.5) and 
(11.6.9) can be extended to transformation formulas by using the identity 


n n—k n n—k 
SoAn AG = DAR YS AG, (11.6.18) 
k=0 9=0 k=0 7=0 


which follows by a change in order of summation. In particular taking A; to 
be the kth term in the series in (11.6.5) and A, to be this term with az, bx, cx, 
d,, and p replaced by Ax, Bry, Cy, Dx, and P, respectively, yields the rather 
general transformation formula 


a O(ax, Ae /beCk, Oe / be dx, Ak / Chad; DP) 
O(ax/bpCKde, On / dk, Ak /Cr, @k/bk3 DP) 
ae 0(b;, ¢;,d;, a5 /bjc; d;; Pp) 
6 Og [D5 sg [C55 5 [Aj 85 cid; /a;;D) 
. (if 0(B;,C;, Dj, A7/B;CjD;; P) 
(Aj /B;, Aj/Cj, Aj/Dj, BjCjD;/Aj; P) 


Q. 
IL 


0( Ax, Ak/BrCr, Ak/BrDr, Ak /CrDx; P) 
(Ay /BrCeDr, Ak/Dr, Ak/Cr, Ak / Br; P) 


av 
“its 0(B;, Cj, Dj, AG/B;CjD;; P) 
(A;/B;,A;/C;, A;/D;, B; iC; GD {AGP) 


« {1 “Ta 0(b;, ¢;,d;, a7 /bjc; dj; Pp) \ 
O(a; /b;,a;/c;,a;/d;,bj;c;d; /a;;p) 


(11.6.19) 


The special case of (11.6.19) corresponding to using (11.6.9) instead of 
(11.6.5) contains the parameters a, b, c, d, A, B, C, D, and the bases r, s, 
t, R, S, T, the nomes p and P, and it contains the quadbasic transformation 
formula in Ex. 3.21 as a special case (see Ex. 11.26). 

By proceeding as in Gasper and Schlosser [2003] we can use (11.6.11) 
to derive multibasic extensions of the Fields and Wimp, Verma, and Gasper 
expansion formulas in (3.7.1)—(3.7.3), (3.7.6)—(3.7.9), and multibasic theta hy- 
pergeometric extensions of (3.7.6)—(3.7.8). Set a = y(rst/q)’ and b = o(r/q)4 
n (11.6.11). For j,n =0,1,..., let B,(p) and C;,, be complex numbers such 
that C9 = 1 and the sequence {Bn (p) has finite support when p 4 0. Then, 
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as in (3.7.5), it follows that 


B; (pat 
a 3 y(rst/q)” ) a(r/q)”, yo ls" t hz, yo " Go ae s—*gi-™; p) 
aes i - nF: D)(45 4, D)n(yrts"+*/q; rt/q,p)n(ors'—"—-*/q;rs/q,P)n 


x (yo h (st)? 1g? *1; st/q, p)x_1(qo 1s" ** 41 t, Dn 51 


x (org); 1, P)n—1(yrstq’~*; rst/q°,p)n—1(4- "3% P); 
x (—1)"Bn+k(D)Cyngn—garthgnati—n-¥)+ (a) (1.6.20) 
for 7 = 0,1,... . Now multiply both sides of (11.6.20) by A;w?/(q;q,p); and 


sum from n = 0 ta oo to obtain the Gasper and Schlosser alba expansion 
ar 


3 AnBn(p me 


CoOR Gs P)n 


_ 7 (r(rst/a)”, o(7/9)"sP) (_pyngn+(3) 
(459;P)n 
— O(yo"*(st)"**; p) 
— (959, P)k(yrts"**/q;rt/q, P)n(ors'—"*/q;r8/q,P)k 
: s A(s*q?—"; p)(yrstq’—*;rst/@?, p)n—1(org 457, P)n—1 
rar, A(sI—"—*; p)(45 4, P); 
x O(yo~* 8" 84; p)(yo7*(st)"t hq)"; st /q, D)k—1 
x (yo st FY41 ty), 7 1 AsCpnse_jpwqry >, (11.6.21) 
which reduces to (3.7.6) by setting p = 0 and then letting r= p ands =t=4q. 


Setting r = s = t = q in (11.6.21) yields an expansion formula that is 
equivalent to the we extension of (3.7.7) 


(ew)! — S70" /¢,0,8;0P)n 2)" 
Yo And n( a Pees oe ae 


asa (34,P)n ~ 54) P)n 


Brik(p)x* 


CO 
O(y genre n n n. 
’ yt /o;p)(yq"/o,0~*, aq”, Ba"; 4, P)k 


Bn+k (p)x" 
= O(yq?" /o;p)(4, ya"**; 4, P)k 


” 1¢"5 GP); ; 
age i wa), 11.6.22 
(q, y¢q"*1/o, q'—-"/o, a, B34, DP); j(wg) ( ) 


a 


j=0 

where, as above, { Bn( (p) )} has finite support when p + 0. Of course, one cannot 
let o — oo in (11.6.22) to get an extension of (3.7.3) that holds for any p 4 0. 
Analogous to the q-extension of the Fields and Wimp expansion formula 


(3.7.1) displayed in (3.7.8), from (11.6.22) one easily obtains the rather general 
theta hypergeometric expansion formula 


2 I ee Bn(p)(aw)” 


q, bs, du3q Dp) 
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= 3 (cr, eK, 0, Ag) GD) (=)" 
— (9,du, fm, 79", P)n \o 


5 oa lose) lo, erg" KMS GP)E Bp) ah 

~ — 0(yq?"/0;0)(q, 70", dug", fua"iG Pk 
Sg ae foi GP)G 4 aygys, (1.6.23) 

 (ay9"t"/0,q'-"/0, bs, ex 4, P) 3 


where we used a contracted notation analogous to that used in (3.7.1) and 
(3.7.8), and to avoid convergence problems it is assumed that {B,,} has finite 
support when p # 0. Additional formulas are given in the exercises. 


11.7 Rosengren’s elliptic extension of Milne’s fundamental theorem 


Milne’s [1985a] fundamental theorem states that 


> A (zq*) I (rzs/%rsQ) ke _ (@1*+ nig) N (11.7.1) 


k1,.--,kn 20 A(z) T,a=1 (q2s/2r3 Qk. - (4; q)N | 
ky t---+kp=N 
where z = (21,...,2n), zg* = (z1q"',...,2nq*"), 
AZ) = II (z, — 23), A(zq*) = I] (z-q*" —z,q"*), (11.7.2) 
1<r<s<n 1<r<s<n 


and the a’s and z’s are fixed parameters. This is the identity that played 
a fundamental role in Milne’s derivation of the Macdonald identities for the 
affine Lie algebra AY , as well as his general approach to hypergeometric series 
on A, or U(n). An important tool for proving (11.7.1) is an easily verifiable 
identity 


j=l by ++ On 
= —— —-l. 11.7.3 
= an [] (aj — ak) a1 -+- Gn ( ) 
sb” 5# ke 


To derive an elliptic extension of Milne’s identity, Rosengren |2003c] used 
the following elliptic extension of (11.7.3) 


‘i I O(ax/b;; p) 


a 11.7.4 
— I] A(ax/a;; p) " 

j#k 
where it is assumed that the balancing condition a,---a, = 6; ---by, holds. 
Note that (11.7.4) is the same identity as in Ex. 5.23. Slater [1966] gave a 
proof of it by using special relationships between the parameters in the general 
transformation formula (5.4.3). Also see Tannery and Molk [1898] for a simple 
proof via residues. However, since Rosengren [2003c] gave a rather elegant yet 
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elementary proof of (11.7.4) that is similar in spirit to the way Milne proved 
(11.7.3), we will present his proof. 

First, it is easy to see that Ex. 2.16(i) is equivalent to the n = 3 case of 
(11.7.4). Assume that (11.7.4) is true for n = m. Then, by separating the 
(m+ 1)-th term from the series on the left side of (11.7.4), we can rewrite it 
in the form 


m—1 9(ax/bm} P) TL O(ax,/b;; p) (Am / bm; P) TL O(am/b;; D) 


————— = , (11.7.5) 
< 8(ax/Gm; DP) TI O(ax/ajip) TT je 


jal 
where the a’s and 6’s are always assumed to satisfy the balancing condition. 
Considered as a function of a,, the expression on the left side of (11.7.5) re- 
sembles a partial fraction expansion of the product on the right side. When 
n=m-+1, we write am41 = t, say, and seek an expansion of the form 


O(t/b;; p) -+ + Dm Ap /Q1 +++ Amt; p) 
Mae 7 = 3 eee ek a (11.7.6) 


(t/aj;p) O(ax/t; p) 


That a an expansion exists follows by using induction on m and the fact 
that the m = 2 case is equivalent to (11.4.3). Multiplying both sides of (11.7.6) 
O(t/ax;p) = —O(az/t;p)t/ax, and setting t = ax, we find that 


Mt O(ax/b;; Pp) 
O(b1 +++ Om /A1 +++ Am} DP) [lj4n O(a%/ a5; D) 
I O(ax/b;;p) 


I= 
aalannty-> SEE SESE GR — Sn; YS KG 11.7.7 
O(am+1/bm+15P) Ty @(ax/a35P) \ 
j 


C. =- 


with @1---GQm41 = b1---bm4i1. Now substitute (11.7.7) into (11.7.6) and set 
t= Am+1 to get 


3 O(ax/bm+15 P) I O( ax, /b;; DP) O(Qm+1/bm+1; DP) TT 9(4m+1/b5:P) 
S 6(aK/dm+13P) T] Mes/ai) - Te ncaa) | 


j=l 
which is the same as (11.7.5) with m replaced by m+ 1. This completes the 
proof of (11.7.4). 
An elliptic extension of (11.7.1) given in Rosengren [2003c, Theorem 5.1] 
states that 


3 A(zq*; p) 7- ie (4525 qd; P) ky 


k1,...,kn>0 A(z; P) r=1 (b2r3, D) ky I (G2¢/2s: qd, P P) ky 
kyt--+kn=N s=l 
_ (b/a1,...,b/An415% P)N 


11.7.8 
(q, bz1,...,b2n3q,p)N ( ) 
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where 


A(z;p) =An(z3p)= || 2-0(zs/2r3p) (11.7.9) 


1<r<s<n 


is the elliptic analogue of the Vandermonde determinant in (11.7.2) and the 
parameters satisfy the balancing condition 


b = (G1 -+ + Gn41)(21 °° + Zn). (11.7.10) 


If we set p = O and take the limits b — 0, an41 — 0 such that b/an41 — 
A1+++Qn 21°+*Zn, then it is easy to see that (11.7.8) approaches Milne’s limit 
(11.7.1). When p = 0, (11.7.8) reduces to Milne’s [1988a, Theorem 6.17] An 
Jackson summation formula, which is a multivariable extension of Jackson’s 
sum (2.6.2). 

To prove (11.7.8) by induction, observe that when N = 1 we have that 
k, = 6;; for some j, and thus 7 can be used as the summation index. Then, 
after a bit of manipulation, 


AG) 
A(esp) II (aer/2siape, EP) A Oeil) 


and formula (11.7.8) becomes 


n+1 a 
; I] 0(2525;) LT (8/453) 
= i eianaee (11.7.1) 
ys 9(bz;; p) Ly M2j/2s) I] (62s; p) 
s=1 


which is the m = n+ 1 case of (11.7.5) with a different set of parameters. So 
(11.7.8) is true when N = 1. Assume that it is true for a fixed N. We will 
show that it is also true for N + 1. Denoting the right side of (11.7.8) by Ry, 
we have that 
(q, ie sey bn} q; P)N+1 

_ _9(G;p) (bg /ar,--- bg /ant1;P) p 

(q+; p) O(g,bqNa1,...,bgNznip) 
However, by the induction hypothesis we can replace Ry by the series on the 
left side of (11.7.8) and replace the ratio O(bq™ /ay,...,bq™% /an+1;p) 
/0(q, bq 21,..., bq™ zn; p) by the N = 1 case of the series in (11.7.8) with 
Zm and b replaced by z,q*” and bq’, respectively. Thus, 


bee) Alea A (zg; p) 0 (berg t*"; p) 
Rn+1 ~ 0(qN+1; p) sy A(z; ; Dp) TL 0( (bz,.q% »P )(b2r5q, P) ky 


Rnii = 


(11.7.12) 


As%r;q; - ‘ 
arene A (zai**;p) 
a poo A lZaP) 


304 Elliptic, modular and theta hypergeometric series 


n+1 
II (@s2rq""; 4, P);, 


<T] ee (11.7.13) 


1 (b2,. grr Q; P) ijn I (2, qi the ney 8 ) 


In the above summation, replace k by k — j. Since 7, € {0,1}, we have 


O(bengNt#r—-Irsp) (bap +¥r: p) 
(bzpgNtkr—-ir:g,p);  (bzpgN thr; q,p);_’ 
(bz;,.; Q, P)k 
bz 59; P)kp-—jp = a ee 
(b2r5 4 P)en—9 (bz,q*r—1; q, D);, 
and 
nm 
Lee a 0G) aad 
r,s=l1 rZs 
Thus 
1 A(zq*; p) 
+1. . 
O(q ; Pp) k1,...,kn >0 A(z; p) 
kite-+ky=N+1 
nm 
n O(bz,qN t*r: p) I] (42205 4D), 
s= 


2 * O(b2rg® 5p) (bzr3 9, P) ke [1 5—1 (Zr 9/255 Gs P) ir 


n (bz,q"*—1; q,p)3. TT (zea? "(253 P) ir 


x Nera teen! 


pee »Jn20 r=1 
Jite+jn=1 es 


(11.7.14) 


The sum over j can be rewritten in the form 


n  O(b&mq""—1; p) I oo m1 2550) 


Of tte) Il nec ci ;p) 
_ — (11.7.15) 


ee aaa 


by (11.7.11). From (11.7.14) and (11.7.15) it follows that 


n+1 


. Os2r3 sD) ky 
2 A(zq*; p) = 1 P)k 


KMegy Lk. 
k Pe ees 8, : r=l1 b es : ' oe 
er 7.16) 


Ryn+1 = 
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which completes the proof of (11.7.8). 


Formula (11.7.8) may be regarded as a multivariable extension of Frenkel 
and Turaev’s summation formula (11.4.1) which, as we have seen before, is 
an elliptic analogue of Jackson’s summation formula (2.6.2) for a terminating 
very-well-poised g¢7 series. However, the multiple series on the left side of 
(11.7.8) does not look like well-poised at all even though it is perhaps easier to 
remember in this form because of the symmetries. To restore its well-poised 
character, following Milne [1987, pp. 237-238] and Rosengren [2003c], we apply 
the following procedure. 


First we replace n by n+ 1, set kyu, = N — |k|, |k| = ky +--- + ky, 
Zn41 =a tq’, take a; > b;,j =1,...,n+ 2, and replace b by aq/c. Then 
the balancing condition (11.7.10) takes the form 


ag’ t! = c(b1 +++ bn4e)(21-°* Zn), Ghia lye 


which resembles the corresponding condition (2.6.1) for the one-dimensional 
Jackson sum. The transformations of the various terms of the series in (11.7.8) 
are straightforward, albeit somewhat tedious. First note that 


Anti (Znpigett;p) Il q** O(zeq*e—* [2-3 Dp) 


_ Ti a 6(a~2q7 IK [295 p) Il q*" O(zsq**—*" /2r5D) 


O(a-1q- Mica izyceta O(Zs/Zr3 Pp) 


A(z; rm O(az,qh — O(azrqN;p) ’ 
where Zn41 = (21,---,2n41) and kyj41 = (k1,...,kn41). Now, 
n+1n+2 nm n+2 n+2 
IL [[ (250.2) get [| Gs2r34,p)e, | [ (a7 *bsq7 3 4, D) Iie; 
r=1 s=1 r=1 s=1 s=1 
n+l n 
] [ Gera, p)6, = (a /6.4, p) n—j} | | (eazr/c5 2D)» 
r=1 f=1 
n+l n n 
[| @er/2534,P)e. = (459, P)n—Ie| |] (azrg%**5¢,0)6, [] (a2r/2s3 9s Pe, 
Peal T=1 r,s=1 
So, 
n+2 
n+1 Il (Qs2r3 Q; P) ky. 
s=1 


n+l 


r=) (b2r3d, P)kee L] (q2r/%s5 dP) 


s=—1 
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n+2 


It (bs2r3 qd, DP) kr 


Tr 

og! te? 
Ty 

ta, (azq '", aqZr /C; q,P DP) ky II (qzr/Zs3 G;P) kp 


r,s=1 


n+2 ; a 
I] (6sa-"q-"; 4, P) nx} 


s=l 
(aq 1G qd; P)N—|k| Lesa) ea qd; P)N—|k| 
Using the identities (11.2.49) and (11.2.50), we can simplify the last ex- 
pression above and obtain the following well-poised form of (11.7.8) 
[I (a2s3 4, P) ine 


ere) z “ O(az CE ay es 
2 ll Eee ee 
Rinsho so r=1 o I] (@2r/2Zs3 QP) ke. 

|k|<N g— 4 

n+2 N 

LT (520i d P)en (Oa 5; P) \ke| a 

s= k 
AAD q 


nat (aq/bs; 9, P)\q|(aqzr/c, azrqN t+; g, DP) k,, 
nm+2 
an Nicer (aqzr3 4; P II (aq/cbs; 4, P)N (11.7.19) 
(aqz,-/C; d,P az a4} (aq/bs;q,P)N 
For some elliptic ereeeee transformation formulas and additional sum- 
mation formulas, see the exercises and notes. 


Exercises 


11.1 Verify the O(a; p) and q, p-shifted factorial identities in (11.2.42)—(11.2.60). 

11.2 Verify the gq, p-binomial coefficient identities in (11.2.62) and (11.2.64)- 
(1.2.66). 

11.3 Show that 


i 
2 »—9(ap)? 54, P)n 
(a, —a, (ap)? , —(ap)?54,P)n 
1 1 i 
_ (qa?, —4a? ,q(a/p)? ,—4(@P)?54,P)n/_\—n 
= 1 1 (—q) 
(a2, —a2, (ap)?, —(a/p)?;9,P)n 
and convert these identities to the [a;o,7], notation. 
11.4 Prove (11.4.1) via induction by starting with the identity 
q'0(aq**,q-"~*, e,aq"** /e;p) 
WRT eg sag" /esp) = 


O(aq”t***  g*, eq*—"*, aq® /e;p), 


= O(aq",¢ 
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which is equivalent to (11.4.3). 
(Rosengren: June 13, 2002, e-mail message) 


11.5 Verify that 
<— Oa;p) (4,aq/b, aq/c, bcq; q, P)k (q,aq/b, aq/c, bcq; 4, P)n 
forn = 0,1,..., which is an elliptic analogue of Ex. 2.5. 


11.6 Derive the following transformation formula for a well-poised 4E3 series 
4E3(a,b,aq”*/b,q-"; aq/b, bg "~*, ag” **; gq, p; -1) 
_ (a9, (ap)? /b, ~4°(a/p)? /b,- 45, P)n 
(q?/b, q(a/p)?, —q(ap)? , —aq?/b; 4, P)n 
x 12Vi1(—aq/b; (ap)?, —(a/p)? , qa? /b, —qa? /b, —g, aq”*? /b, q~"; 4, P), 
wheren = 0,1,.... 
11.7 Extend the terminating case of the expansion formula in (2.8.2) to 


OO 


(a, 0,659, P)n 
< (q,aq/b, a9/C;9,P)n 
_ “5 8(Aq*"; p)(A, Ab/a, Ac/a, aq/bc; 7, P)n (45 9, P)2n (2)" 
9(A; p)(q, ag/b, ag/c, a?g/Abe; g, P)n(AGi d,P)an \A 
: (aqg?”, a/X, Abeq” /a; 4, P)k 
L(g, Aq?"+t, a2q?t1/dbc; q, Pye 


where the sequence {A,,} has finite support and ) is an arbitrary param- 
eter. Use this formula to derive (11.5.1). 
11.8 Show that 
(a, a2, —qa?2,b,c,q~"5 4 P)k 1) 
“ (q,a2, —a7, aq/b, aq/c,aq"*"; q,p)k 


_ (ag, ag/be, gb (a/p)? , gc" (a/p)? 3 P)n 
(aq/b, aq/c, q(a/p)?, ab-'c—*(a/p)?;4,P)n 
where be = —aq™*!, n=0,1,.... 


11.9 (i) Extend Ex. 1.4(i) to the inversion formula 


y oe ai tPls ((-1)"q(2)) A,” 


»0s34;P)n 
_ _ — Tm 
n=0 Ca een a ee) qb; ---b, 


when the sequence {A,,} has finite support. 
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(ii) Extend Ex. 1.4(ii) to the reverse in order of summation formula 


. (a1, eer! ae q;P)k k () aa k 
ae ee 2 A 
d (q,b1,.--,6s3 4, P)k ( ) ) ke 


= GERD (ney 


«PP ona ile g(a be ry 
k=0 (G0 1 ijetag "(GG .D);, e ‘ z 


when n = 0,1,..., and {A,} is an arbitrary sequence of complex numbers. 
11.10 Prove that 


—~  Oa;p) (q,aq/6, aq/c, aq/d, aq/e, bede/a; q,P)k 


(aq, bed/a, a*q? /bede, eq; q, P)n 
(gq, a2q2/bed, bede/a, aq/e; q, DP) n 
x 12Vi1 (a?q/bcd; aq/bc, aq/bd, aq/cd, E, a*q/bcede, age, Go q; Dp), 


wheren =0,1,.... 
11.11 Verify the transformation formulas (11.6.16) and (11.6.17). 


11.12 As in (11.2.67), the I'(z;q, p) elliptic gamma function is defined by 
k+1 


Pe 
1—z-'@t1p 
(234, p) = Ll]  1l—zqipk 
j,k=0 


where z, qg, p are complex numbers and |q|, |p| < 1. Show that 


(i) T'(z;q,0) = e,q(z), 

(ii) (29349, p) = 9(z;p)T (254, p), 

(iii) C(zp;q,p) = Oz; q)1(254,), 

(iv) D'(2q"5 4,2) = (234; P)nI(23 49,7), 

(v) T(z) = (1=9¢)~ (4; )ol (45450), 0<4<1, 


and that ['(z;q,p) and I'(q*;q,p) are meromorphic functions of z, which 
are not doubly periodic. 


(See Jackson [1905d], Ruijsenaars [1997, 2001], Felder and Varchenko 
[2000], and Spiridonov [2003b].) 


11.13 Define the I'(z;q,p) elliptic gamma function by 


OO 


F(2;q,p) = £2 (o(;p))-* T] 


j,k=0 


(ae gi ti—zpkt1 
Lag * 


11.14 


11.15 
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where z, g, p are complex numbers and |q|, |p| < 1. Extend the Gauss 
multiplication formula (1.10.10) and its g-analogue (1.10.11) to 


: ay a a ~(n—1 
P(nz;q,p)0'(—s7,p)P(=sr,) (= rp) 
TL NT 1 


_ Foe 
O(q; Pp) 
with r = q”, and show that 


I'(z;q,0) =T,(z). 
(Felder and Varchenko [2003a]) 


nz—l1 
. = 1 re —] 
nm 


(i) Show that if n is a nonnegative integer and k is a positive integer, then 


2k+8Vor47(ab; c, ab/c, bg, bq”,..., 09", ag”, agrt*,...,aq?t*—", q-*"; g*, p) 
_ (a/c, c/b; 9, P)n(q*, abg"; ¢", P)n 
(cq®, abg® /c; q*, p)n(a, 1/0; q, P)n 
(ii) Show that 


12Vi1 (acp; C, —C, Cp, —CPp, agp/c, a?g?*t, ge qd, p’) 


0, if n is odd, 

c?(q,a7q"/c?; 4", D”)n/2(AcgD; 9, PD") n 

Shee Ae woe ON. fe cee Paw 
(a°q°,C°9; 9°, DP’) nj2(aqp/c; 9; P~)n 

and that this formula tends to (II.17) as p — 0. 

(iii) Show that 


, if n is even, 


12Vi1 (cp; C, —C, —Cp, ep/c, cqp/e, ae q”; q,D*) 
_ (cap, e/c*; 9, P*)n(CF "3 Fs P*)n 

(qp/c, e; 9, Pp? )n(eq—"/C*; gD? )n 

and that this formula tends to (II.19) as p — 0. 

(See Warnaar [2002b] for part (i) and Warnaar [2003f] for parts (ii) and 
(iii).) 

Prove that if a, bx, cx are complex numbers such that c; # cz, and acjc, # 
1 for integer 7 and k, then 


n 
Ss” InkGkm ae On,m 
k=m 


with ; 
O(beCk Ck/bKsP) 7 O(Cnbj+15 Cn /bj-415P) 


tak = 
O(0nCn, ACn / bn; DP) jak €j0(ACnC;, Cn / Cj; DP) 


and 
eae 


Jkm = II 


j=m 


€5419(ACmC;41; Cm /[Cj+1 , p) 
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(Warnaar [2002b]) 
11.16 Prove that 
57 Sata’) (a?; q*, p)e(a, aq, aq’; 4°, p)R(ag"t,q~"5@ Dyk 
—~ 6(a7;p) (459, P)k(a, ag, aq; 7, P)e(age—”, a2q”**; q*, D) 


an, cuene ger: Sree | 
7 CH a ,a qd Hs :P)n/A , n=0 (mod 4), 
_ (aq ,aq , aq ,q/a3q Dafa 


(Warnaar [2002b]) 
11.17 Show that if be = a2g”*! and d = q"*", then 


n/2 
[n/2] 0(aq**; »)(b, c; q?, p) x(a, d; q, P)k(~”; 4, P)2k k 


L+ O(a; p)(aq/b, aq/c; 4, p)x (a9? /d, g; 43, P)e(aq"*"; q, P)ok 
_ (49g; 9, P)n(aq?—"/8; 9g", Pn 
(aq/b; q,P)n(aq?-"5 93, P)n 
(Warnaar [2002b]) 
11.18 For bc = ag and cd = ag”*!, show that 


0(aq*"; p) (a,b; q°, p)k(d, "5.4, P)&(G 4, P) 2k i 
— (a; p)(q,.4q/0; q, P)k(agq?/d, ag”t9; g°, p)e(aq/c; 9, P)ak 


(q, 9°, aq", 0/4; 4°, DP) n/3 
IS) ooo OT so rn = 0 (mod 3), 
7 (bq, bq ,b/a, aq /b; q :P)n/3 ( ) 


0, n £ 0 (mod 38). 
(Warnaar [2002b]) 
11.19 Extend the c = bq~"* case of (3.8.19) to 


[n/2] _n 
(aq**; p) (b,c; q°, p)w(d, e3 , P)e(Q~ "3 4; P) 2k 2 


ae q 
~<  O(a;p)  (aq/b, aq/c; 4, Pp) (aq? /d, ag? /e; 9°, p)e(ag**; d, P) 2k 
(aq; 4, P)n(aq?_”/b; 9° P)n 

(aq/b; q, P)n(aq?—”; q?, P)n 

x 12Vi1(a?/de; b, c,a/d,a/e,g?-",q°-",q- "59° D), 

where be = a7q”"*! and de = aq”™*?. 

(Warnaar [2002b]) 


11.20 Show that if be = ag and de = ag”™*!, then 


> 0(aq?*; p) (a, b,c; 9q?, p)e(d, e, 975. 9, D)k e 
<~  O(a;p) (9,aq/b, aq/c; 4, P)x(aq?/d, aq?/e, ag?*?; q?, D) 
(aq*, aq* /be, aq? /bd, aq? /cd; 9°, P) n/2 


= 4 (aq*/b, aq" /c, aq’ /d, aq? /bed; q°,P)n/2 
0, n odd. 


nm even» 
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(Warnaar [2002b]) 
11.21 Show that if bed = aq, ef = a*q?""', and either b = a, or e = a, then 
3 4(aq?*; p) (b, c,d; q,p)K(e, f°" Ws Pk - 
— Oa;p) (agq?/b, aq? /c, aq?/d; 9”, p)x(aq/e,aq/f,aq?"*; 4, P)n 
(aq, a*q? /bce, a*q? /bde, aq” /cd; gq”, P)n 
(a?q?/be, aq?/c, aq?/d, a*q?/bede; q?, DP) n_ 
(Warnaar [2002b]) 
11.22 Show that if bed = ag, de = a*q?"*!, and either b = a or e =a, then 
s 9(aq**; p) (b,c; 9, D)e(d; 4, P) 2K 
—  O(a;p) (aq?/b, ag?/c; q°, p)e(aq/d; 9, Pp) 2 
(jg "sa 3D: 4, 
(ag/e, ag3"*1; 4, p)x” 
(ag? a?q° /bce, ag? /bde, aq? /cd; q°, DP) n 
(a?q3/be, ag? /c, ag? /d, a*q° /bede; q?, DP) n_ 
(Warnaar [2002b]) 
11.23 (i) Verify the quadratic elliptic transformation formula 
14Vi3(a; b, —b, c, —c, dq”, —dq”,q~", —q~", qa*/d7; 4, p) 
(a2q2, d2/d2, b?d2 /a2, c2d2/a?; q?2, p2)n 
(d2/a2, g2X2, a2q2/b2, a2q2/c2; q2, p2)n 
x 14Vi3(A; car ema a’q?/d’, "ide —d*/a, —)*q/a, 
—  /ap,—d* qp/a;q°,p”), 
where A = bcd/aq and n= 0,1,.... 
(ii) Prove that the p — 0 limit of the above transformation is 
12W11(a; b, —b, c, —c, dq”, —dq”,q~", —q~", ga*/d”;.4,.9) 
(a2q2, d2/2, b?d?2 /a2, c2d2/a?: q2)n 
(Ba, Pag? 0, a [gp 
x 19Wo (2; b2, c2, d2q2”, a2q2/A2, q-2”, —A2/a, —d2q/a; g2, \2q/a2) 
and that the ;2Wj, series is VWP-balanced and balanced, while the 19 Wg 
series is VWP-balanced but not balanced. 


(See (Spiridonov [2002a]) for part (i), and Nassrallah and Rahman [1981] 
for part (ii). Also see (3.10.15), Andrews and Berkovich [2002] and War- 
naar [2003c,e].) 


Tm 


11.24 (i) Verify the quadratic elliptic transformation formula 
14Vi3(a; a*/X°*, b, bg, c, cq, dg”, dq’**,q-",q° "3. 4°, P) 
_ (aq, d/A, Aq/b, Aq/c;. 9, P)n 
(Aq, d/a, ag/b, aq/c; 4; P)n 
x aVi3(Asa/A, H, —H, Wp?, up, b, c, dq”, dq-”; q, p), 


342 Elliptic, modular and theta hypergeometric series 


where A = bcd/aq, uw = +X(q/a)2, and 001 vce x 
(ii) Prove that the p — 0 limit of the above identity is 
12W\1 (a; a*/A?, b, bg, c, cg, dq”, dq”**,g'-",q- "39°, g°) 
_ (aq, d/A, Aq/b,AQ/G Qn 
(Aq, d/a, aq/b, aq/c; @)n 
x 10 W9(; a/ A, Lt, —H, b, C, dq”, GC. qd, —q? /a) 
and that the 12W1, series is VWP-balanced and balanced, while the 19 Wo 
series is VWP-balanced but not balanced. 


(See Warnaar [2002b] for part (i), and Rahman and Verma [1993] for the 
transformation in part (ii). Also see Andrews and Berkovich [2002] and 
Warnaar [2003c,e].) 


11.25 (i) Extend the quadbasic transformation formula in Ex. 3.21 to 


i O(arkg®,br®g-*;p) (a,b; 7, p)u(c, @/be; @, P)k 

O(a, b; Pp) (q, aq/b; q,P)x(ar/c, ber; r, P)k 
(CRA, R/BC; RB, P)e(Q™, BQ""/A; Q, Pe F 

(Q-"/C, BCQ-"/A;Q, P),(R-"/A, R-"/B; R, P) 

(ar, br; 7, D)n(cq, ag/bc; gq, P)n(Q, AQ/B; Q, P)n(AR/C, BCR; R, P)n 

~~ (q,aq/b; 4, P)n(arc, bc/T; 7, p)n(AR, BR; R, P)n(CQ, AQ/BC; Q, P)n 
A 0(AR‘Q*, BR‘Q-*;P) _ (A, B; R, P)x(C, A/BC;Q, P)x 
* 0(A,B;P)  (Q, AQ/B;Q, P),(AR/C, BCR; R, P)x 


k=0 


k=0 
(or Jay 0 [bes peg", ba" 45 PE OF 
(q-"/c, beq—"/a; q, p)k(r—"/a, 7" /0; 7, D) i 
tor = 0, 1oascs 
(ii) Deduce the following transformation formula for a “split-poised” theta 
hypergeometric series 


3 O(aq?*;p) (a,b,c, a/be;q, P) 

O(a;p) (q,aq/b, aq/c, bcq; ¢,P)k 

(q-”, B/Aq”, C/Aq”, 1/BCq";¢,P)x F 
(1/Ag”, 1/Bqg",1/Cq", BC/Aq”; q, P)k 
= (aq, bq, cq, aq/be, Aq/B, Aq/C, BC4q; 4, P)n 


(Aq, Bg, Ca, Aq/BC, aq/b, agq/c, bcq; 4, P)n 


57 Agi) (A, B,C, A/BC;4,P) 
—~ O(A;p) (9, Aq/B, Ag/C, BCG; 4, P)k 


 6¢™, bfag”, c/aq™, 1/beq";4,P)k__k 
(1/ag”, 1/bg”, 1/cq”, bc/aq”; 4, P)k 
for n = 0,1,..., which is an extension of the transformation formula 
for a split-poised j9¢9 series given in Ex. 3.21. Write this formula as a 
transformation formula for a split-poised 4941 series. 


k=0 


Exercises 343 


(Gasper and Schlosser [2003]) 
11.26 Extend Ex. 11.25(i) to 


“. 6(a(rst/q)*, br®q-*, cs*q—*, at* /bcq*; p) 

> 6(a, b,c, a/bc; p) 

. (a; rst/q?,p)e(b; 7, D)K (Cs 8, P)K(a/be; t, p)x 

(9; 9; P)k(ast/bq; st/q, p)x(art/cq; rt/q, p)k(bers/q;7s/q, P)k 

(QQ, P)a(B(Q/ST)"/A; ST/Q, P)k(C(Q/RT)"/A; RT/Q, P) x 

((Q?/RST)"/A; RST/Q?, P)x(R-"/B; R, P)x(S-"/C; S, P)x 
((Q/RS)"/BC; RS/Q,P)k 

(BC/AT":T,P),” 

(arst/q?; rst/q’, D)n (br; 7, D)n (CS; $8, P)n(at/be; t, p)n 
(45 9, P)n(ast/bq; st/q, p)n(art/cq; rt/q, p)n(bers/q;7s/q,P)n 

(Q;Q, P)n(AST/BQ; ST/Q, P)n 
(ARST/Q?; RST/Q?, P)n(BR; R, P)n 

(ART/CQ; RT/Q, P)n(BCRS/Q; RS/Q, P)n 
* (CS; S, P),,(AT/BC;T, P),, 

“. 6(A(RST/Q)*, BRFQ-*, CS*Q-*, AT*/BCQ*; P) 
‘ > 6(A, B, C, A/BC; P) 
7 (A; RST /Q?, P);,(B; R, P)x 

(Q; Q, P)x(AST/BQ; ST/Q, P)x 

(CS, P)x(A/BC;T, P)x 
(ART /CQ; RT/Q, P).(BCRS/Q; RS/Q, P)x 
 (¢-"5 4p) (b(g/st)”/a; st/q, P) x 
((q?/rst)"/a;rst/q?,Dp)k 
. ke(g/rt)"/a;rt/q, p)«((q/rs)"/be; 78/4, P)k 
(7-" De, D)e(s- "7 es, 9), (06) at" 1; Dp), 


x 


x 


x 


Q* 


for n = 0,1,... . Use (11.6.9) and (11.6.18) to extend this formula to a 
transformation formula containing the two additional parameters d and 
D. 


(Gasper and Schlosser [2003]) 


11.27 Show that if 


4 
CONC den fh gD) 


= eG ___, 
ag a5 bjs 5/5, 05/45, 5/€5,05/f5,05/953P) 


344 Elliptic, modular and theta hypergeometric series 


and a3 = bycrdrexr fg, for k = 0, +1,+2,..., then 
nr 


O(a, /bpchde fx, az /beCedner, Ak, On /€x fk; P) 
pa O(ax/ek, ee az /bpchdken tk; az /bpcK dk; p) 


’ c 7 O(an/cedr, @p/bede, Ak /beCk, Ck, fe, 9k3 P) 
O(ax/ bp, Ok /Ck, Ak / Ap, 02 /beCKA Ke, OF /buChdk fe, O /DeCKAK IK P) 
ey eee 5 are 
LOP 10, 170-0 1 ets 
(Gasper and Schlosser [2003]) 


11.28 Extend the indefinite multibasic theta hypergeometric summation formula 
in (11.6.9) to 


k 2 2 x4 2 2 Vk 2 

n O(av", #5 (ta) > Deaf (grat) > abedg (grsu) > bea?) 
2 2 2 2k 

9(a, 20> bedf bedg’ bed \ars) ; P) 


k=0 


a Qa Uv Qa Uv av vu Qu Vv bcdf gqrstu qrstu 
(2:2, n),(52,0),(4:2, 0), (Sse), (22, p) 


9 oP p 
gu’ u’ Aege ame P)p 


k 3 k 
q = ft, gu", Sarg \Grs Tt ;P) 

k k 2 \k 2 2 \k k 
OGG) clr)» a(S) sear (grat) Fede aren) oa (a) 3?) 
_ Wa/f,a/g, a*/bedf g, a” /bed; p) 

O(a? /bedg, a? /bcdf, a, a/ f 9; p) 


(0; G, P)n+1(C} Pr, P)n+1(d; 8,P)n+i(f; t, P)n+1(93 U, D)n-+1 
| hee a.U a.U a.U a. Uv a. Uv 
(G5 Peis PP) ngs gi SP) nga (Fi PP) nsi (gi WP) ns 
3 3 
a 0 
(Sedfg) grstu’P)n+1 
bcdfg. qrstu ) 
( i? ye 
where n = 0,1,.... 


(Gasper and Schlosser [2003]) 


11.29 Define the elliptic beta function Br(t;q,p) via its elliptic beta contour 
integral representation 


az 
Ba(tiar) = [ An(atian)S, 
T 
where T is the positively oriented unit circle, 


4 
I] P(2te, te/25 9,7) 
eres ee 
B(z; ; 4, P) 2ni T(z2,1/z?,zA, A/z;¢,p)’ 


11.30 


11.31 
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4 
t = (to, t1,t2,t3,t4), max(|tol, ||, |¢2|, |ts], lea], lal, [p]) < 1, A = U tk, 

ai 
lgp| < A, and 


P(1,---s2miGP) =[[ Tian), m=1,2,-.. 


with I'(z;q,p) as defined in Ex. 11.12. Prove that 


0<7<k<4 


Br(t;4,p) = 7 | 
(9; 2) co (D5 P) oo nue D(A/tx; q,D) 


(Spiridonov [2001a]) 
Let Az(z;t) = Az(z;t;q,p) and Bg(t) = Bg(t;q,p), with An(z;t;q,p), 
Br(t;q,p) and A defined as in the previous exercise, and let 


t3 @ @q@ 4g bs gy AG 
R (7) = V; (2; tex m : ) 
rag ( )= 1211 ts  tota’ ty ta’ tots 943%) Z »q ’ t4 59,p 


t3 p pp t3 i al 
x Vu(? ;——, —., —_,f32z,-, :P, 4) 
MAID teh ela bet ie ero 20 


Atz A AA t Aq”! 
Tn, k (2 )= Vi (—= : » 43 — Pe Gg p) 


q to’ ti’ te t4 
At3 AAA t3 Ap*—1 
x Vii (— : ’ ’ 543%, —, 2 DP, a) 
Pp to ty to z ta 
for j,k,m,n =0,1,.... Note that the base and nome in the second 12Vj1 


factors are p and q, respectively. Prove that Rm,j(z) and T;,,4(z) satisfy 
the biorthogonality relation 


dz 
[Rong le)Tne(2)Aw (2st) S = hing Ba(t) mind 
Cc 


j,k,m,n 


= 0(A/qta; p)(q, qt3/ta, tot, tote, tite, At3;q,P)nq ” 
"OC Aq?” /qta; p)(1/t3ta, tots, tits, tet3, A/qts3, A/qta; q, P)n 
0(A/pta; q)(p, pt3/ta, tot, tote, tite, At3;p,q)np * 

0( Ap?* /pta; q)(1/tata, tots, t1t3, tot3, A/pt3, A/pta; p, q)k 
and Ci k,.m,n is a closed positively oriented contour separating the points 
“= to,1,2,3 p’q’,tap’ 7q°™, Aap gar with r,s =0,1,..., from 
their inverses. 
(Spiridonov [2003b]) 


Show that if 


W1++*Wm = (21°-++ Zn)(@1°**An4tm), 
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then 
m+n 


I] (@s2r5 4, P) iy 


A(zq*; - s=1 
S- (zq ») TT a 


AGE eS 
che S0 (Z;p) 5 [] (ws2r3¢,P)kp [1 (@2r/2s; 9 P) kp 
kit+---+k,=N s=1 s=1 


m+n 


m Wr/Qs; 9, P)k, 
= f A(wa"; p) Il i / 
A(w; ) n m ) 
k1,..:km 20 r=1 I] (WrZs} q; P) kp Il (qu,/Ws; q; DP) ke 
kati} Rim=N Pa fa 
which is an extension of (11.5.5), (11.7.7), and (11.7.10). 
(Kajihara and Noumi [2003] and Rosengren [2003c]) 


11.32 Let X1,...,Xn, Ag,...,An and C’ be indeterminates. Prove that if, for 
m=0,...,2—1, P, is a Laurent polynomial of degree less than or equal 
to m such that P,»,(C/X) = Pn(X), then 


nm 


det (Pja(X:) [] (1- AeXi)(1 - Cx /X:)) 


1<i,j<n nerre 
= [[ 45%; - Xi/X;) - C/XX;) [] Bi-1(1/Aa), 
1<i<j<n i=1 


N 
where the degree of the Laurent polynomial P(r) = S* a;xz*, ay #4 0, is 
i=M 
defined to be NV. 
(Krattenthaler [1995al]) 


11.33 Prove the following elliptic extension of the identity in the above exercise 
fet, (Pia(K) T] o(AeXis7)9(CAn/Xei7)) 
k=j+1 
= II A;X;j0(X;/X;;p)0(C/X;X;;p) | | P1(1/As), 
1<i<j<n i=1 
where X1,...,Xm, Ag,...,An, and C are indeterminates, and P;(x) is 
analytic in 0 < |x| < oo for 7 = 0,...,(n — 1) with periodicity P;(pr) = 
(C/pz?)’ P;(x) and symmetry P;(C/x) = P;(z). 
(Warnaar [2002b]) 
11.34 Deduce from the above exercise that 
: (AX;, AC/Xi3 4, P)n—j 
1<i,j<n (BX;, BC/X;; qd; P)n—j 
= Al2)q(s) I] X50(Xi/ X53 p)O(C/XiX; 3p) 
1l<i<j<n 


py BA ABCa av) 
i—1 (BX;, BC/Xi39,P)n—1 
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(Warnaar [2002b]) 


11.35 Let z1,...,2n, a, 6, c, d, and e be indeterminates and N a nonnegative 
integer such that a2q'’—"*? = bcde. Show that 


N 


\- A(zq*; p) Il O(azpz5q°"t*s; p) 


K i320, h =O A(z; p) 1<r<s<n O(az-Zs; Dp) 


TI O(azig?kr; p) CASE Bere lk 
“2 Oaz?;p) (gq, aqzr/b, agzr/e, aqzr/d, agzr/e, aq’ +" 22; g, D)k, 


nr 


-I1¢ (aqz2, aq?—" /bc, aq?" /bd, aq?—" /cd; q, p)N 
q?—” /bcdz,, aqz,/b, aqz, /c, aqz,/d;q,p)N 


which is an elliptic extension of Schlosser’s [2000a] C,, Jackson sum. 
(Warnaar [2002b]) 


11.36 Prove the following elliptic extension of Gasper’s summation formula in 
Ex. 2.33(i): 


N 
5 > Maa) (a,b, a/b,q- "34, P)k alee (cjq"™ ,aq/Cj; 4, P)k 


<9 Faip) (G,4g/b, bg, agh** 5a, p)e sy (agi [C55 55 P) 


_ _(G0g;4,p)n_ yy (ci/b, ¢5b/ 054, P)ms 
(bq,0q/b;4,p)N 3" (Cj1€;/4;4,P)m; 


with m, +...+m, = N, where mj,...,™m, are nonnegative integers. 
(Rosengren and Schlosser [2003b]) 


11.37 Prove the following multidimensional extension of Ex. 11.29: 


1 ‘ pestle ty p) 
T 


(277) te pes Geez. ae. Le is age 1) 


I I\(t, 255 br zy *:,D) 


«Wg a1 an 
j=l P(e), Bye Bee eg p) 2 ) én, 
|B Cada ee ae Pe 6 
7 a Ie l(t; q,p) “IL, (\ = 
 (DpB(GOs wa TGéap) TL Tote *Bsq,p) ’ 
O0<r<4 


where B = t*"~? I] tk, max(|¢|, Itol, \t1|, \to|, Its |, ital, IPI lal) <1 
0<k<4 
lpq| < B, and T” is the n-dimensional unit torus. 


(van Diejen and Spiridonov [2003, (29)] and Rains [2003b]) 
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11.38 Prove Rosengren’s [2003c] elliptic D,, Jackson summation formula 


y A(zq*;p) T —— 
kit: +k,=N A(z; p) 1<r<s<n (2-2; Is P) kink 
ky1,...,.kn>0 


ra gs 25 in ZaGy 2s) O50: D)ks 


x I] a 
sl, (025,250 05-03 Die IT CAE Oe 
Tl (bas, b/as; 9, P)N 
= (= 1b)” s=1 
(939, P)N I] (be b/ 2534, P)N 


11.39 From the previous exercise deduce that 


$3 {azee (zq*, p) +- ee Seer) s+IKI- p) 
0(azs;D) 


A(z; p) 


>< SS 
I] (25255 GD) kde (q2s/2r3 4, P)ke 


1l<r<s<n * 7,8=1 


“L (G25 4; P) jke| (AQ/ Zr} Gs P) |kc| — Fey 
| Geer eee ee ee 
pal (aqb,,, aq/ br; q, P) ik 


(Cue a?q'** /c; 4, P) |x| i} 
I] (agqzs/c, czs/ag™ ,azeqh*"; 9, P)k 
1 


_ Il (aqzs, aq/2%s,aqbs/c, aqbs/C; 4, P)N 
(aqzs/c, aq/Zsc, aqbs, aq/bs; 9, P)N 


where |k| = ky +---+ kp. 
(Rosengren [2003c]) 


11.40 Show that 


— {Soe TI ar 
eR ee A(z; p) <2,  9(a2s;D) 


. (b, c, d; q, p ) jae I (az; q,D) || 
(aq/e,aq/f,a9/9;9,P)\x| 2; (@zg**; GP) jac 


«TI; (C255) 25.025-, P)ks II (GO 25) 25 OD ke 
(aqzs/b, aqzs/c,aqzs/d;q,P)k, ~~, (Q%s/2r3 4 P)ke 
r,s=1 


s=1 
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Z (5) ae are I! (aq2s, Adzs/d; 4, P)ms 
AP (aq/F, 49/959; P)|m| 7 (Ad%s, 2928/4; 9, P)m, 


; — oon 7) glk TI ania] 
kr, -0 § AlZP) a, O(Azs5P) 

x (Ab/a, Ac/a, d; q; Dp) y I] (AZr; 9; P) P)|k| 
(ag/e, Aq/f,AG/959,P) |u| 2 (AGT 273 9, P) [ke 


n 


<I, (Aezs/a, f Zs, 9233 4, P)k. Tl ele Pt | 


(aqz,/b, aqzs/c, Aqzs/d; 4, P)k. (q2s/Zr3 Pyke 


$=1 r,s=1 


where \ = a2q/bed and a2q?t!™! = bedefg with |k| = ki + ---+ ky and 
jm] = my +--+ + Mn. 
(Rosengren [2003c]) 


Notes 


$11.2 and 11.3 ‘Totally elliptic multiple hypergeometric series are defined and 
considered in Spiridonov [2002a, 2003a]. Spiridonov [2003a] showed that the 
elliptic Milne A,, Jackson C, and Bhatnagar-Schlosser D, theta hypergeo- 
metric series in the left sides of his equations (21), (18), and (22), respectively, 
are totally elliptic and modular invariant. He used these results and other 
observations to motivate his conjecture that, as in the one-variable series case, 
every totally elliptic multiple hypergeometric series is modular invariant. 

§11.6 The p = 0,s = q special case of (11.6.21) is equivalent to a cor- 
rected version of the generalization of (3.7.6) given in Subbarao and Verma 
[1999]. 

§11.7 Rosengren’s inductive proof of (11.7.8) is similar to Milne’s |1985a, 
pp. 49-50] inductive proof of (11.7.1) based on the analysis in Milne [1980b, 
pp. 179-182, and 1985c, pp. 17-19]. For additional material on basic and ellip- 
tic summation and transformation formulas, see Bhatnagar [1998, 1999], Bhat- 
nagar and Milne [1997], Bhatnagar and Schlosser [1998], van Diejen [1997b], 
van Diejen and Spiridonov [2000-2003], Gustafson [1987a-1994b], Gustafson 
and Krattenthaler [1997], Gustafson and Rakha [2000], Ito [2002], Leininger 
and Milne [1999a,b], Lilly and Milne [1993], Milne [1980a—2002], Milne and 
Bhatnagar [1998], Milne and Lilly [1992, 1995], Milne and Schlosser [2002], 
Rains [2003a,b], Rosengren |1999-2003f], Rosengren and Schlosser [2003a,b], 
Schlosser [1997—2003e], Spiridonov [1999-2003b], and Warnaar |1999—2003e]. 

Ex.11.15 This orthogonality relation is an elliptic analogue of Kratten- 
thaler [1996, (1.5)]. 

Ex.11.17 This summation formula is an elliptic analogue of Gasper |1989a, 
(5.22) with b = q”*1]. 

Ex.11.18 This identity is an elliptic extension of W. Chu [1995, (4.6d)]. 

Ex.11.20 This formula is a generalization of Gessel and Stanton [1983, 
(6.14)]. 
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Ex.11.21 When p = 0 and 6 = a this formula reduces to Gessel and 
Stanton [1983, (1.4)]. When p = 0 and e = a it reduces to W. Chu [1995, 
(5.1d)] and to Rahman [1993, (1.9) with b = q-2"). 

Ex. 11.22 When p = 0 and 6 = a this is an elliptic analogue of Gasper 
[1989a, (5.22) with c = q~?"]. 

Ex.11.29 Also see the material on elliptic integrals and elliptic gamma 
functions in Felder, Stevens and Varchenko [2003a,b], Felder and Varchenko 
[2000-2003b], Narukawa [2003], and Nishizawa [2002]. 

Ex.11.36 Also see the elliptic summation formula in Rosengren and 
Schlosser [2003b, Corollary 5.3]. 

Ex.11.38 The p = 0 case was independently discovered by Bhatnagar 
[1999] and Schlosser [1997]. 

Ex. 11.39 When p = 0 this reduces to an identity in Schlosser [1997]. 

Ex.11.40 Equivalent forms of the p = 0 case were independently dis- 
covered by Denis and Gustafson [1992, Theorem 3.1], who derived it from a 
multivariable integral transformations via residues, and by Milne and Newcomb 
[1996, Theorem 3.1] via series manipulations. Also see Rosengren [2003a]. 


Appendix | 


IDENTITIES INVOLVING g-SHIFTED FACTORIALS, g¢-GAMMA 
FUNCTIONS AND g-BINOMIAL COEFFICIENTS 


q-Shifted factorials: 


1, n=O, 
cide | aK 1) MAL 
(Gag) Gag see aag") |" 5, WS 2 ee 


(a; Q)—n == ( 


bg NO) 
aq~";q)n  (4/43q)n 


(a;q7-*)n = (a3 g)n(—a)"q7 (2), 


(a; FQ) oo = [[ a Ss aq’), 
k=0 
(45 Q) oo 
a,d)n = 72. ? 
(a5) (aq”; 7) co 
and, for any complex number a, 
(2; q)oo 
a,dja- 7? 
oe (aq*; q)co 


where the principal value of g® is taken and it is assumed that |q| < 1. 


(a; Q)n 3 


(q'-"/a;q),, (—a)"q(2). 


(aq~";@),, = (4/a;@)n (-2) @ 


(q/439)n 
ac “ ) 


_ _(59)n (—2)" gla). 


(ge>?/ 4; Dk a 


_ Gan (9-"/859), ( 
(b; In (9 1-7 /a;q), ) 


= (a dx(a [45 q)n —nk 


(q'-*/a;q)n 


dol 


302 


(GG 34). = 


(a; O)nik — 


(aq”; Qk = 
Gg".@)n= 
Ce a 
Ce Oe 


(aq’";q),_, = 


0&5 4)n 

1 Bk} Foo 
(a; qQ)an = 
(Q;q)3n = 


(a1, a2, hh 


(a1, a2, nag 


and, in general, 


(030 he = (0, GG apa 


_ (a/a39)n 
(q/a; q)k 
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(q/a;q)n \ @ 
_ (9/45 Gin _( 
(q/a5 q)(k—-1)n 
(Q; Q)n(aq”; @)k- 
(a; g)n(aq*; Q)n 
(Q3q)n 
(45 Q)(e+1)m 
(a; d)kn 
(a;q)n 
(a;q)e 
(a; q)n(aq"s Q)k 
(a; q)or ) 
(45 g)n(aq"; 1 G- Dk 
(a; q) ik 
1; Q)n(G23q)n° 
Q1; J) co (A2 @) oo 
a, aq; g sn 
a, ag, aq7; q°) ns 


—a)"q 


° re 
; -* (Ak; Voc 


=a 
= 
( 
( 


(a7; q°)n = (4, -434)ns 
Gs qQ°)n = (a, aw, aw; Q)ns Ww = ete 
and, in general, 
(ar ae = (a, AWk,-- ao. 5 ee Wk = ene, 
(ga?,—ga?;q)n _ (a973q?)n _ 1—aq?” 
(a2, —a2;q)n (a; 97) n l—a ’ 
(qa? , qwa?,qw?a?;q), _ (aq?; q°) a4 — aq?” 
(a3,wa3,w2a3;q) (a; q°?)n Lao 
and, in general, 
(qak, qu,a®,...qwe 'a*;q),, _ (aq*sq")n _ 1— aq’ 
(ak ,w,pak,...,wk 'ak;q)_ (a; q")n l—-a 
where w = e27*/3 and wy, = e27*/*. 
a. 
lim (za doo _ (l—z)*, |z|<1 


q1- (23 q)o0 


ee ()-@). 
_ (q/4;q)2n (-5) 93(3). 


ng(3)—kn?, 


(1.33) 


(1.34) 
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g-Gamma function: 


(fies. a lq), 0<q<l, 
P(x) = . (1.35) 
oe B= a (q—1)!-®ql2), g>1. 
tim Fe(2). =F (2). (1.36) 
T,(22)T 42 ( 5) =Ty2(x)Pg2 («+ ;) (1+q)**"? (1.37) 


[',(na)T, (=) i (=) Ae (— +) 
- 
with r = q". 


tl Leal,” Geatteans (9) 


and, for |q| < 1 and complex a and £, 


il, - fete (1.40) 
q,g°t sg 

E | Ee eB (1.41) 

E > “ee oq) (1.42) 

Pr" "aan us 

FF = ore Crete), (1.44) 


ad ed Cd eae Ped a fea ed 


et) = eater os 
|... = | a (1.47) 


where n, & are nonnegative integers. For elliptic analogues, see Chapter 11. 
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SELECTED SUMMATION FORMULAS 


Sums of basic hypergeometric series: 


The two q-exponential functions, 


CO n 


Z 1 
i= SS IL.1 
a?) ae Ze 2| nN) 
g(2) 2" (11.2) 
= 23d )oo- . 
4 (G9)n 
The g-binomial theorem, 
az, 
see =, Wy, (11.3) 


(aes. 


~”, where, as elsewhere in this appendix, n denotes a nonnega- 


or, when a = q 
tive integer, 


1¢0(q-"3—3 4, 2) = (2975 Q)n- (II.4) 
The sum of a 1¢, series, 


a;c;q,c/a) = 
paieckicua 7) 
The g-Vandermonde (q-Chu-Vandermonde) sums, 


Wh, = (c/a; q)n a” 
291 (a, q 3¢,4; q) (c; q) (11.6) 


and, reversing the order of summation, 


a,g '3;¢;q,cq /a _ (6/45 9)n 
21 ( Yd = 350,9,Cqd / ) ea) (1.7) 


The g-Gauss sum, 


21 (a, b; c; gq, c/ab) = eevee (II.8) 


The q-Kummer (Bailey-Daum) sum, 
(Bete Og Doe 


a, b;aq/b;q, —q/b) = II.9 
A q-analogue of Bailey’s 2F(—1) sum, 
ab, bq/a; q7)oo 
2b2(a, q/a;—4,0;q, —b) = ee Palaid Joo, (11.10) 


(0; Doo 
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A q-analogue of Gauss’ 2F,(—1) sum, 


300 
ne 1 ay 

2 22 2 i (a q,6 q3q Jes 
07: abg?, —ab q,-4) = | 1.11 
22 (a aod ? aoq?;,q qd (q, a2b2q: gq?) 00 ( ) 

The q-Saalschtitz (q-Pfaff-Saalschtitz) sum, 
a,b,q-™ (c/a, c/b;q)n 
392 . Aenacae (| (elaba (II.12) 
The g-Dixon sum, 


i 
a, —qa2,b,c 


ga? | _ (ag, qb7*a?, go 
Q; = 
—a?,aq/b, aq/c bc 
or, when c = q~ 


43 


a2 ,aq/bc;q) ,. A1L.13) 
(aq/b, aq/c, qa? ,qa?/bce;q) 


p a, —qa? ,0,q°" gt" a2 (aq, qa? /b; Dn 
AY3 1; = 
—a},aq/b, agit" 


(II.14) 
(qa? ,aq/b;q)_, 
Jackson’s terminating g-analogue of Dixon’s sum, 
—2n 2—n 
ioe b, c q 
392 | 


gi-2" /b, gh-2n Jo? ® ia 
A q-analogue of Watson’s 3F> sum, 


nm 


(b, C, Q)n(4; bc; Q)on 
= II.1 
| (q, bc; q)n(0, C, Q)on ( °) 
4 \, gd? —GA?2, a, b,c, —c, Aq/C? . Aq 
eae Ne ala ogesgiae ae 
(Aq, €7/ 5 4) 00 (aq, bg, €7¢/a, €7¢/b5 97) (11.16) 
(Aq/a, Aq/b; Q)00(q, abg, €74, €?G/ab; gq?) 00’ | 
where A = —c(ab/q)?; and Andrews’ terminating g-analogue, 
ae a*g?t?, C,—C | 
43 » 3949 
ad, —aq,c 


0, if n is odd, 
= { ni, 2.2) 2, 2 (11.17) 
: (ga aie Be )n/2 if m is even. 
(a°g", 6° )n/2 
A q-analogue of Whipple’s 3/5 sum, 
—C, q(—c)?, —q(—c)?, a, q/a, C, =a; —q/d 
8P7 1 1 
(—c)?, —(-e)?, 


5q,C€ 
—cq/a, —ac, —q, cq/d, cd 
(=, -€93 1) oo (aed, acq/d, edq/a, cq? /ad; q?) .. 
- (cd, cq/d, —ac, —cq/a} 4) 5, 


and a terminating g-analogue, 


Gees gee, C,—C 
4P3 | ; 39,4 
€,c q/e, —q 


(11.18) 


(eg egren cg ee g/g: ) 


G0 gn(n+1)/2_ 11.19 
(e707 q/e; qe s a) 
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The sum of a very-well-poised g¢5 series, 
* qa?, —qa?, b, C, d aq 
6P5 1 ne 59,74 
a2, —a?, agq/b, aq/c, aq/d bed 
_ (aq, aq/be, ag/bd, aq/cd; q) 00 (11.20) 
(aq/b, aq/c, aq/d, aq/bcd; q) 0 
or, whend=q”, 
1 1 
a, qa2, —qa2, b, C, q: a ioe aq, a bc; n 
6P5 | 1 1 n+1 1 Q; Z = ACA IGMI EE Dis (II.21) 
a2, —a ,aq/b, aq/c, aq be (aq/b,aq/c3q)n 
Jackson’s g-analogue of Dougall’s 7F¢ sum, 
ob * qa?, —qa?, b, C, d, €, q” : 
_ at, at, agq/b, ag/c, ag/d, ag/e, agrt?”" 
_ (aq, agq/be, aq/bd, aq/cd; q)n (11.22) 
(aq/b, ag/c, aq/d, ag/bed; q)n’ 
where a*q = bedeq”. 
A nonterminating form of the g-Vandermonde sum, 
(q/c, a, 3) co 
21(a, b; c;q,q) + 
(c/q, aq/c, bq/C; q) x 
(q/c, abq/C; q) x (11.23) 


x 21(aq/c, bg/c3q°/¢3 4, q) 7 (aq/c bq/c; doo 


A nonterminating form of the q-Saalschiitz sum, 
a, b,c €, a, b, C, E, CO 
oa | a (| fe ot qf /e;4) 
mi (e/g, ag/e, bg/e, cq/e, f5q)oo 


x 34 ae bale, eafe | = {alesis t[h flea 
L Pe afle 7” (aq/e, bg/e, cq/e, f54)oo 


where ef = abcq. 


Bailey’s nonterminating extension of Jackson’s g¢7 sum, 


(11.24) 


? 


i 
2, 


a, qa2, —qa b, C, d, €, 
8P7 


aa | 
a2, —a2, aq/b, aq/c, aq/d, aq/e, PY 
_6 (aq, c,d, e, f, bq/a, bq/c, bg/d, bg/e, ba/f; dco 
a (aq/b, aq/c, aq/d, aq/e,aq/f, bc/a, bd/a, be/a, bf /a, b*q/a; q) oo 
pane bc/a, bd/a, be/a, bf /a | 
8Y7 5; 


x 


ba-2, —ba~2 , bq/a, bq/c, bq/d, bg/e, bq/ f 
(aq, b/a, aq/cd, aq/ce, aq/cf,aq/de, aq/df, aq/ef; q) x (11.25) 
(aq/c, aq/d,aq/e,aq/f, bc/a, bd/a, be/a, bf /a;q)oo | 


where ga* = bcdef. 
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q-Analogues of the Karlsson-Minton sums, 


a, b, 63g", ..., bpqg™" 1_1-( | 
Tr Tr 59, a Bs 
429 | bi Biccsc Be q,a q 
(6g, g/ 05 @)co(b13 d)m1 +++ (Or; @)m, 
and : : 
a, ee i Vad & ce 
r+19?r | a ? 9; "e eeokeei) = 0, (IT.27) 
b,..., 0, 
where ™m1,..., Mm, are arbitrary nonnegative integers. 
Sums of bilateral basic series: 
Jacobi’s triple product, 
ite 2 
So ok & = (¢’,-42,-4/25 0"), - (11.28) 
k=—oo 
Ramanujan’s sum, 
,b/a,aZ,q/AZ3q)oo 
191 (a; b;q,z) = (q, b/a, a2, 4/02} doo / gaz 4) (II.29) 


(6, q/a, 2,b/425 Q)oo | 
The sum of a well-poised 97. series, 
2t2(b, c; aq/b, ag/c; q, —aq/be) 
(aq/bc; q)o0(aq?/b?, aq? /c?, q?, aq, 4/45 97) oo 


eee II.30 
(aq/b, aq/c, q/b, q/c, —aq/be; Q) co ( ) 
Bailey’s sum of a well-poised 373, 
’ | b, c,d . q | 
8 | a/b, q/c,q/d’ ”’ bed 
_ (4,4/be, g/bd, g/cd; q)oo (11.31) 
(q/b, q/c, a/d, q/bcd; q) x 
A basic bilateral analogue of Dixon’s sum, 
—ga? ) b, C, d qa? 
4W4 1 SS! as 
—a2, agq/b, aq/c, aq/d bed 
_ (aq, aq/be, aq/bd, aq/cd, qa? /b, qa? /c, qa? /d, 9g, q/ 0; q) co (11.32) 
= 1 1 3 7 * 
(aq/b, aq/c, aq/d, q/b, q/c,q/d, qa? , qa~ 2, qa? /bcd; q) x 
The sum of a very-well-poised wg series, 
i ’ —ga? ) b, C, d, € qa” | 
6WG 1 1 a 
a2, —a2, aq/b, aq/c, aq/d, aq/e bcde 
_ (aq, aq/be, aq/bd, aq/be, aq/cd, aq/ce, aq/de, q, 4/5 q)o0 (11.33) 


(aq/b, aq/c, ag/d, aq/e, q/b, a/c, a/d, q/e, ga? /bcde; q) cx 


358 Appendix II 


Bibasic sums: 


Gosper’s indefinite bibasic sum, 


nr 


see RAR exe vara: ee ae eee 
3 Geet aaa 
An extension of (II.34), 
s (1 —ap*q*)(1—bp*q-*) (a, b;p)g(c,a/be;q)k ig 
a! (1 — a)(1 — 6) (q,aq/b; q)x(ap/c, bep; p) k 
_ (ap, bp; p)n(eq, ag/bG; Q)n (11.35) 


(q,aq/b; q)n(ap/c, bcp; P)n 
and, more generally, 
5 (1 —adp*g*)(1— bpt/dgt) __(absp)e(crad*/beiae__ ok 
rae (1 — ad)(1 — b/d) (dq, adq/b; q).(adp/c, bep/d; p)x 
2. Meals ad? /bc) { (ap, bp; p)n(cq, ad?q/bc; q) n 
d(1 — ad)(1 — b/d)(1 — c/d)(1 — ad/be) | (dq, adq/b; q)n(adp/c, bep/d; p)n 
(Ie, be /ad?; 4) m1 (1a, 1/6; D)m- | ees 


where m is an integer or +00. 
An extension of the formula for the n-th q-difference of (ap*; q)n—1, 


a b\ ~ (ap*, bp-*; q)n—1(1 — ap”*/b) Ry 
(: : 4 (: 7 ;) k=0 CONCH MTT Trees ia On,0- 
(11.37) 
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SELECTED TRANSFORMATION FORMULAS 


Heine’s transformations of 2¢1 series: 


2$1(a, b; ¢5q, z) = ie 21(c¢/b, 2; a2; q, b) (11.1) 
— eae 2¢1(abz/c, b; bz; q, c/b) (IIT.2) 
= eel te 2¢1(c/a, c/b; c; q, abz/c). (III.3) 


Jackson’s transformations of 2¢1, 2¢2 and 3¢2 series: 
291 (a, b; C,q; z) — aoe 2g2(a, c/b; C, az, q, bz) (III.4) 
_ (abz/C; doo a, 2 0. 
a (bz/c; ds 302 ’ qd; qd 
(a, bz, c/b; qd) oo z,abz/c, 0 
== ake IIT. 
(c, 2, €/bz5 q)o ; are) 


Transformations of terminating 2¢, series: 


dr(q-, b;0;q,2) = Cae Cr) 


ae: 
x sbo(q”,q/2,c¢'g' ";be*q’,0;4,q) (TIL6) 
_ (¢/b;Q)n q” * beq-” je 
(GQn- Q)n 302 i bg!" /c, 0 4 (III.7) 
= (c/b; Qn d)n pb” q_”,b,q/z_ z 
- (GqQ)n- Q)n 3P1 | bq" /e a i) | ’ (IIT.8) 


where, as elsewhere in this appendix, n denotes a non-negative integer. 


Transformations of 3¢2 series: 


e/a, de/bc; qd) a, d/b, d/c e 

IE v 32 | fae ; =| (III.9) 
(e, de/abc; q) ox d, de/bc 
b, de/ab, de/bc; q) oo d/b, e/b, de/ab 

mp USE | pbseibydeja sa) (111.10) 
(d, e, de/abc; q)oo de/ab, de/bc 
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qq", 6, c 
302 | 19; | 


d, e 
de/bc;q)n (bc\” q_”, a/b, d/c 
= cent (=) 392 | a a5) 9,4 (II.11) 
(e/cC3@)n peer 4 
_ n eee 111.12 
(e:4)n c’ 302 d, cq!" /e q pi ( ) 


q", b,c =| — (e/Gq)n ve c, a/b 
d, e€ nae Bee || = (eqn ° ld, cq'—"/e 


The Sears-Carlitz transformation of a terminating well-poised 3¢2 series, 


p b, Cc ae 
342 aq/b, aq/e’” 


a | a4] _ (11.13) 


7) 00 a, on z, 2, ~ 2, b 
= (825 q)oo 504 i a (aq) (aq) aq/ ee 4 (ITT.14) 
(23.Q) co aq/b, aq/c, az,q/z 
provided that a = q~”. See (III.35) for a nonterminating case. 
Sears’ transformations of terminating balanced ,4¢3 series: 
d . Q, b, C . | 
AY3 d, e, f 59,4 
: ~", a, d/b, d 
— (6/4, F/454)n ong. | a / Be a | (III.15) 
(e, f3@)n d, ag "/e, aq" /f 
a,ef /ab, ef /ac; q)n q ”,e/a, f/a,ef /abc 
= (a,ef/ab, ef faci an 493 | [a $1 we ;q; | ,  (I1.16) 
(e, f,ef/abc;q)n ef /ab, ef /ac,q°-"/a 
where def = abcq!—”. 
Watson’s transformation formulas: 
db a, qa?, —qa?, b, C, d, C, f F a”q? | 
TT at, a4, aq/b, ag/e, agq/d, ag/e, aq/f’” bedef 
_ (aq, aq/de, aq/df, aq/ef; 4) a aq/bc, d, e, f ' | 
(aq/d, aq/e, aq/f,aq/def;q) 0 aq/b, aq/c, def /a’”’ 
(III.17) 


whenever the g@7 series converges and the 4@3 series terminates, and, when 
—mnN 
P=a", 


a, qa?, —qa?, b, c. d, e, oo q2gr*? 
- a2, —a2, agq/b, ag/c, aq/d, agq/e, aqnhti’ a 
(aq, aq/de; q)n aq/be, d, e, q-” 
~ (aq/d,aq/ean si, ae. deat init 
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or, equivalently, 


ae a, b,c | (d/b, d/c;q)n 
403 $094) = "ta ai 
d, E, f (d, d/be; Q)n 
o, qo2, —qo?, f/a, e/a,  , C, qq” — efq" 
x 8P7 a 1 Q;, ) 
C2, = O25 €, ip ef /ab, ef /ac, efq”/a be 
(III.19) 


where def = abcq'—” and o = ef /aq. 


Another transformation of a terminating balanced 4¢3 series to a very-well- 
poised gd@7 series, 


sds ae ‘ _ (abq/ f, aca) f,bea/ f,4/F: 9) 
d,e, f i (aq/f,bq/f,ca/f, abcq/f3@)oo 
HH, q es —q?, a, b, C, dq”, eq" : de 
x 807 | 2 — 2, uq/a, uq/b, uq/c, e, d Q;, abe ; 
(III.20) 


where def = abcq'—” and ps = abc/f. 
Singh’s quadratic transformation: 

a’, b?, c,d 
abg? ; —abq?, —cd 
a’, b*, c?, d? 


a*b2q, —cd, —cdq 


43 | Q; | 


= 463 | Pe ; (III.21) 


provided the series terminate. 


A q-analogue of Clausen’s formula: 


{ F | a, b, abz, ab/z |\ 
moe ona 


a’, b*, ab, abz, ab/z 
5PA 


abq? , —abq? ,—ab,a 
provided both series terminate. A non-terminating g-analogue of Clausen’s 
formula is given in (8.8.17). 


Transformations of very-well-poised g¢7 series: 
at, —at, ag/b, ag/e, ag/d, ag/e, ag/f’” bedef 
_ (aq, ag/ef, Ag/e, A4/ Fi Qo 
(ag/e, ag/f, Ag, Ag/ef; Q)oo 
A, gv?, —gd2, Ab/a, Ac/a, Ad/a, e, f aq 
X 807 4 i; 59, ——G 
A?, —A?, aq/b, ag/c, agq/d, Ag/e, Aq/f ef 
(IIT.23) 


a, qa?, —qa?, b, C, d, €, f a*q’ 
8P7 
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_ (aq, b, beu/a, bdu/a, ben /a, bf 4/4; q) oo 
(aq/c, aq/d,aq/e, aq/f, ug, buu/a5 q)oo 
qu2, —qu?, ag/be, aq/bd, agq/be, ag/bf, bu/a 


X 37 ‘a 1 1 ;q,5 ) 
a2, —p?2, bep/a, bdu/a, bepw/a, bfy/a, ag/b 


(III.24) 


where \ = qa*/bcd and p = q?a°/b*cdef. 

Transformations of a nearly-poised 5¢,4 series: 
a, 0, C, d, q” 

5 D4 2 —n/\2 59; 

aq/b, agq/c, agq/d, a*q~"/A 


_ Qala, MG/asd)n | >» gd?, —gd2, bdr/a, cA/a, dX/a, 
(Aq, A?q/a73q)n Me esa, aq/b, agq/c, aq/d, 


a3, —a?,  (aq)?, — —(aq)?,  Xq?**/a, gq | 
$4,4| 5 
Agq/a?, —Aq/a?, A(g/a)?, —Aq/a)?, aq”"/A,  Agqr* 


q 


(11.25) 
p a ° . d, e 
54 —n —n —n —2n 4,4 
ge "by gr fe, “Gg  */d,. eq *"/p? 
_ Wan ua/esd)n 
(u2q?t* /e, G5 Q)n 
1 1 
Lt, qu?, —qu2, pbq”, pcg”,  pdq”, 
x 12011 4 i 1—n 1—n l—n 
ea, pe, gb, <a" /e,. q "yd, 
gurl? — qi? gii-n)/2 —g(i-n)/2, e, 2g”! /e q 1 
pug’? +2)/2. —pgt+2)/2 pg +1)/2 | =e re. uq/e, eq-”/p’ ’ ; 


(III.26) 


where \ = ga?/bcd and p = qi 2" /bcd. 
Transformation of a nearly-poised 7¢¢ series: 


qa? ) —qa? ) b, C, d, qe 

a2, —a?, agq/b, aq/e, aq/d, qn p24 

qy?, —9qn2, br/a, cr/a, 
d2, —3, aq/b, aq/c, 


a 
7o6 | ” 


_ laa, 2?/agsan 1=NP"/a) og [A 
ae (Aq, A? /a2q; Q)n (1 _ 2 /aq) 1211 
dd/a, (aq)?, —(aq)?, qa?, —ga?, X2q"-"/a, q-” ag 
aq/d, A(q/a)?, —\(q/a)?, d/a?, ~\/a2, age?) x, \grth? vail 
(III.27) 


where \ = qa? /bcd. 
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Bailey’s ;9¢9 transformation formula: 


i eu _ 
a, qa2, —qa2,b,c, d,e, f, A\aq™** /ef,q i a5 
53 3 = iB) 
az, —a2,aq/b, aq/c, aq/d, aq/e,aq/f,efq-"/A, aqr*" 


_ (aq ag/ef,Aa/e,a/Fian i gt, —g3, db/a, e/a, 


1099 


7 (aq/e,aq/f, Aq/ef, Aq; Q)n N32, —r2, aq/b, aq/c, 


Ad/a, €, y rAaqg’** /ef, Gee. | 
_ sp ava 
aqg/d, Ag/e, Aq/f, efaq-"/a, Agrt 


where \ = qa?/bcd. 


(11.28) 


Transformations of ,,2¢,41 series: 


a, b, big”™*, apes , bq" 


. —1l m+1—(m, +--+m,) 
a 
pote Bake coh. Coe | 


ade | 
(q,bq/0;qQ)oo (043 Q)m (01/0; Ym ++ > (br /0; Q)m, pnite-tm,—m 
(bq, ¢/@3G)co = (93g) m (013 7m, +++ (br @)m,. 

q-™,b, bq/bi,...,bq/bp ( 
bq/a,bq'—™ /by,..., bgt ™" /bp 


etn eed | (III.29) 


and 
a, b, biq”™, sony b,q’™" 


; —1,1-(mi+::-+m,) 
y] , a 
bcq, b1,..., 0, 7 : | 


r+2Pr+1 | 
(bq/a, Cg; Q) oo (b1/0; @)m, +++ (br /0; d)m, pin tomy 
(bcq,4/4;4)oo (B13 @)m, ++ * (br @)m, 
c+, b, bq/bi,..., bg /b, 
bq/a, bq'—™ /by,...,0q'—™* /b, 


X rt2Pr+1 | ;q; ca ; (II1.30) 


where m,mj,,...,™M, are arbitrary nonnegative integers. 


Three-term transformation formulas: 


261(a, b;c;q,z) = eee 291(c/a, cq/abz; cq/az; q, bq/c) 
(0, q/c, c/a, az/q, q°/AZ3q) oo ee oe 
Gh hijen male. eee? 


(c, b/a, ay q/z; q)oo 


a, c/b, bz, q/bZ;q)oo 
peta De 443(b,b4/sba/054,09/ab2). (1.32) 


2$1(a, b;c;q,z) = 291 (a, aq/c; ag/b; q, cq/abz) 
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a,b,c de 
26a d,e ae 
_ (e/b, efc, cg/a, 4/4; 9) oo [eae “a 
(e, cq/d, q/a, e/bC; q) oo cq/a, beq/e’ d 
7 (q/d, eq/d, b,c, d/a, de/bcq, bcq? /de; q) baat bq/d, cq/d- & 
(d/q, e, bg/d, cq/d, q/a, e/be, beq/e5q)oo ~ | = g@/d,eq/d ?”’ abc] ’ 
(I11.33) 
a,b,c de e/b, €/C3 4) oo d/a, b, c 
26a 4) < |= Se 164) ada |") a4 
d,e abc (e, e/bc; oo d, bceq/e 
b, de /ab 
, (d/a, b, ¢, de/be; q)oo_ _(d/a, b,c, de/bc; q) 00 b, c, de/bC; q) o (0 e/c,de/a *a.a| | (111.34) 
(d, e, bc/e, de/abc; mm de/bc, eq/bc 
$ a, OO, C aqz 
02 |” a/b, ag/e'? be 
_ (825 9) oo | —a?, (aq)?, —(aq)?, aq/be. a 
(£5 1) oo aq/b, aq/c, az, q/ax’” 


(a, aq/bc, agx/b, aqx/Cc; q) oo 
(aq/b, aq/c, agz/be, 2-1; q)o0 


ta? , —xa?, x(aq)?, —«(aq)?, agx/be 
x 5h4 | 3. 4; | (III.35) 
aqz/b, aqz/c, xq, ax 
db * qa?, —qa?, b, C, d, C, f : an 
al at, -at, aq/b, ag/e, ag/d, ag/e, ag/f’’ bedef 
_ (aq, aq/de, aq/df, aq/ef; Q)oo 6a agq/be, d, e, f ' | 
(aq/d, aq/e, aq/f,aq/def; q)oo aq/b, aq/c, def /a’~’ 
, (a4, ag/be, d, €, f,atg’/bdef, a*g’/cdef; 4). 
(aq/b, aq/c, aq/d, aq/e, aq/f,a*q*/bedef, def /aq; q) 
aq/de, aq/df, aq/ef,a7q? /bcdef 
x 403 | ne / 2 i/ / 5; (IIT.36) 
a“q’ /bde f, a*q* /cdef, aq” /def 
db * qa?, —qa?, b, C, d, €, f . al 
| at, a8, ag/b, ag/e, aq/d, ag/e, ag/f’”’ bedef 


_ (aq, aq/de, aq/df, aq/ef,eq/c, fa/c, b/a, be f/a; 1) 0 
(aq/d, aq/e, aq/f,aq/def,q/c, efq/c, be/a, bf /a; q)oo 
pone ,—4 (ef /c)? ,aq/be, aq/ed, ef /a,e, f “ 2 
(ef /c)? ,—(ef/c)? , bef /a,def/a,aq/c, fa/c,eq/e 
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iz? (aq, bg/a, bq/c, bq/d, bg/e, bq/f, d, e, f, aq/bC; q) 
a (aq/b,aq/c, aq/d, aq/e,aq/f,bd/a, be/a;q)o 
(bde f /a*, a*g/bdef; q) 0 
(bf /a, def /a, aq/def, q/c, 6*q/a; q)oo 
are ee ee bc/a, bd/a, be/a, BTSs aq’ | | 
ba~ 2, —ba~ 2, bq/a, bq/c, bq/d, bq/e, bq/f bcde f 


x 


(III.37) 


Transformation of an gwg series: 
(aq/b, aq/c, aq/d, aq/e, q/ab, q/ac, q/ad, q/ae; q) 
(fa, ga, f/a,g/a, qa, q/a*;q)oo 
a —qa ba, ca, da, ea, fa, ga q? | 
X gWg a Aeccear ne 
a, —a, aq/b, aq/c, aq/d, aq/e, aq/f, aq/g ~ bcdefg 
(q,q/bf,a/cf,a/df,a/ef, af/b,af/c,af/d, af /€; doo 
(fa,q/fa,aq/f, f/a,9/f, £9,9f7; No 


. $ _ qf, =O); 70, fe, fd, i; fg - q? | 
= f, -f, fa/lb, fale, fald, fale, fa/g’ ’ bedefg 
+ idem (f;g). (III.38) 


Bailey’s four-term jo9¢9 transformation: 
1 1 
db | a,qa?, —qa?,b,c,d,e, f,g,h 
©” | a3, —a3,aq/b, aq/c, aq/d, aq/e, aq/f,aq/g, aq/h 
a (aq, b/a, C, d, Ee, iB g, h, bq/c; q)oo 
(b2q/a, a/b, aq/c, aq/d, aq/e, aq/f,aq/g, aq/h, bc/a; q) oo 
(bq/d, bq/e, ba/f,ba/g, ba/h; q)x 
(bd/a, be/a, bf /a, bg/a, bh/a; q) oo 
4 b?/a, gba~2, —qba~2, b, bc/a, bd/a, be/a, bf /a, bg/a, bh/a 
x 1 1 , y] 
| bam 2, —ba-#, bg/a, bg/c, bg/d, bg/e, ba/f, ba/g, ba/h 
_ (aq, b/a, Aq/f,AG/9, AQ/h, bF/A, bg/A, bA/A; Doo 
(Aq, b/A, aq/f,aq/g, ag/h, bf /a, bg/a, bh/ a; q)co 
\, gA2, —gA2, b, Ac/a, Ad/a, Ae/a, f, g,h 
x 10P9 1 1 59,9 
A2 ’ —X2 ) Aq/b, aq/c, aq/d, aq/e, Aq/f, Aq/9; Aq/h 
(aq, b/a, f,g,h, ba/f, ba/g, bq/h, Ac/a, Ad/a, Ae/a, abg/ AC; q) 0 
(62q/A, A/b, aq/c, aq/d, aq/e, aq/f,aq/g,aq/h, be/a, bd/a, be/a, bf /a; q)x 
(abq/Ad, abg/e; q)oo b?/A, gdA~2, —qbr~2, b, bc/a, bd/a, 
(bg/a,bh/a;q)oo «| BAW 3, —bA7 2, bq/A, abq/cA, abq/dA, 
be/a, bf /A, bg/A, bh/d | 
dy9\4 
abq/ed, bq/f, ba/g, ba/h 


» 9,49 


y) 


+ 


(III.39) 
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where a®q? = bedefgh and X = qa*/cde. 
Transformation of a i979 series: 
(aq/b, aq/c, aq/d, aq/e, aq/f,q/ab, q/ac, q/ad, q/ae, q/af;q)x 
(ag, ah, ak, g/a,h/a, k/a, qa”, ¢/a; q) oo 
,) | qa, —qa, ba, ca, da, ea, fa, ga, ha, ka q? | 
x Cr eR 
“one a, —a, aq/b, aq/c, aq/d, aq/e, aq/f, aq/g, aq/h, aq/k : bcde f ghk 
(q, q/bg, a/cg, a/dg, a/e9, 4/f9,99/b, 99/c, 49/4, 99/€,99/ Ff; 4)~ 
(gh, gk, h/g,k/g, ag, q/ag, 9/a, 04/9, 9975 4) oo 


97,99, -99, 9b, gc, gd, ge, gf , gh, gk Tk | 


x 10P9 | ;qd, 
g, —9,99/b, ag/c, ag/d, qg/e,a9/f,4a9/h,¢9/k ~ bedefghk 
+ idem (g;h,k). (IIT.40) 
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